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ON LOWER SEMICONTINUOUS MULTIFUNCTIONS IN
QUASI-UNIFORM AND VECTOR SPACES

ANDRZEJ SPAKOWSKI

ABSTRACT. Given a cover B of a quasi-uniform space Y we introduce
a concept of lower semicontinuity for multifunctions F : X — 2V,
called B-lsc. In this way, we get a common description of Vietoris-lsc,
Hausdorff-lsc, and bounded-Hausdorff-Isc as well. Further, we exam-
ine set-theoretical and vector operations on such multifunctions. We
also point out that the convex hull of Hausdorff-Isc multifunctions need
not to be Hausdorff-lsc except the case where the range space is locally
convex.

1. LOWER SEMICONTINUOUS MULTIFUNCTIONS

The two most known concepts of lower semicontinuity for multifunctions
are the lower semicontinuity in Vietoris sense (V-lsc) and the lower semicon-
tinuity in Hausdorff sense (H-lsc). Given a set Y we denote by 2" the family
of all subsets of Y. Every map F : X — 2Y will be called a multifunction
from X to Y. Now, let X and Y be two arbitrary topological spaces. We
say that a multifunction F : X — 2Y is V-Isc at a point zo € X provided
for every open G C Y such that F(xo) NG # ) there exists a neighbourhood
U(xg) of zp such that F(z) NG # () for every x € U(xg). This is the first
concept of lower semicontinuity.

Let (Y,U) be a uniform space. Recall that every uniformity generate a
topology, and a topological space is uniformizable provided it is a Tichonov
space. For multifunctions from X to (Y,U) we may formulate the second
concept of lower semicontinuity. Namely, a multifunction F' : X — 2Y is
called H-lsc at xg € X if for every W € U there exists a neighbourhood
U(xg) of xg such that

F(zo) c W(F(x)) for every z € U(xyp),

where
W(F(z)) ={yeY:(zy) €W for some z € F(z)}.
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This is the second concept of lower semicontinuity. In particular, if Y is
a topological vector space, with its natural uniformity generated by the
neighbourhoods of 0, the condition of H-Isc can be written in the equivalent
form:

F(z9) C F(x)+V for every z € U(xy),

where V is a neighbourhood of 0 and C+ D = {c+d:ce€ C, d € D} is the
vector sum of sets C' and D.

It is known that every topological space Y is quasi-uniformizable ([11, 9]).
This means that there is family I/ of subsets of Y x Y such that:

(1) every U € U contains the diagonal A of Y x Y,

(2) U,V € U implies that UNV € U,

(3) for every U € U there exists V € U such that V oV C U, where
VoV =A{(x,y) €Y xY :(x,2),(2,y) € V for some z € Y},

(4) U €U and U C V implies V € U,

(5) the family {W(y) : W € U, y € Y} is a neighbourhood system
generating the topology of Y, where W(y) ={z €Y : (y,2) € W}.

Every such family is called a quasi-uniformity of the topological space Y .

IfY is only a set, then a family U of subsets of Y x Y satisfying properties
(1)—(4) is called a quasi-uniformity on'Y', and the pair (Y,U) a quasi-uniform
space. A quasi-uniform space (Y,U) is a uniform space provided U have the
following symmetric property: W € U implies W1 € U, where W~ =
{(z,y) €Y xY : (y,2) e W}

In every topological space Y we have: for every A C Y and every quasi-
uniformity U of Y, cl(A) = ({W1(A) : W € U}. where cl(A) denotes the
closure of A in Y. The usage of W~! is explained by the following facts:

(1) the sets W(y), where W € Y and y € Y, form a neighbourhood
system for the topology of Y,

(2) for arbitrary A C Y we have: y € cl(A), the closure of A, if and
only if for every W € U, W(y) N A # ) if and only if there exists
a € A such that a € W (y), or equivalently y € W~1(a).

For a quasi-uniform (Y,U) space the definition of H-Isc should be modified
as follows. A multifunction F : X — 2V is called H-lsc at zy € X if for
every W € U there exists a neighbourhood V' of z( such that

F(xg) ¢ W(F(2)) for every z € V.

Note that we have the following property: F' is H-lsc at zq if and only if
cl(F) is H-1sc, where ¢l (F) is the closure multifunction of F', i.e. ¢l (F)(x) =
cl(F(x)) for all z € X. The basic relationships between V-lsc and H-lsc are
well-known (see [4], [5]). Namely, if Y is a topological space, U a quasi-
uniformity of Y and F : X — 2¥ a multifunction, then H-Isc of F at g € X
implies its V-lsc at zp. The converse holds provided the set F'(xg) is totally
bounded. Recall that A C Y is called totally bounded provided for every
W € U there exists a finite set B C A such that A ¢ W~1(B). In general,
V-Isc need not imply H-lIsc.
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2. B-LOWER SEMICONTINUITY

Penot [10] introduced a concept of bounded lower semicontinuity for mul-
tifunction from a topological space to a normed space. In [2] a similar idea
is applied to convergence of sets, in particular, to convergence of epigraphs,
with respect to the families of single subsets, compact subsets, weakly com-
pact subsets, and of bounded subsets. Following this, we define an abstract
concept of lower semicontinuity to unify the description of the above men-
tioned semicontinuities.

Let X be a topological space, (Y,U) a quasi-uniform space, B a cover of
Y, i.e., a family of nonempty subsets of Y such that [JB =Y. We say that
F: X — 2 is B-lIsc at xp € X provided for every W € U and every B € B
there exists a neighbourhood U(xg) of x¢ such that

F(zo) N B ¢ W™ (F(x)) for every z € U(xo).

If F(zg) = 0, then F is trivially B-lsc at g for arbitrary cover B. Note
also the following simple observations and remarks:

(1) If B={Y}, then B-Isc is simply the H-lsc.

(2) If B is a cover of Y and B; the family of all finite unions of subsets
of B, then B-lIsc implies the B;-lsc.

(3) If B C By, then Bj-lsc implies B-Isc.

(4) If B is the family of all balls B(r) = {y € Y : ||y|| < r} of a normed
space Y, then B-lsc will be called also bounded H-lsc. This case is
identical with the Penot’s concept [10].

(5) If for every B € B the multifunction Fp(x) = F(x)NB, z € X, is H-
Isc at zq, then it is B-Isc at this point. The converse, in general, does
not hold. For instance, we can take: F'(0) = [0,1] and F'(z) = [0,1)
for z € (0,1], and B the family of all singletons of [0,1]. Then F is
B-1sc but Fg, where B = {1} is not H-Isc for F(z) N {1} = 0 for all

€ (0,1]. For some positive results see [10].

Now, we show that if B is the family of all singletons of Y, or equivalently,
the family of all finite subsets of Y, then B-lsc is simply the V-Isc.
Theorem 2.1. Let B be a cover of Y, F : X — 2Y, and consider the
following three statements:

(1) F is H-lIsc at x,
(2) F is B-lsc at xo,
(3) F is V-Isc at xg.

(1

Then (1) = (2) = (3), and the converse implications does not hold.
Proof. That (1) implies (2) is clear because
F(x0) N B C F(x9) ¢ W Y(F(z)).

Now assume that F'is B-Isc at xg. In virtue of B-Isc, we may assume that B
contains all singletons of Y. We show that F' is V-Isc at xg. Given an open
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G CY and yo € F(xg) NG we take W € U such that W(yy) C G. By the
B-1sc there exists a neighbourhood U(xg) of xy such that

F(z0) N{yo} ¢ W L(F(z)) for all z € U(xy).

This implies that yo € W~1(y) for some y € F(z), or equivalently y €
W (yo) for some y € F(z). Consequently, F(x) NG # 0 for all x € U(x).
This proves that F' is V-lIsc at xg. It remains to show that the converse
implications need not to hold. Let Y = R?, B the family of all straight
lines of Y through the origin, and consider the following two multifunctions:
F1(t) the line {y = tz}, Fa(t) the line {y = 1+ tz}, for t > 1. Observe that:
F1 is V-lIsc but not B-lsc at each point, while F5 is B-lsc but not H-Isc at
each point. O

Theorem 2.2. Let F : X — 2Y be a multifunction and B be the family of
all singletons of Y. Then F is V-lIsc at xq if and only if it is B-lsc at xg.

Proof. In virtue of the above theorem the second implication is clear. Now,
assume that F'is V-Isc at xp and B is the family of all singletons of Y. We
show that F' is B-lsc at x. Let B = {yo}. Then F'(x)N B is empty or equal
B. Let W € U be arbitrary. Then W (yp) is open and W (yg) N F(xg) # 0.
By the V-Isc of F' at x( there exists a neighbourhood U (zg) of xy such that
W (yo) N F(x) # 0 for all x € U(zp). Thus for every x € U(xg) there exists
y € W(yo) N F(x). From this we infer that (yo,y) € W, or equivalently
(y,90) € WL, Consequently, yo € W~1(y) € W—L(F(z)). This proves that
Fis B-lsc at xg. O

A general, similar theorem exists for B-1sc and V-lsc. First, let us intro-
duce a generalized concept of a totally bounded set. Let B be a cover of
Y, and (Y,U) a quasi-uniform space. A set A C Y will be called B-totally
bounded if for every B € B, the set AN B is totally bounded. Note that, if
B = {Y}, then the B-total boundedness is simply the usual total bounded-
ness, and if B is the family of all singletons, then the B-total boundedness
is trivial: each subset of Y is B-totally bounded.

Theorem 2.3. Let F : X — 2Y, 20 € X, and F(xq) be B-totally bounded,
where B is a cover of Y. Then F is V-lsc at xg if and only if it is B-lsc at
xo.

Proof. 1t is clear that B-lsc implies V-Isc. Now, let us assume that F'is V-lsc
at xo and F(xg) is B-totally bounded. Let B € B and W € U be arbitrary.
Let V € U be such that VoV Cc W. Hence V"' o V=1 ¢ W1, and there
exist y1,...,yn € F(xo) such that
F(zo)nBC |V w) = JV " (F(z0) N {w:}).
i=1 i=1

In virtue of the V-Isc at xg there exists a neighbourhood U (z) of zy such
that F(zo) N {y;} € V-Y(F(z)), for i = 1,...,n, and € U(xo). This
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implies that F(zg) N B ¢ VY V~Y(F(z)) ¢ W~Y(F(z)), which ends the
proof. O

As a corollary, for B = {Y'}, we get the well-known equivalence between
V-lsc and H-Isc whenever we consider totally-bounded valued multifunctions.

Remarks.

One can examine a concept of B-usc described as follows: for every B €
B and every W € U there exists a neighbourhood U(xg) of z¢ such that
F(x)N B C W(F(xg)) for every x € U(xzg). It is clear that V-usc always
implies B-usc. Unfortunately, if B is the family of all singletons, B-usc
multifunctions need not to be V-usc. For example, let Y = R?, B the family
of all singletons of Y, and we take the following multifunction: F'(0) is the
line {y = 0}, and F(t) is the line {y = tz}, for t > 0. F is B-usc at 0 but
not V-usc at this point.

See [3] for the bounded H-usc, i.e. for the B-usc with B being the family of
all bounded subsets of Y.

It is clear that B-lsc is topologizable provided B is the family of all single-
tons or B = {Y'}. In general, B-lsc is not topologizable. To show this we
use the following Diagonalization Criterion (see e.g. [4]):

Theorem 2.4. Let T be a directed set and for each t € T there is another
directed set E(t). Then we define a new directed set D = T x IyerE(t)
ordered as follows: (t,(a(t))) < (s,(8(t))) if and only if t < s and a(t) <
B(t) for each t € T. Suppose that z(t,7y), t € T, v € E(t), are elements
of a topological space Z. Consider the following net: z(t,a) = z(t, a(t)),
(t,a) € D, where a(t) is the t-coordinate of a. If limyer im e gy 2(t,7) = 2
then lim, o)ep 2(t, a(t)) = 2.

Now, we can construct an example of a non-topologizable B-lsc. Ob-
serve first that B-lIsc is simply continuity with respect to the following B~-
convergence: Ay — Ag whenever for every W € U and every B € B there
exists Ag such that

AgN B C WL(A,) for every A > \o.

Let T = N and for each n € T we take E(n) = N. Let Y = R? and B
be the family of all straight line through the (0,0). For every n,k € N we
denote: A(n, k) = the line {y = (1/k)x + 1/n}, A(n) = the line {y = 1/n},
A(0) = B(0) = the line {y = 0}. It is easy to check B~ -convergence:
lim,, limy, A(n, k) = lim,, A(n) = A(0).

On the other hand the convergence lim, o) A(n,a(n)) = Ay does not
holds for A(0)NB(0) = the line {y = 0} is not contained in any A(n,a(n))+
V', where V' is a neighbourhood of (0,0). Thus the B~ -convergence is not
topologizable.
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3. UNIONS AND CARTESIAN PRODUCTS

In this paragraph we deal with some set-theoretical operations on multi-
functions, namely with unions and cartesian products (see [4]). Operation
of intersection of multifunctions will be examined separately in the next
paragraph.

Unions. Let X and Y be spaces and F; : X — 2Y, i € I, a family of
multifunctions. The union F = (J;c; F; of multifunctions F; is defined by
F(x) = ;c; Fi(z), x € X. It is known and easy to prove that the union of
an arbitrary family of V-lsc multifunctions is V-lsc. However, the union of
an infinite family of H-lsc multifunctions need not to be H-Isc. For instance,
define F,,(0) = [0,n] and F,(z) = [0,1/x] for x € (0,1], n =1,2,.... Then
the multifunctions F), are H-lsc at 0. But, their union F' = |J,, F}, is not
H-Isc at 0 for F(0) = [0, 4+00).

Theorem 3.1. Let X be a topological space, (Y,U) a quasi-uniform space
and Fy,Fy : X — 2V multifunctions B-lsc at x9 € X. Then the union
multifunction F' = Fy U Fy is B-lsc at xg.

Proof. The proof is a consequence of the formula:
W (Fy(2)) UW T (Fa(x) = W (Fi(2) U Fa (),
where W € Y and = € X. O

It is clear that the above theorem holds for finitely many multifunctions,
and need not hold when we consider an infinite family of multifunctions.

Products. Now, let us describe the cartesian product of multifunctions.
Let X and Y;,Ys be spaces and F; : X — 2%+, i = 1,2, multifunctions.
The product of two multifunctions F; and F5 is defined as the multifunction
F =F xF: X — 20 guch that F(z) = Fi(z) x Fy(z), € X. In
particular, if Fy(x) = Ys for all z, or Fi(z) = Y; for all z, we will write
simply, F} X Y, or Y7 X F1, respectively. Analogously, we define the product
IL;c 1 F; of an arbitrary family of multifunctions F;, i € I. It is known that
the product of an arbitrary family of V-Isc (H-lsc) multifunctions is also
V-Isc (H-1sc). Remark that the product of H-lsc multifunctions has more
complicated nature than the product of V-Isc ones. To formulate a general
theorem for B-lsc we need to consider the product of quasi-uniform spaces.
First, we describe the product of two quasi-uniform spaces. Let (Y;,U;),
1 = 1,2, be quasi-uniform spaces, and P; : Y1 X Yo — Y;, ¢ = 1,2, be the
projections, i.e. P;(y1,y2) = v;, @ = 1,2. By the product quasi-uniformity
U=U xUz inY =Y XYy we mean a quasi-uniformity generated by the
base consisting of sets of the form

[Wl,WQ] = {(21,22) ceY xY: (Pl(zl),Pz(Zg)) eW;, i= 1,2},
where W; € U;, i = 1,2. In other words, the set [W7, W5] has a form:
{(Sl)y17327y2) € Yl X }/2 X Yl X YQ : (81752) € Wl’ (?ley2) € WQ}
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Remark that [Wy, Wa] = W1 N W, where
Wi ={(z1,22) €Y XY : (Pi(21), Pi(2)) € W;}, i =1,2.

The sets W;, W; € U;, i = 1,2, form a subbase of the product quasi-
uniformity U; xUs. In case of an arbitrary family of quasi-uniform spaces we
proceed similarly as above and as in the construction of product topological
structures. Let (Y;,U;), i € I, be a family od quasi-uniform spaces. Denote:
Y = IL;c1Y;, P; the projection on the i-th axis, i.e. P;(y) = y;, where y; is the
i-th coordinate of y € Y, ¢ € I. By the product quasi-uniformity U = I1;c 1U;
in Y we mean a quasi-uniformity generated by the subbase consisting of sets
of the form

Wi={(21,22) €Y x Y : (P;(21), Pi(22)) € Wi},
where W; € U;, i € I. Observe that if B; is a cover of Y;, ¢ € I, then IL;;B;,

i.e., the family of all sets of the form Il;c;B; with B; € B; and B; = Y; for
all but a finite number of ¢ € I, is a cover of Il;c;Y;.

Theorem 3.2. Let (Y;,U;), i = 1,2, be quasi-uniform spaces and A; C Y,
1 =1,2, be arbitrary subsets. Then

(1) [W1, Wa](Ar x Az) = W1(A1) x Wa(Ag),

(2) [Wr, Wa] 71 (A1 x Ag) = W H (A1) x Wy H(Ay).

Proof. We have

(W1, Wa](Ar x Ag)
= {(s1,82) € Y1 x Yo : Jy1 € A1 Ty € Az (Y1, 42, 51, 52) € [W1, Wa]}
={(s1,82) €Y1 x Yo : Jy1 € Ay Jyp € Az (y1,51) € W1, (y2,52) € Wa}
= {(51,82) ceYixYs:5 € Wl(Al), S9 € WQ(AQ)}
= Wl(Al) X WQ(AQ),

which proves (1). The proof of (2) is similar. O

Theorem 3.3. Let X be a topological space, (Y;,U;), i € I, a family of
quasi-uniform spaces and F; : X — 2%+ a multifunction Bi-lsc at o € X,
where B; is a cover of Y;, i € I. Then the product multifunction I;c1 F; is
Hie[Bi—lSC at Zg-
Proof. By the construction of the product of quasi-uniform spaces (Y;,U;),
i € I, it is sufficient to consider only the case I = {1,2}. In general case,
the proof is similar. Let multifunctions F; : X — 2Yi, i = 1,2, be B;-lsc at
xo € X and W € U; x Us be arbitrary. There exist W; € U;, i = 1,2, such
that [W1, Wa] € W. Now, let B; € By. There exists a neighbourhood U ()
of ¢ such that F;(xo) N B; € W; ' (Fy()), i = 1,2, = € U(xy), and, by the
Lemma 3.2, we get

(Fi(20) N Br) x (Fa(wo) N Ba) C [Wi, Wo] "} (Fi(z) x Fy(x)),
for every & € U(xg). This shows the By x Ba-Isc of F} x F5 because

(Fl(xo) N Bl) X (F2($0) N Bg) = (Fl(l‘o) X Fz(mo)) N (Bl X Bg)
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Remark. The converse theorem also holds. Namely, if a product multi-
function Il;cr F; is ;¢ B;-lsc at xg, then for every ¢ € I the multifunction
F; is B;-1sc at xg.

4. INTERSECTIONS

In optimization theory the lower semicontinuity properties of intersections
of multifunctions play an important role [10]. The most wanted theorems
are ones with no boundedness conditions on the values of intersecting mul-
tifunctions. Here we formulate a theorem of this kind. Let Y be a normed
space. If we assume that the considered multifunctions are boundedly H-
Isc, i.e., B-lsc with B being the family of all balls B(r), » > 0, then we
may formulate a theorem on intersection, without boundedness conditions
on F(xg). For this we need a lemma from [6] on interiority properties of
convex, bounded, and with the nonempty interior subsets of a normed space.

Theorem 4.1. Let Y be a normed space and A C'Y be convex, bounded,
and with the nonempty interior. Then for every € > 0 there exist a set
C C int(A) and 6 > 0 such that C + B(d) C A C C + B(e).

We need also the following well-known (see [12, 14]) and very useful law
of cancellation:

Theorem 4.2. Let A, B and C be subsets of a topological vector space Y .
Assume that B is bounded, and C is nonempty, closed and convex. Then
A+ B C cl(C+ B) implies A C C. In particular, A+ B C C + B implies
AcCC, and cl(A+ B) C cl(C+ B) implies A C C.

Let X be a topological space and Y a topological vector space. A multi-
function F' from X to Y is called locally convez-valued (locally closed-valued)
at o € X if there is a neighbourhood U of zg such that F(z) is convex
(closed) for every z € U.

Theorem 4.3. Let X be a topological space, Y a normed space, B the family
of balls B(r) C Y, 0 <r, Fy and Fy two multifunctions from X to'Y and
F=FnFk. If I} and Fy are B-lsc at xg € X, locally convezr- and locally
closed-valued at xqg, and intF(xg) # 0, then F is B-lsc at xg, and hence,
V-lsc at xy.

Proof. By the assumption on the interior of F(z¢) in Y there exists r > 0
such that

(1) int (F(zo) N B(r)) # 0.

Let € > 0 be arbitrary. By the Lemma 4.1 there exist a subset C' C F'(zp) N
B(r) and 6 > 0 such that C + B(d) C F(zo) N B(r) C C + B(e). In virtue
of the B-lIsc at z( there exists a neighbourhood U(xg) of zy such that

C + B(0) C Fi(xo) N B(r) C Fi(x) + B(0) for x € U(zp) and i = 1,2.
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We can assume that the multifunctions are closed- and convex-valued on
U(xg). Applying the law of cancellation, we infer that C C Fj(x) N Fa(x)
for every x € U(xo). But this implies that

Fl(xo) N FQ(JZ()) N B(T) c C+ B(&“)
C Fl(l‘) N Fg(x) + B(&)
for all € U(zp). This shows that the intersection F' = Fy N Fy is B-lsc at
o and ends the proof. O

Remark. If Y is finite dimensional we can omit in the above theorem the
assumption that the multifunctions are locally closed-valued, and then pro-
ceed in a manner as in [6] using the below theorem on local interior property
of B-lower semicontinuous multifunctions.

5. VECTOR OPERATIONS

Here we consider vector sum and convex hull operations on lower semi-
continuous multifunctions with values in a topological vector space (see
e.g. [7]). Let X be a topological space, Y a topological vector space and
F.G: X — 2Y. We define two multifunctions:

(F+G)(x) = F(x)+G(x)
= {a+b:a€eF(zx), be G(x)}, z € X,
called the vector sum of F and G, and conv (F)(x) = conv(F(x)) the convex
hull of F(x), x € X, called the convex hull of F.

Vector sum. It is known and easy to prove that the vector sum of two
H-Isc multifunctions is H-Isc. We state some further results and show that,
in general, the vector sum of two B-Isc multifunctions need not to be B-lsc.

Theorem 5.1. Let F,G : X — 2Y be V-lsc at ©o € X. Then the vector
sum F'+ G is V-Isc at xy.

Proof. Let V' be an arbitrary neighbourhood of 0 in Y, F' and G be V-Isc
at xg, and recall that V-Isc is equivalent to B-lsc with B equals the family
of all singletons of Y. Let b € Y be such that (F(x¢) + G(x0)) N {b} # 0.
Then b = by + be with by € F(xg) and by € G(z0). By the B-lsc of F and G
there exists a neighbourhood U (xg) such that

F(xzo)N{bi} C F(z)+V and
G(zo) N{b2} C G(x)+V

for all x € U(zp). This implies that
bi+by€ F(z)+G(z)+V +V
for x € U(xg), or equivalently,
(F(xg) + G(zo)) N{b} C F(x)+G(x)+V +V
for z € U(xop), which shows B-lsc of F'+ G at xo and ends the proof. O
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We say that a cover B of Y is translation invariant if B 4+ ¢ € B for every
B € B and every vector c € Y.

Theorem 5.2. Let B be a translation invariant cover of Y, F : X — 2V ¢
multifunction B-lsc at xo € X and g : X — Y a function continuous at xg.
Then the vector sum (F' + g)(z) = F(z) + g(x), x € X, is a multifunction
B-lsc at xg.

Proof. Let V be a neighbourhood of 0 in Y and B € B. Note that
(F(z0) +g(z0)) N B = F(x0) N (B — g(z0)) + g(0)

By the assumptions for all z in a neighbourhood of zg we have

(F(z0) + 9(x0)) N B C (F(x) +g(zo) + V)N B
C (Flz)+g(x)+V+V).

This shows B-Isc of F' + g at xp and ends the proof. O

The following example shows that translation invariantness of B is not
sufficient to get B-lsc of the vector sum of a two B-lsc multifunctions.

Example. Let Y = R3, B consists only of the plane {y = 2} and all of its
translations. Define two multifunctions: F'(t) the line {z = ty, x = 0} and
G(t) the line {y = 0, z = 0}, ¢ > 0. Observe that F' and G are B-lsc but
their vector sum F' 4 G is not B-Isc at each point.

Convex hull. Tt is known [8] and easy to proof that for every V-lsc multi-
function F', the convex hull of F' is also V-lsc. We use the concept of B-Isc
to get a general result provided the space Y is locally convex. In particular,
we get a result for H-Isc.

Theorem 5.3. Let Y be a locally convez space and F : X — 2 be B-lsc at
xg € X. Then the convex hull of F is B-lsc at xy.

Proof. Let V C Y be a convex neighbourhood of 0 in Y and B € B. By the
B-1sc of F' at xg there exists a neighbourhood U(xg) of 2y such that

(2) F(zo)NB C F(z)+V for all z € U(xo).
We claim that
conv (F(zo)) N B C conv(F(x)) +V for all x € U(xy).

Indeed, let y € conv(F(x0))NB and x € U(xg) be arbitrary. In virtue of (2)
there exist n € N, y1,...,yn € F(x0), 21,...,2n € F(x), v1,...,v, € V, and
positive numbers t1,...,t, such that y = t1y1 4+ +tpyn, t1+---+tp, =1,
and y; = z; + v; for every 1 < ¢ < n. This implies that

y=tiz1+ - +tpzn + o1+ +tyv, € conv(F(z)) +V

for V is convex, which ends the proof. O



LSC MULTIFUNCTIONS IN QUASI-UNIFORM AND VECTOR SPACES 319

Remark. If the topological vector space Y is not locally convex then the
convex hull operation does not preserve H-lsc. Indeed, if Y is metrizable and
not locally convex then there exists a sequence y, € Y which converges to
0 such that the convex hull of the set {y, : n =1,2,...} is not bounded [1].
Now, observe that the multifunction F' defined by: F(0) = {0,y1,¥9,...},
F(1/n)={0,y1,...,yn}, n=1,2,..., is H-Isc at 0 but the convex hull of F'
is not. For a simple example of such sequence y, € [P (0 < p < 1) see [13]
or [1].
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