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Abstract. We construct the sequence of orthogonal polynomials with re-
spect to an inner product defined in the sense of g-integration over several
intervals in the complex plane. For such introduced polynomials we prove
that all zeros lie in the smallest convex hull over the intervals in the com-
plex plane. The results are stated precisely in some special cases, as some
symmetric cases of equal lengths, angles and weights.

1. Introduction

We will start with well-known facts from g-calculus [1], [2], where ¢ is a real
number from the interval (0, 1). The basic number [z], is given by

1—4g*
1 _

2], = (z € R)

and factorial of g-natural numbers
[0t =1, [nlg! = [nlg[n — 1! = [nfgln —1]g---[lg, neN.
We define g-shifted factorials by

(1—ag"™")

8

(a;9)0 =1, (a;q)n = ﬁ(l —ag"™), (a;@)e =
k=1

kel
Il
—

178



The Zeros of Polynomials Orthogonal with Respect to g-integral on ... 179

and g-shifted factorial of a vector is

(ala Az, ..., 4¢3 Q)n = (al; Q)n(al; Q)n(a2; Q)n s (ar; Q)n-

Obviously,

g9
[n]q' - (1 . q)na

Generalization of gamma function I'(z) is given by

n € N.

CHAES 1-
T (z)=—"—(1-¢q) %
() (0% 9) oo (1-a)
One of main properties of gamma function holds on, i.e.
Dy(z + 1) = [2]q To(2).

Basic hypergeometric function is defined by

a1, an,...,0y
7@5( q;2>
Jk

blaan---3bS
_ Z (ala . ’aT'; Q)k (_1)(1+5_T)kq(1+5_r)(’2€) Vs )
= (b1, bsi )k (@ 9k

We assume that the convergence of all series in further discussion is assured.

Let us define a g-integral by
b e
/ F(2)dgz = (b—a)(1—q) Y _F (a +(b— a)qk) ¢ (0<qg<1,a,beC).
@ k=0

An inner product on beam of m-intervals [as, bs] (s = 0,1,...,m — 1) is defined
by

> _as/ FEGEIW, ()] g 1)

where W(z) is a weight functlon on the interval [as, bs].
The previous inner product can be written in the form

m—1 oo

(F,Gy=(1-¢q) Y. Y ¢"F(2)G(2)|W,(2)|

s5=0 k=0

@

2=as+(bs—as)g*

This product is positive-definite because of ||F||> = (F,F) > 0, except for
F(z)=0.

It implies existence of the sequence orthogonal polynomials { Py (z)} which satis-
fies

<PM3PN>:5MN||PN||2 (M,NEN()).

We can construct this sequence by the Gram-Schmidt orthogonalization.



180 Predrag M. Rajkovi¢, Miomir S. Stankovi¢ and Sladjana D. Marinkovi¢

If we define moments and moment-determinants by

Hjk = <Zjazk>a Ap =1, |ILLZJ|ZJ =0 M > 1

then these polynomials can be expressed in the form

100 B0 .- Hn-10 1
1 Ho1 M1t ... Hn—11 z
Py(z) =1, Pu(2)= | : . : D, n>1
n
Bon—1 M1 - - Pn—in—1 2"
Hon Hin -+ Hn-1mn 2"

This sequence is unique and the norms are

Apt1

Po|? = ===
1Pl = =
Especially, if all intervals start from the origin and ¢ tends to 1, we get polynomi-
als orthogonal on the radial rays in the complex plane which were introduced by
G. Milovanovié¢ [4] and investigated in the papers of G. Milovanovié, R. Rajkovié
and Z. Marjanovié [5, 6].
In the cases when all beams start from the real axis and make the zero or straight

angle with it, we have standard case of orthogonal polynomials on interval or on a
few segments of the real line.

2. Transformations of Beams and Polynomials

Here, we will discuss some transformations in the complex plane, such as scal-
ing and rotating, of support of orthogonality and its repercussions to orthogonal
polynomials.

Theorem 2.1. Let o be a complex number. The sequence {71’%,(2)}};—0:00 orthogonal

with respect to the inner product

m—1

obs
=Y s [ PEGEIW/o)l 4y

s=0 as

can be expressed by
m(2) = mn(z/0),

where {mn(2)} N>y is orthogonal with respect to (1).
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Proof: Let {my(z)}3>, be an orthogonal sequence with respect to (1) and
7n(z) = wn(2/0). Then we have

1 robs -
(TK, TN )o = Z/ 7K (2)TN (2)|Ws(2/0)| dgz

s=0 gQg

m—1 oo

1_q§:Z%qﬂ( (BTN | Ws(t/o)]|

t=cas+(obs —oas)q*

t=0(as+(bs—as)g*)

—(1-q) iz K (t/o )N T Wi(t/o)|
s=0 k=0

Introducing a change u = t/o, yields

m—1 oo

(e = (0= 0) X 3 i@l
s k=0
- <7TK,7TN>~

Because of the uniqueness of orthogonal polynomial sequence, we conclude that
the statement is valid. 0

Corollary 2.1. The zeros of w§;(z) are obtained from the zeros of wn(z) by the
multiplying with o.

Proof: Let ¢ be a zero of the polynomial 7w (2), i.e. 7x(¢) = 0. According the
previous theorem, we find

T (0¢) = 7N () =0
i.e. o( is a zero of the polynomial 7§, (z). O
Remark. We can emphasize the next transforms obtained for some spacial values
of o:
1) rotation, when o = e (a € R)
2) scaling, when o = R € R.

3. Orthogonality on the Intervals with the Start Point in the Origin

In this section, we consider intervals which go from the origin to some points in
the complex plane. Now, inner product can be written by

m—1 1

b
(F.G)= )] o | FG(2)Ws(2)] dgz ©)

s=0 870

or
m—1 oo

(F.G)=(1-9) Y 3 FFOGOW.0| _, - )

t=byqk
5=0 k=0 =4
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Since b, is a complex number, we can write it by
bs = Lstpm(s)
where
I, e RY,  om(s) =exp (i), 6 € (—m, 7, 0<s<m-—1,1i=—1.
Theorem 3.1. The polynomial wx(z) (N > 0) orthogonal with respect to (3) has

all zeros in the smallest rectangle spread over the radial rays with edges parallel
with axes,

R={z:a1 <Re(z) <apxAb; <Im(z) < by} ®)
where
a1 = min {O,Ogglmls cos 95} , G = max {O,Oglszgnls cos 95}
and

by = min{(),omin ls sin@s} , by = max {O,Omax ls sin 95} .

<s<m <s<m

Proof: Suppose that ¢ is a zero of wx(z). Then we can write

wn(2) = (2 = Ory-1(2), 7n-1(2) € Pn-1.
Because of the orthogonality, we obtain

m—1 oo

0= (mn,rn-1) = (L= q) D > a" (bsg" = Q) [rv—1(bsa™)* W (bsg®)].
s=0 k=0

Hence, the real and imaginary part of the sum are equal to zero. Since bs and ( are
complex numbers, we can write them as
bs = lscos O +ilgsinf, (I, € RT, 0, € (—n,x]), (=A+iB, A BcR.

Now, we have

m—1 oo

(L=q) > > d"(d"ls cos b5 — A)|rn—1(bsg™)|*|W;(bsq")| = 0

s=0 k=0

and
(1—gq) ZZ ql81n9—B)|rN 1(Sq)| |W(bsq )|:O.
s=0 k=0

It means that the functions
m—1

F(k) = Y (¢";cos0; — A)g" |rn—1(bsg™)|*|Ws(bs"))|
s=0
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and
m—1

G(k) = > (¢"Issin s — B)g"[rn—1(bsq") *|Wi(bsq")]
s=0

change their signs for some & € N. Hence we conclude that the zeros are in R.
Really, let us suppose that A > max; {l; cos,,0}. Then, for every s and k € N,
we will have A > max {I, cos 6,0} > ¢*I, cos 6. But, because A—g*I cos 0, >
0, we will have also F'(k) < 0 for all k£ € N, what is in contradiction with assump-
tion.

Also, if we suppose that A < ming {Is cos 05,0}, then, for every s and k € N, we
will have A < min {l; cosf,,0} < qkls cos 5. But, because A — q”“lS cosf, < 0,
we will have F(k) > 0 for all & € N, which again is in contradiction with our
assumption. In this way we can prove all inequalities. 0

Theorem 3.2. All zeros of the polynomial 7y (2) (n € N) orthogonal with respect
to (3) lie in the smallest convex region which contains intervals.

Proof: Let us consider the endpoints by, and by, of some intervals such that the
line by, by, does not have the intersection with any interval from the set [0, b;],
7 =0,1,...,m— 1. If we rotate the whole beam of intervals for the angle o such

that the line biﬁo)bggéo) is parallel to the real axes, then all zeros of the polynomial
771(\?0)(2) lie in rectangle Péao) whose one edge contains b;ﬁo)bgjo). According to
Corollary 2.1, all zeros of wn(z) lie in rectangle Py which is obtained from the
rectangle P(gao) by rotation for the opposite angle of «.

In that way, taking any two endpoints of intervals of orthogonality including the
origin 0, we can find rectangles P; spread over the intervals which contains all
zeros of wx(z). Their intersection is the smallest convex region which contains all
zeros of wx(z). The vertex of the region are the tops of those rays which hold on
its convexity. 0

Corollary 3.1. All zeros of the polynomial wn(z) orthogonal with respect to the
inner product

(9= [ STl dgz+ [ STl dy:
are in the triangle Obgb;.

Corollary 3.2. The monic polynomial wn(z) (N > 0) orthogonal with respect to
the inner product over real intervals

Z/ J(@)g@u( |dq:r+2/ [@g@ )| dy
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has all zeros in the interval (—hq, hs), where

hi = max I hy = max [;.
0<s<p—1 v<s<m—1 °

4. Some Symmetric Cases
In this section, we study the case of equal angles between successive intervals
[0, bs], i.e

2
bs = lsom(s), where ¢,(s) =exp <1LS> , s=0,1,....m—1. (6)
m

Lemma 4.1. The function s — ¢, (8) has the following properties:

L. gom(ms) =1 gom(s) = gom(—s)
2. om(s+71) = om(s) + @m(r), eh(s) = pm(Ns)

; m—1 m—1 m, v=20
. {(mn+v)s) = (vs) =
sz::O Qom(( ) ) sz::O Som( ) 0, 1 <v<m-— 1.

Theorem 4.1. Suppose that m = pr (p,r € N) and that the lengths and the
weights of the radial rays are repeated periodically with period p, i.e.

batip = ls, Wi jp (pm(ip)2)| = |ws(2)] 2 € [0, bs] ™
0<s<p—-1, j3=12,...,r—1
Then the polynomial wn(z) orthogonal with respect to (3) has the property

N (Pm(p)2) = pm(Np)mn(2).

Proof: Let 7y (z) be the member of the set of the monic polynomials orthogonal
with respect to the inner product (3) and Qn(z) = 7x (¢m(p)z). By using known
properties of ¢, (s) from Lemma 4.1, for M = 0,1,..., N, we have

<QN32M>
m—1 oo
= (1-9) X Y d v wy ()| _,
s=0 k=0 e
m—1 oo

= 1 —q Z quﬂ—N(SOm s )( sq )les( sq )l

-1

oo
= (1-q) Z Z qkﬂN(quSSOm(s +p))léquMSOm(_Ms)|w5(bsqk)|
s=0 k=0
q)

= em(Mp)(1 -

Q

—_
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m— oo
Z Z ‘mn (g ls+p90ﬂ2(5 + p))lé\j[_quMgom(—M(s + p))|ws+p(bs+qu)|
s=0 k=0

p+m—-1 oo
= emMp)(1—q) > > *nn(d* lem(GNE ¢ om(—Mj)|w; (b;g")|
j=p k=0
m—1 oo
= om(Mp)(1—q) D > " nn (@ em G ¢ o (= Mj) |w; (b;q")]
J=0 k=0
m—1 oo
= om(Mp)(1—q) D > ¢ rn(g"b;)(b;aF) M |w;(biq").
J=0 k=0

At last, we get
Qn, M) = o Mp)(mn, 2M), M =0,1,...,N.

Since the polynomials 7y (z) are orthogonal, we conclude that (Q y, z™) = 0 for
M =0,1,..., N—1. Because of the uniqueness of the sequence of the orthogonal
polynomials, it must be valid

@n(z) = Knn(z),
where K is the constant. On the other hand,
@Qn, ") = (Knn, 2N) = K(nn, 2V),
wherefrom we get K = ¢, (Np). O

Theorem 4.2. Under the assumptions of Theorem 4.1, if € is a zero of wn(2), then
the zeros are also Epp(jp), J=1,...,m/p.

Now, we will discuss the cases when the zeros stay on the rays.

Theorem 4.3. Under the assumptions of Theorem 4.1, if p = 1 or p = 2, then the
polynomial 7y (z) has all zeros contained by the intervals of support.

Proof: Let (o = pe'® be a zero of wx(z). According to a previous theorem, the
zeros are also (; = (opm(jp), j =1,...,7 — 1 (r = m/p). Denoting by

se=3 (= Z ©m(pkj)
=0 =0

we get s, = 0 (k < r)and s, = r(j. By Newton’s formulas, we have

H(Z—Cj =2 —a2" - —a,_z —a,
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where a1 = s1, kap, = S — 181 — @989 —---—ap_151 (k = 2,...,7r). Now,
since ap, = 0 (k < r) and a, = (j, we have

r—1
[[GE-¢)=2"-¢.
j=0

Then, the polynomial 7y (z) we can write in the form

wn(z) = n_r(2)(z2" = (3)y TN-r(2) € PNn_r.

Because of orthogonality, we have further

m—1 1 b -
0= mvsv—r) = 30 - [ = a2 dy

he- m—1 oo
0=(1-9) 3 Y ¢ " = &) lrn—r() Pl _,. -
5=0 k=0 =arhe
Separating the real and imaginary part of the previous integral, we get
m—1 oo
(1—q) Z Zq ( k1T cos(2nrs /m) — p" COS(’I”O())|TN_T(qkb5)|2|w5(qkbs)|:O
5=0 k=0
and
m—1 oo
(1—¢q) Z Zq ( TIT sin(27rs /m) — prsin(Ta))|TN_T(qkbs)|2|ws(qkb5)|:().
5=0 k=0

We will discuss the next two cases:
1) If » = m, then we have

m—1 oo

> (6 - o cos(ma) ) [ (b2 ws (6°bs)] = 0
s=0 k=0
and
m—1 oo
p" sin(ma) Z Z qk|7N—r(qka)|2|w5(qkb5)| =0.
s=0 k=0

From the last identity, we conclude that sin(ma) = 0. Therefore, there exists an
nonnegative integer j such that « = jmx/m. But, for j odd, the first relation yields
the form

m—1 oo

S50 (6F M+ ™) v e (6"bs) Plus(a¥b)] = 0

5=0 k=0
that is impossible because of the positivity of the sum. So, it must be & = 275 /m,
j € Ng. Now, including statement of Theorem 4.1, the zero (o = pe'® lies on some
interval of support.
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2) In the case r = m/2, we find sin(am/2) = 0, wherefrom it exists j € Ny such
that &« = 27 /m. It guarantees that the zero ( is on the support. 0

5. The Case of Equal Lengths, Angles and Weights

Let us suppose

2msi
ls =1, Som(s) = exp <
m

)s o)) = w)

for z € (0,1) and 0 < s < m — 1. Then the inner product (1) yields the form

1 /m—1
(f,9) :/0 (Z f(wsom(S))g(wm(S))) w(z)dg. ®
s=0

About the zeros of 7 (z) we can prove:

Theorem 5.1. All zeros of the polynomial 7y (z), orthogonal with respect to (6),
are simple and located on the support, with possible exception of a multiple zero
at the origin z = 0 of order v, if N = v (mod m).

Proof: In the Theorem 4.2 we proved that the zeros of 7y (z) are on the support.
In the paper [4] it was proved that the polynomial 7y (z) can be expressed in the
form wy(2) = z”qg’) (z™),ve{0,1,...,m— 1}, where qf{’)(t) is orthogonal on
(0,1) with respect to a positive weight. It is well known that the zeros of qg,) (t)

are real and distinct and are located in (0, ). Let Tkn’y), k = 1,...,n denote the

zeros of qﬁf’) (t) in increasing order

(n,v) (n,v)

o <t << ),

n,v
Each zero T]g ) generates m zeros

:27s
zl(gns’y) = m\/'r,gn’y)elT, s=0,....m—1

of w N (Z ) .
On every interval

zgls’y)| < |zgfs’y)| < < |z(”’”)|, s=0,...,m— 1

n,8

Also, my+1(z) and 7 (2) separate their zeros in the intervals. O
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