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Abstract. In this paper we study the large time behaviour for solutions to the Cauchy problem for
degenerate parabolic equations with inhomogeneous density. Under the suitable assumptions on the data
of the problem and on the behaviour of the density at infinity we establish new sharp bound of solutions for
a large time. One of the main tool of the proof is new weighted embedding result which is of independent
interest. In addition, the proof of uniform estimates of the solution is carried out by modified version
of the classical method of De-Giorgi-Ladyzhenskaya—Uraltseva—DiBenedetto. Similar results in the case
of power-like density was obtained by one of the author [10]. The approach of this work can be applied
for example when studying the qualitative properties of solutions to the Neumann problem for a doubly
nonlinear parabolic equation with inhomogeneous density in domains with non-compact boundaries.
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1. Introduction
We consider the Cauchy problem for degenerate parabolic equations in the form
p(jx))ur(z,t) = A pu(z,t), (x,t) € Sp=RN x (0,T), N > 1, (1.1)

u(z,0) = up(z) =0, a. e forzeRY, (1.2)

Here N
Apgulz,t) =3 i (uml T %> |

We assume that p > 1 and p+m—3 > 0 that is (1.1) is of the slow diffusion type. Additionaly,
we assume that p < N. The function p(s) is assumed to be positive nonincreasing, continuous
function in [0, 00), satisfying the condition p(0) = 1, and
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Hy: there exists a positive constant [: [ < p, such that the function s'p(s)
is nonincreasing for all s € (1, 00),

Hj: there exists a positive constant o < p, such that the function s%*p(s)
is nondecreasing for all s € (1, 00).

Note that H; and H, imply that there exists v > 1 independent of s, such that v 1s™ <
p(s) < vs~!for all s € (1,00).

The qualitative theory of degenerate parabolic equations with variable coefficients and,
in particular, with inhomogeneous density has attracted much attention. This is explained
by the fact that the asymptotic properties of solutions essentially depend on the nature
of the behavior of the coefficients at infinity. In particular, the typical properties of
degenerate equations with constant coefficients, such as the compactness of the support, the
behavior at large values of time may not take place depending on the degree of degeneracy
of the inhomogeneous density at infinity. Firstly the surprising properties of solutions
for degenerate parabolic equations with inhomogeneous density were established in [1].
Namely, in one dimensional Cauchy problem for the general porous media equation (PME)
with inhomogeneous density, provided the density decays fast enough the solution of the
corresponding Cauchy problem tends to the constant as t — oo. The latter means that the
solution of the mentioned Cauchy problem as t — oo behaves as a solution of the corresponding
Neumann problem in a bounded domain. The paper [2] is devoted to the asymptotic behaviour
of solutions to the Cauchy problem for inhomogeneous PME for slowly decaying density. These
results were extended and developed in [3-7]. Another nonstandard property of degenerate
parabolic equation with inhomogeneous density is the possible absence of the finite speed of
propagation globally in time see [8]. Results of [8] were generalized in [9, 10] (see also [11]),
where in particular, new critical exponents have been found for a doubly degenerate parabolic
equations with inhomogeneous density. The paper [12] was devoted to the studying of large
time behavior for degenerate Neumann problem in domains with noncompact boundaries. We
recommend to the reader interested the qualitative theory of degenerate parabolic equations
the survey [13]

The goal of the paper is to obtain the precise rate of stabilization of ||u(t)||, gy ast — oo.
To this end we need the precise form of the nonpower weighted Sobolev—Gagliardo—Nirenberg
which is of independent interest. Here we note that the classical weighted Caffarelli-Kohn—
Nirenberg inequality [14] deals with the power-like weights.

Let us start with definition of the weak solution of (1.1), (1.2).

DEFINITION 1.1. By a weak solution of problem (1.1), (1.2) in St we mean a non-negative
measurable function u(x,t) such that for ¢ = (p — 1)/(p +m — 2), and any t > 0, u(z,t)'/°
belongs to the class Ly ((¢,T) x W} (RN))NC([t, T); Li4o,,(RY)) and (1.1), (1.2) is satisfied in
the distributional sense. Moreover, pu(-,t) — pug as t — 0 in Ly (R"Y). Here, by W (RY) and
Liis, (RY) we denote the Sobolev space and weighted Lebesgue integral correspondingly.

Before formulating results of the paper, we define

w(s) :==p(s)s’,  Ypals) = w(s)s 7 (p=a), (1.3)

Let also

Eyp(f) = / plla) [f @) dz and Dy(f) = / IV f (@) d.

RN RN
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Our first result reads as follows.

Theorem 1.1. Let Dy(f), Eq,(f) < 0o, where 0 < ¢ < p and 0 < a < ¢, then we have

Eyo(f) < C(N,p)(Dy(f)) 7=

Y [w (v (%))] ) (1.9)

where (=Y is inverse function to 1.

The optimal decay rate is given by the following theorem.

Theorem 1.2. Let u(z,t) be a weak solution of (1.1), (1.2). Assume that ||puo ||, (rvy < 00,
then there exists globaly in time solution u(x,t) in So, and for any t > 0 the following estimate
holds true

[u®)] . mr) < yt T

o (67 (O g Tl ) ¥ )) 77 (15)

REMARK 1.1. Note that if p(s) = (1 + |z|)™%, then (1.5) implies that (see [10])

—Q

< [l puol| TG I ¢t

Hu(t)HLoo(RN

REMARK 1.2. If @« = 0 and m = 1, then the latter coincides with the classical result
(see, for example, [15]).

In the proof of Theorem 1.2. we use the classical De Giorgi-Ladyzhenskaya—Uraltseva—
Di Benedetto approach in the form of [16, 17|. The rest of the paper is organized as follows.
In the Chapter 2 we prove Theorems 1.1 and 1.2. In what follows, we use the symbols v > 0,
b > 1 for the constants depending on the parameters of the problem, p, m, N only and which
may vary from line to line. Moreover, for simplicity we will understand the equation almost
everywhere.

2. Proofs of Theorems 1.1 and 1.2

PROOF OF THEOREM 1.1.

<1 Denote
= [t s, Dys) = [ VP,
RN RN

(= [1rttptiahds + [ 171p(a) do. 1)
Br

RN\B,

We have

By the Hoélder inequality, we get

q—a 1 pq*:aa
p*—a Va
/ Flip(lel) d / 1P da / Flo(al) 70 da ,
RN\B, RN\ B, (22)
. Np
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Making use the S. L. Sobolev inequality:
p*

[usras) < (s.pDy0)7,

where S(N,p) is the sharp constant in this inequality, and owing to the monotonicity of p:

we get from (2.2) that

/ 19 pllal) d < (SD,(1))

RN\B,
Next, using the classical Hardy inequality

[ uplel s < (7Y Do)

RN

and the Holder inequality, we obtain

/ ol / el ar ) ([ 11 p(el) o
B

qg—a g9—a P—gq

< C(N,p) (Dp(f)) 7= (rPp(r)) 7= (Eao(f)) 7.

Combining now (2.1), (2.3) and (2.4), we get

By o(f) < (SDy(f)) 7 7o p(r)#=5 By (1) 5=

+C(N,p) (Dp(f)) = (Pp(r)) = (Eap(f)) 7.

Finally, choosing the free parameter r from the relation:

*

(S (1)) TH5 o) 5 B (1) = CON,p) (D)5 (r7p() P55 (Bup(1)
we have
s [ (o (Bl YY) =
Eqp(f) < C1(N,p)(Dy(f)) [ (1/1 ((Dp(f))2>>] (Bap(f)) 70

If ¢ = p, we get from the last inequality:

Bl < CuV.) Do) i (ﬁ))]

SIE]
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The proof of (1.4 ) is similar. We give the sketch of the proof only. We have for any R fixed.
Applying the Holder, Hardy and Sobolev inequalities, we obtain

f= / o+ / FPpdz < p(R)RP / PP | Pda
Bgr RN

RN\Bgr
p—a p:—p
p*—a p*—a
Ol I AT | s
RN\Bp RN\Bpg
P\ b ) v
< (Fy) PRI R DY(f) 4 81 pF= Dy()r050) B ()77,

where S7 = S(N, p)?"P=@)/(P*=a) Let us choose R from the equality

p(p*—a) a

R »*-»r p(R) = Dp(f)iz E(Lp(f)a

that is

(N—p)(p—a) a

P(R) :=w(R)R v = Dy(f) 7 Eap(f).

Ep,(f) < (w 2 (ﬁ))%(ﬁ
Theorem 1.1 is proved. > ’

We need the following Caccioppoli type inequality.

Lemma 2.1. Let 0 > 0, and 0 > 2—m if m < 1, be fixed, and define s = (p+m+60—2)/p.
Fix also a1 > a9 > 0, 71 > 70 >0, ro > 1. Then

|m—1]
6+1 P
su u(T) —a (|x|) dx+//Vu—a dxd ( )
T1<7P<tB/( (7) 1)+ p(|x|) ‘ 1 { TS a1 — as

T1 Br1

Therefore,

t (2.5)

( T — To) " / / (u — as) ﬂ“p (|z|) dxdr + (ro — rl)_p/ / (u—az)? dxd7'>.

T1 B,r2 1 BTQ\B’I‘l

For the proof of (2.5) we refer the reader to [16]. Passing ro — oo, r1 — oo in (2.5), we

arrive at t
sup / (u(r) — a1)i+1p(\x!)dx +/ / IV (u — ar) | dedr
T1<7<

RY T RY (2.6)
|m— 1\
<’y< @ > (11 —m2)~ //u—agJr p(|x|) dxdr.
a1 — ag
T2 RN

PrROOF OF THEOREM 1.2.
<1 Define for hg > hoo >0, 790 > 750 >0, and ¢ = 0,1,2, ...,

p+m—+6—2

k‘i:hoo—i—(ho—hoo)Qii, t; :Too+(70—700)27i, fi:(u—ki)+ P
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Now using the Holder inequality and the embedding (1.4) with f = f; and ¢ =p(1+6)/(p+
m+60—2),a=p/(p+m+6—2) we obtain that

q
. P
2 _g
/ ol d [ stotiahds | i)'
7—c>o T0 — 7—c>o)
RN
21 q (,1) L % 14 (2.7)
<O oy (D) [ (47 ()] it
D C 2 (=1) IN? )8 &
q p q _— . . D
<o Dy(fi) #0704 Oy = o (07 ()X ) ) |7 i) .
Here it is denoted
i) = [ ollel)da.
u(7)>k;
Integrating in time (2.7) and denoting M;(t) = supg.,.; pi(7) we get
th e / [ st / [ 19 fusi dear
7'O - 7—c>o
tiv1 RN tit1 RN
h plm—1]
_% . _% 0 r—aq
+ye P t(T) — Too) P9 <7h0_hoo>
q
_ 1 =
x [w <¢§ b (cMHl(t)N))]p " My (t). (2.8)

Combining now (2.8) and (2.6) with a1 = k;, ag = ki1, 71 = ti, T2 = tit1, we get

¢
J; := sup /fq (l=]) d$+//|sz|pd$dT //|Vfi+1|pd:vd7'
t¢<T<t

i RN tit1 RN
[m—1]
ol _p n )_L ho o
e r—at(th — T p—q | ———
Y 0 [ hO — hoo

q

X [W <¢§71) (CMHl(t)%))] T M (t).

[terating this inequality, we get

plm—1]
Jo < i+ e T H(m — Too) P (%)
0 — Moo
X [w( g_l) <0Mm(t)%>>}ﬁ Moo(t) Zl:(bg)k
k=0

Choosing € so small that eb < 1 and letting ¢ — oo, we have

plm—1|

_p h -
sup / Fap(la)) da < yt(ro — Too) 7o [——) "
hO_hoo

To<T<t
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x [w <¢§‘1) (cMoo(t)%))] T ML (1), (2.9)

To complete the proof, we need the second iteration. Let £k >0, n=0,1,2,..., and

Kot Br t(1—27"7h).

Kn:]{?(l—z_n_l)7 7n: 2 ’ n

Applying (2.9) with 79 = t;H-l? Too =t ho = Kp, heo = K,,, we deduce from (2.9) that

n’

Yoi1:= sup / p(|z)) dz < b7k~ 0+0)

w(T)>Knt1
— \ 146
X / sup / (u— ) + p(|z|) dx (2.10)
t"+1<T<tu(T)>Kn+1

q

<A b0+ 55 [w( (=1 (dfﬁ))] Ty h> 1.
Taking into account the property Hy; and Ho, which imply that (bg_l)(s A) < AV ¢( 1)( )
for 0 < A < 1, (bg_l)(s)\) < g_l)(s) for A > 1, and Y;, < Yo, we derive from (2.10) that

Yn+1<’75nk‘7(1+9)t m[ (¢1 < ))}Z%K)ay111+a’ a= (N _];;((;:2_3)

Thus the last inequality has a form

140

1
Vi1 < anYnlJrE’ C = ,yk*(lJr@) t pi:zef?) [w< gfl) <Ybﬁ))] ptm—3 Yvo—a’ e =a.

Then, using the iterative lemma (see [18, Chap. 2, Lemma 5.6]), we conclude that Y,, — 0
as n — oo, provided YpC1/e < b_l/EQ, that is

bt s (o) (1)) ] <, (.11)

where ¢ is a sufficiently small constant depending on the data of the problem. Thus u < k.
Next, note that by the Chebyshev inequality we have

1 1
Yo < sup / pllel)dz <+ sup / w(, ) pllel) de < + / wo pl[2]) dz
o<r<t k o<r<t k
u(t)>k u(r)>k RN

where we also have used the estimate |[u(t)p|l, gy < [luopll; gy (see [10]). Thus, it is enough

to check that )
ks w0 (K uopllm) Y)) ] <
To this end, we can choose the free parameter k as follows
9 1N .
_ +m—3
k==t w94 (6 ol m) ) )

Then, after taking into account that [[u(t)||c <k and using the monotonicity arguments, we
arrive at the desired result. Theorem 1.2 is proved. >
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Awnnoraiusi. B nannoit pabore Mbl U3ydaeM IOBeJIEHNE pelleHnii 3aaa9u Ko /17151 BBIPOXKIEHHBIX Ta-
paboJIMYecKUX yPABHEHUN C HEOJHOPOJHON IJIOTHOCTBHIO IIPU HEOTPAHWUYEHHOM BO3pacTaHuu Bpemenu. [Ipwm
OTIPEEJIEHHBIX YCJIOBUSIX Ha TApaMeTPhl 3a/1a9H U [TOBEJEHUsI IIJIOTHOCTHON (DYHKIMK Ha GECKOHEYHOCTH yCTa-
HaBJIMBAIOTCSI HOBBIE TOYHBIE OIEHKU PEIEHUil PU HEOIPAHWYEHHOM Bo3pacTaHuu BpemeHu. OHUM U3 OC-
HOBHBIX MOMEHTOM B JIOKa3aTeJIbCTBE SIBJISIETCH HOBasg TeOPEMa BJIOXKEHUsI, [PECTABJIIONAs HE3ABUCUMBbII
nHTEpec. Kpome Toro, B JI0Ka3aTEIbCTBE PABHOMEDPHBIX OIEHOK PEIIEHUs] UCIOJIb3YETCsT MOIUMUIIMPOBAHHAS
Bepcus Kiaccudeckoro meroga Je-/Txxopaku — Jlagpikenckas — Ypanbiesa — u Benegerro. Anajsorudmbie
PE3YJIBTATHI JJIsi HEOJHOPOHOM IIJIOTHOCTH CTEIEHHOrO POCTa ObUIM MOJIyIeHbl OnHuM 13 aBTopos B [10]. Tloa-
XO/T JIaHHOM pabOThI MOXKET GBITh UCIIOIBL30BAH TaK:Ke IPU KAYECTBEHHOM M3YyJYeHUU peleHunii 3aaadu Helimana
JIJISL IBAXK/Ibl HEJIMHEHHOTO apaboJIndecKoro ypaBHeHHsl B 0OJIACTIX C HEKOMIIAKTHBIMU TPDAHUIIAMHU.
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