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AHHOTaLlI/IS[. HpI/I6HI/I}KeHHbIe METOAbI BBIMHCJICHUA ONIPEIC/ICHHBIX MHTEIrPAJIOB ABJIAIOTCA aKTyaJbHbI-
MMU I10 CeFOI[HHLHHHfI JA€Hb. CpeILI/I HUX CaAaMbIMU IIOITYJIAPHBIMU OKa3bIBAIOTCA METO/Abl KBaJIpaTyp, KOTOPbIe
IIO3BOJIAIOT HpI/I6III/I)KeHHO BBIYUCJ/IATH UHTETrPaJI IIPU IIOMOIITA KOHEIHOI'O YrCJIa 3HaYEeHU I/IHTerI/IpyEMOIL/'I
(i)yHKLH/II/L KpOMe TOr'o, BO MHOI'UX CJIydasiX Tpe6y}OTCH 3aTpaThbl MEHbIIET'O BBIYUC/IUTEJIBHOI'O TPY/da, CpaB-
HUTEJIbHO C JIpyIruMu MeTOoJaMu. C IIpPUMEHEeHNEM MHOI'0OY1JIEHOB Yebblesa, IIepBOro, BTOpOro, Tperbero u

YETBEPTOrO POJIOB COOTBETCTBEHHO BECOBBIM (MyHKIUSM p(x) = \/%, p(z) = V1—22 p(z) = ,/ifﬁ,
—x

p(z) = ,/}jr—i, Ha orpeske [—1,1] crposrca kBagparypuble GOPMyJIBI ¢ HANEPEN 3a/AHHLIMA Y3JIAMA
a1 = —1, az = 1, crenrerun TouyHOCTH 2N + 1 C OIIEHKAMM OCTATOYHBIX YJIEHOB. B sTOM Jj1ej1e ocoboe MecTo
3AHUMAET TOCTPOEHIE OPTOTOHATBHBIX MHOTOMIEHOB 110 Becy p(x)(z? — 1) u maxoxienme nx KopmHeii. Dta
3a/1a9a 0Ka3aJIaCh TPYJOEMKON W Pelajuch METOIAMY BBIYUCIUTETHLHON MATEMATHKH.

KuroueBrblie ciioBa: BecOBble (DYHKIUN, OPTOIOHAIBHBIE MHOTOYJIEHBI, KB/IPATYPHBIE (DOPMYJIbI, HAIIEPE/T
3a/IaHHbIE Y3JIbl, OCTATOYHBIE YJI€HBbI, CTEIIEHN TOYHOCTEL.
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O6pasern; nuruposanusi: Xyb6exrsr 111 C. KBagparypusie hopMysibl HAauBBICIIEH ajrebpanvecKoii cre-
[IEHN TOYHOCTH, COIEPKAIUe HAIEPE T 3aIaHuble y3ibl // Bragnkask. mar. xxypu.—2023.—T. 25, Bem. 1.—
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BBenenue

B IIPUKJIQJIHBIX 3aad9ax MaTeMaTHIeCKO (bI/I?)I/IKI/I, MeEXaHUKHU U TEXHUKH 9aCTO BOZHUKaAECT

HEeOOXOMMOCTh IIOCTPOEHUS] TAKUX KBaJIPATYPHBIX (DOPMYJI, 4aCTh y3JI0B KOTOPBIX 3aa€TCsl
3apaHee, Jpyrasl 9acTh y3JI0B MOXKeT ObITh B3sTa HPOU3BOJILHO [1-3|. Dro BCrpeuaercs, Ha-
[PUMED, [IPU PEIeHUH TPAHUIHBIX 3384 1ubdepeHIMaibHOr0 ypaBHEHsI BTOPOTO MOPsiiKa
Ha orpeske [a, b].

B rakux ciaydasix npu BeIOOpe KBaJIpaTypPHOR (hOPMYJIbI €CTECTBEHHO ITPUHSTH BO BHUMA-

HUe, YTO 3HAYEeHWs] HEM3BECTHON (DYHKIMU HA KOHIAX OTPe3Ka [a,b] HaM M3BECTHBI, U B3sITh
dopmyity Bua

b n
/ fa)do~ Af(a) + BFB) + S Axf(an), (1)
g k=1

#Pa60'ra BBIIIOJTHEHA IIpU (i)HHaHCOBOfI IIOJJJIEP2KKe MI/IHI/ICTepCTBa HayKW U BbICIHIEr'O 06p330BaHI/I${ Poc-

cuiickoit Peneparun, cornamenune Ne 075-02-2022-80090.
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132 Xy6extor I1. C.

coziepKariyto jBa pukcupoBaHubix y3ia a u b. I[Ipoune yzmner xp (k= 1,2,...,n) saBisitorcs
[IPOU3BOJILHBIMU.
B obmem ciayuae kpagpaTypHble (POPMYJIBL, COIEprKaIle HAePel 3aIaHHbIe y3JIbl IMEIOT
Bu [1]
b

/p(x)f(x) dv ~ Y Apf(ze) + ) Bif(a), (2)
k=1 =1

a
B KOTOPBIX 1M y3JIOB a1, G2, - .., Gy GuKcHpoBanbl. OHHU copep:KaT 2n + m HapaMeTpoB T,
A (k=1,...,n)u B; (I =1,...,m). [Tonsiraemcsi ux BbIOpaTh Tak, YTOOLI PABEHCTBO (2)
CTAJI0 TOYHBIM JIJISi MHOI'OYJIEHOB BO3MOXKHO 00Jiee BBICOKOI CTeleHH.
BBejieM j1Ba MHOTOWIEHA, CBSI3QHHBIX C Y3JIAMU 4] U Tf:

Qz)=(x—a1)(z —az)...(x —an),

w(x)=(r—x1)(x —22) ... (T — Tp).
3a cuer Boibopa ko3 dunuentos A; u By dopmyity (2) MOXKHO ¢ieJIaTh BEPHOIL JIJIsi MHO-
rousieHoB crenenu n+m — 1. [ljist Toro 4robbl paBeHCTBO (2) ObLIO BEPHBIM JIJIsi MHOIOUJIEHOB
crenenn 2n + m — 1, Heobxomumo u Jocrarodno (cm. [1, c¢. 168|) BblmosiHEHHE CJleIyIOMNX
YCJIOBUH.

Teopema 1. /[isi Toro urobbr popmysia (2) Gblia TOYHO JIIsi MHOIOYJIEHOB CTEIICHH
2n 4+ m — 1, HeOOXOAUMO U JJOCTATOUHO, ITOOBI

1) ona 6bliia HHTEPIOJISIIHOHHOI;

2) muorouen w(x) 6bl1 oproroHaseH Ha orpeske [a,b] mo Becy p(x)Q(x) Ko Beskomy
muorowreHy (QQ(z) creneHn HUXKe n.

TakuM 06pa3oM, OCTPOEHNE KBaJAPATYPHBIX (OpMyII (2), BEPHBIX JIJIsi MHOTOYIEHOB CTe-
nenn 2n + m — 1, IPUBOJUTCS K HAXOXKJIEHUIO MHOrOYJIeHa w () CTeleHn N, OPTOrOHATIBHOIO
Ha [a,b] mo Becy p(x)§2(z) Ko BesikOoMy MHOrOWIeHY MeHbleil cremenn. Kopuu muorodiexa
w(z) 1o/MKHBI OBITH JIEHCTBATENBHBIMA, PA3INIHBIMYI U IPUHAJIE’KATH OTPE3KY [a, b]. Kpome
TOr0, OHU JIOJIZKHBI OBITH OTJMYHBI 0T buKcupoBaHHbIX y3i0B q; (I =1,2,...,m). Takum 06-
pa30M, pellleHre ITUX 339 OObIMHBIM IIyTeM [IPeJICTaBIIsieT DOJIbIINe MaTeMaTHIeCKIe TPY/I-
HOCTH.

B snreparype [1, 4, 5| onuceiBaeTcst IpaBUIIO IIOCTPOEHNUST YKA3aHHBIX KBaIPATYPHBIX GOp-
mys. Ho KoHKpeTHbIe KBajpaTypHble (DOPMYJIbI, B OCHOBHOM, IIOCTPOEHBI B CIydasx m = 1,
m=2up(z)=1

Hacrosiiasi 3aMeTKa IOCBSIIEHA YaCTO BCTPEYAIONIMMCSI CJIyYasiM

1
V1—22

p(z) = V1—22 px)= \/ﬁ p) = \/j

B 97THX ciryudasix cymnecTByOT OPTOrOHAIbHBIE MHOTOWIEHB! [1, 6] 10 yKa3aHHBIM BecaM Ha OT-

[a,b] = [-1,1], m=2, p(z)=

peske [—1,1]. Mx HaspiBatoT MHOrO4IeHaMN JeObINIeBa COOTBETCTBEHHO BECOBLIM (DYHKIIUSM:
I pona, T,,(x) = cos(arccos z);
sin(n + 1) arccos

V1—2z2

CoS 2"2_ L arccos x

II pona, Uy, (z) =

111 poaa, Cn(x) = CcoS 1 arccos
2
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sin 2n+1

IV pona, Sy, (x) = — %
sin 5 arccos x

arccos T

Tak kak dopmysia (2) siBas€TCst MHTEPIOJISAIMOHHOIN, ee KoadduimenTor Ay n By I0/KHBI
UMETH CJIEIYIONTe 3HAYEHUS:

Ay =

—
=
2

£

2

=2

2
QU
ks

1
B . w(z)(x) T
B —/lp( ) (z — ap)w(a))Y(a;) o

rie
n m

o (x) = [[(wr —2),  V(a) =[] (@ —a).
i—1, i—1,
i#k i#£l

s ocrarka kBagparypel R(f) cupasemiuba dopmysia

1
(2n+m)
_ 2 )
1
B [1, c. 173] mokazano, uro MHOrOWIeHbl w(x) npu m = 2, a; = —1, ag = 1 BBIYUCISIIOTCS

o popmyJre

(
(] (5)
1

rie

Qz)=2>-1, A=

a P, (x) — mHorowrensl Yebblmesa, cooTBeTcTBYIONME Becy p(x) co crapimmmu Kodddurmen-
TaMU eJIMHUIBL, T. e. Bujga P, (z) = 2™ + az" V- a,_ 1z + an.
Byznem paccmarpuBaTh OTIeIbHO KazKJiblii ciydaii Beca p(z).

1
1

g f(z)dx

1. BeruuciieHne nHTErpaja Buaa /

-1

B srom ciayuae dopmyiia (2) npuHEMaeT Bu

1

1 n
/ T /@ d = AJCD 4 BIW) + 30 Auf (o) (6)

—1 =

~ 1
P,(z) = =) T.(x), T,(x) = cos(narccosz).
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[Tocsie Bbraucsienust o dpopmysie (5) morydaem

— Up(x),

w(x) =

in(n+1
rie Uy (z) = Wﬁ — muorowiensl Yebwimesa 11 poua.

g xkosdpdunuenros A, B, Ay 1moaydeHbl 3HAYCHMS

k
:L, B:L, Ak:L, T = COS T
2(n+ 1) 2(n+ 1) n+1

CretoBaTeIbHO TOJIYyIaeTCsl KBaJIpaTypHast (hopMyJia

1 T - n
/ N f(@)do = 2(n +_1)f(—1) + mf(l) + Zf(xk) + Ro(f).  (7)

-1 k=1
OcraTouHblit wWieH (GOPMYJIbI UMeeT BHJL

. f(2n+2)(§)
Rn(f) = _22n+2 (27’1, + 2)' 9

-1<é< 1

1

2. Berunciienne uHTErpaia Buaa / V1—22 f(z)de
-1

B srom caytae no dopmyite (5) ¢ noxcranoskoit Py (z) = 5= Up(z) anst w(z) nosyuaercs

2TL
BBIpazKeHne

B 1
C o 2(n 4 1) (22 — 1)

w(z) (0 4+ DUnaa() — (4 3)Un(2). ®)

sin(n+1) arccos
rie Uy, (z) = %

Sln 5 arccos *

Hamee mmst HQOCTpOGHI/ISI KBaIpaTypHOil GopmMysbl (2) HeOOXOAMMO 3HAHHE Y3JI0B T
(k=1,...,n), 1. e. kopuu muorowiena (8). Ho onu B 061mem ciryuae He Bbipazkaorcs: hopmy-
Jjioit. TTosromy GyjieM paccCMaTpuBaTh YACTHBIE CIyYad OTHOCUTEHLHO CTEIIEHU M. DTU CJIydan
npu n = 1,2,...,6 IpUBeIEHBI HIXKE.

[Tycrb n = 1. w(z) = x, 7. e. KopeHb x1 = 0, mocJie BeIYKUCIEHMs 110 hopmyiie (3) mosydaem

T T 3

T. €. ciipaBeIMBa (hopmysia

1

JVI= 2 p@) e~ o f-1) + 250 + 0, o)

-1

[Tycrs n = 2. Ilo dopmysie (8) mosyuaem

Sl
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a 1o dopmyiie (3) umeem

T T 97 97
40 C 40’ C 40’
T. €. CIpaBeInBa (popMmyJia

1

[VimR e g+ o+ (<) v 5 () 00

-1

[Tycrs n = 3. Ilo dopmyie (3), (8) momyuaem

u umeeM (HOpMYILy

1
m m 2 3 om 2 3
1 — 22 dr ~ — f(—1 — f(1 — —\/j — f(0 — —]. (11
JVi=E @i 8Of<>+80f<>+15f< 8>+%ﬂ)+wf<8>()
-1
Anajiormano nosydaercs s n = 4. w(x) =zt — §:c2 + LAy =L
Y S T K VTN VT &
y3iel 2 (k= 1,2,3,4) u kosdpdburmentor Ay, (k = 1,2,3,4) BbIYUCISIIOTCS TPUOJINIKEHHO C
TounocTbio € = 1078, u moryyaem

x1 = —0.727412 A; = 0.261508
x9 = —0.266216 Ao = 0.501451
z3 = 0.266216 Az = 0.501451
xy = 0.727412 Ay = 0.261508
5 1 T T
5 3
= 5. i —z, A=—, B=—.
n=>5 wx) == Gx +8x, 591" 591
1 = —0.798214 A; =0.172198
x9 = —0.442930 Ay = 0.370102
x3 = 0.000000 Az = 0.458149
x4 = 0.442930 Ay = 0.370102
x5 = 0.798214 As = 0.172198
nz6.w(uv):366—§9U4—§9U2—L A= B=-.
14 56 112’ 336’ 336
x1 = —0.844751 A1 = 0.118702
x9 = —0.564399 Aoy = 0.273839
xr3 = —0.198187 Az = 0.383508
x4 = 0.198187 Ay = 0.383508
x5 = 0.564399 As = 0.273839

ze = 0.844751 Ag = 0.118702
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[TorpemntHocT MOCTPOEHHBIX KBAJIPATYPHBIX (DOPMYJT PABHBI

1
Fen+2)(
— V1-—a22 (2% - _
R,.(f) = 2n—|—2'/ 1 —22 (2 — 1)w?(z) dr, l1<n<l
~1
1
14+
3. Boruncisienne nHTErpasia Buga 1 f(z)dx
-z

-1

B stom ciryuae Becosas dynkims p(x) = —}fw

2, u Jyuis orpeska [—1,1] opToronanbubr-

cos 2”—;1 arccos

MU siBJIsiioTCst MEOrowiIeHsl Jebbimesa 111 pona [4, c. 84|, Cy(z) = ;
COs B arccos r

J P, n () =
5 Cp(2). Muorounen w(z) noce seraucienus 1o dopmysie (5) umeer Bij

1
27+2(n + 1) (22 — 1)

wiz) = (0 + 1)Crya(@) + Copa(@) — (0 +2Cu(@).  (12)

Kopuu muorounena w(z) kak B ciayuae p(r) = v/ 1 — 22 ue Buipazkaiorcs dhopmyiioit. ITo-
9TOMY HPHIILIOCh PACCMATPUBATH YacTHBIE cirydan 1 = 1,2,3,4,5,6 1 BBIYUCJAUTD UX PUOJIH-

skeHHO ¢ kKoaddunmentamu A, B, A, (k=1,...,n). Pe3yabrarsl npuse/ieHbl HUZXKe.

5 8
Myctrbn=1. w(x) =2——, 21 = — A=" p=2" Al:%’

1’ 1’ 20" 1 U 1oJrydaercs hopmysia

1 1 1 -7 1 7
Hyctb n=2. w(x) =22 — -2 — =, =z = \/7? g = +\/7?
3 6 6 6
T e 29 — 47 29 4+ 47
A=—, B=—, A ="—" Ay = ——
567 247 1 ga 2 g4
3 3 1 T 97
II = 3. =2’ -2’ -Sz+—, A=—, B=—
yerbn =3, w(z) =27 =3 FRAT 1207 40
x1 = —0.537986 A; = 0.339999
zo = 0.1528279 As = 0.822336
x3 = 0.760157 Az = 1.246275
2 3 3 3
[ycrs n = 4. w(z) = x4—g:c3 £ 2+2—0x—|—80
A =0.014279 B = 0.575959
1 = —0.682753 A; =0.190731
xr9 = —0.161469 Ao = 0.488488
x3 = 0.405626 Az =0.812411
x4 = 0.838596 Ay = 1.059724

[Tycts n = 5. w(x)

T TR T Tt Tyt T e

s 5 4, 5 1., 1 1
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A = 0.008637
r1 = —0.769541
r9 = —0.370814
r3 = 0.110027
x4 = 0.562906
5 = 0.884088

IIycrs n = 6. w(x)

A = 0.008637
z1 = —0.825326
x9 = —0.513453
r3 = —0.114422
z4 = 0.302831
s = 0.666169
re = 0.912772

B = 0.486199

Ay =0.117139
Ay = 0.309853
Az = 0.542254
Ay = 0.370102
As = 0.916375

R

B = 0.420749

Ay = 0.076907
Ay = 0.207544
Az = 0.374688
Ay = 0.549469
As = 0.701664
Ag = 0.804959

, 15 , 3 1

— T +_

T =T —=.
o6 o6 112

JLJ1st 0CTATOYHOIO “jIeHa CIPaBeIInBa (hOPMYIa

(2n+2 1—|—x
/1/ x)dx.
2n+2 1—3:

4. BpruucjieHue mHTErpaJjga Buaa /

1
1—=x

1+zx

f(x)dzx

-1

B arom ciyuae p(z) = 4/ % T, ¥ OPTOTOHAJIBHBIMHE SIBJISIOTCS MHOTOYJICHbI Yeboimesa [V

sin 2251 arccos z
pora (cm. [4, c. 84]), Sp(z) = ——F———. Torna P,(z) = = Sp(z) u 1o popmyre (5)
HOJIy YaeM :
1
o) = gy (0 DSusale) = Sun@) = (0 4 D5(0)). (13

AHaJIOTUYIHO TIPEBIIYINEeMY CJIyJYaro sl pasaudubix n = 1,2, 3,4,5,6 mosydarorcs 3Ha-

YEHHd IIPUBEJICHHbIC HUXKE.

1 1 T 8w
IIycre n = 1. w($):$+_’x1:_Z’A:ﬁ’\/Bi:2_0’ Aq :\}—§,
1 1 -1 -7 —1+7
[Tycts n = 2. w(x):mz—i-gx—é,m =T T T
A =0.688794 B = 0.056099
x1 = —0.607625 A1 = 1.480401
zo = 0.274292 Ay = 0.688794
, 3 1
[ycts n = 3. w(z) = % 3% 15
A =0.706858 B =0.026179
x1 = —0.760157 Ay = 1.246279
zo = —0.152829 Ay = 0.822279
x3 = 0.537986 Az = 0.339999
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2 3 3 3
IIycrs n = 4. w(z) —x4+gm3— 3.%'2— 2—0.%4-%.
A = 0.575958 B =0.0142799
z1 = —0.838596 A =1.059724
z9 = —0.405625 Ay =0.812412
r3 = 0.161469 Az = 0.488488
x4 = 0.682753 Ay =0.190731
Iycrs n = 5. w(z) = 2° +%x4—2x3—ix —i—éx—l-ﬁ%l
A =0.486199 B = 0.008631
x1 = —0.884088 A; =0.9163748
9 = —0.562906 Ag = 0.7611406
5 = —0.110027 Ay = 0.5422544
x4 = 0.370814 Ay = 0.309853
x5 = 0.769541 As =0.1171396
3 15 ) 15 3 1
Mycrs n = 6. w(z) = 2° +?x5—ﬂx4—ﬁ +% 2—|—% 113
A = 0.4207493 B = 0.0056099
r1 = —0.9127718 A; = 0.8049599
z9 = —0.6661694 Ay =0.7016636
zz = —0.3028313 Az = 0.5494689
zq4 = 0.1144215 Ay = 0.3746883
zs5 = 0.5134534 As = 0.2075442
ze = 0.8253261 Ag = 0.07690723
st ocrarounoro wiena crupase/mBa GhopMyIia
Feme) [ e
R,(f) = 2n+2'/ 1+xw—1 x)dr, —-1<E<]1.
-1

Bce noctpoennbie kBajipaTHbIe (DOPMYJIBI IIPOBEPSIN HA TECTOBBIX MIPUMEPAX U MOJIY YN

TOYHbBIC 3HAQYEHUA MHTErPpaJIoB.

3AMEYAHUE. Ksajgparypubie QOpMYysbl JjIss WHTEIPAJIOB IIPU BECOBBIX (DYHKIMAX

p(r) = = u p(r) =

V1 — 2?2 noknaapiBaiuchk Ha XIV 1 XV MexxayHapoJHbIX Hay9HO-

TexHUIeCKUX KoHpepennusix ropoja llersa B 2020-2021 romax u omyOJMKOBAHBI B MaTe€pUa-

Jax srux KoHdepenimit [7-8|.
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Abstract. Approximate methods for calculating definite integrals are relevant to this day. Among them,
the quadrature methods are the most popular as they enables one to calculate approximately the integral
using a finite number of values of the integrable function. In addition, in many cases, less computational labor
is required compared to other methods. Using Chebyshev polynomials of the first, second, third, and fourth

kind corresponding to the weight functions p(z) = \/11_7, p(x) = V1 —22, p(x) = 1/}f—i, p(x) = ilz,
on the segment [—1,1], quadrature formulas are constructed with predefined nodes a1 = —1, a2 = 1, and
estimates of the remainder terms with degrees of accuracy 2n + 1. In this case, a special place is occupied by

the construction of orthogonal polynomials with respect to the weight p(z)(x® — 1) and finding their roots.
This problem turned out to be laborious and was solved by methods of computational mathematics.

Key words: weight functions, orthogonal polynomials, quadrature formulas, predetermined nodes,
remainder terms, degrees of accuracy.
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