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Abstract. New reductions for the multicomponent modified Korteveg de
Vries (MMKdV) equations on the symmetric spaces of DIII-type are derived
using the approach based on the reduction group introduced by A. Mikhailov.
The relevant inverse scattering problem is studied and reduced to a Riemann-
Hilbert problem. The minimal sets of scattering data 7;, ¢ = 1, 2 which allow
one to reconstruct uniquely both the scattering matrix and the potential of the
Lax operator are defined. The effect of the new reductions on the hierarchy of
Hamiltonian structures of MMKdV and on 7; are studied. We illustrate our
results by the MMKdV equations related to the algebra g ~ so(8) and derive
several new MMKdV-type equations using group of reductions isomorphic
to Zo, 43, Zy.

1. Introduction

The modified Korteweg de-Vries equation (MKdV) [27]
@t + Gooa + 6€q2q*(2,1) =0, €=+l (1)

has natural multicomponent generalizations (MMKdV) related to the symmetric
spaces [3]. They can be integrated by the ISM using the fact that they allow the
following Lax representation

L = (i(f; +Q(at) — AJ) bw,t, ) =0 ?)

awo=(30). w=(y") 3
M = (i(i Vo, ) 4+ AVA (2, ) + A2Va(a, £) — 4)\3,]) W@t \)

= (2,1, \)C(N) @
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Va(z,t) = 4Q(x,t),  Vi(z,t) = 2JQ, +2JQ? (5)
Vo(,t) = —Qua — 2Q°. 6)
The corresponding MMKdAV equations take the form
0Q  &Q 2 20 ) —
S T g T3 (@@ + Q%) =0, M)

The analysis in [2, 3, 11] reveals a number of important results. These include
the corresponding multicomponent generalizations of KdV equations and the gen-
eralized Miura transformations interrelating them with the generalized MMKdV
equations, two of their most important reductions as well as their Hamiltonians.

Our aim in this paper is to explore new types of reductions of the MMKdV equa-
tions. To this end we make use of the reduction group introduced by Mikhailov
[22,24] which allows one to impose algebraic reductions on the coefficients of
Q(z,t) which will be automatically compatible with the evolution of MMKdV.
Similar problems have been analyzed for the N-wave type equations related to the
simple Lie algebras of rank 2 and 3 [16, 17] and the multicomponent NLS equa-
tions [18, 19]. Here we illustrate our analysis by the MMKdV equations related to
the algebras g ~ so(2r) which are linked to the DIII-type symmetric spaces se-
ries. Due to the fact that the dispersion law for MNLS is proportional to A\? while
for MMKGAYV it is proportional to A? the sets of admissible reductions for these two
NLEE equations differ substantially.

In the next Section 2 we give some preliminaries on the scattering theory for L, the
reduction group and graded Lie algebras. In Section 3 we construct the fundamen-
tal analytic solutions of L, formulate the corresponding Riemann-Hilbert problem
and introduce the minimal sets of scattering data 7;, ¢ = 1, 2 which define uniquely
both the scattering matrix and the solution of the MMKdAV Q(z,t). Some of these
facts have been discussed in more details in [18], others had to be modified and
extended so that they adequately take into account the peculiarities of the DIII-
type symmetric spaces. In particular we modified the definition of the fundamental
analytic solution which lead to changes in the formulation of the Riemann-Hilbert
problem. In Section 4 we first briefly outline the hierarchy of Hamiltonian struc-
tures for the generic MMKAYV equations. Next we list nontrivial examples of two
classes of reductions of the MMKdV equations related to the algebra s0(8). The
first class is performed with automorphisms of so(8) that preserve J and the second
class uses automorphisms that map J into —J. While the reductions of first type
can be applied both to MNLS and MMKdV equations, the reductions of second
type can be applied only to MMKdAV equations. Under them “half” of the mem-
bers of the Hamiltonian hierarchy become degenerated [3,9]. For both classes
of reductions we find examples with groups of reductions isomorphic to Zsa, Zs
and Z,4. We also provide the corresponding reduced Hamiltonians and symplectic
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forms and Poisson brackets. At the end of Section 4 we derive the effects of these
reductions on the scattering matrix and on the minimal sets of scattering data. The
last section contains some conclusions.

2. Preliminaries

In this section we outline some of the well known facts about the spectral theory
of the Lax operators of the type (2).

2.1. The Scattering Problem for L

Here we briefly outline the basic facts about the direct and the inverse scattering
problems [4,5,7,8,10,15,25,26,28,29] for the system (2) for the class of potentials
Q(x, t) that are smooth enough and fall off to zero fast enough for x — +oc for all
t. In what follows we treat DIII-type symmetric spaces which means that Q(z, t)
is an element of the algebra so(2r). In the examples below we take » = 4 and
g ~ s0(8). For convenience we choose the following definition for the orthogonal
algebras and groups

X €s50(2r) — X +50XTSy =0, T eS0©2r)— STTSy=T (8)

where the “hat” denotes the inverse matrix 7' = 7! and

T
So = kz_:l(—n’f+1 (Ekk + Ekk) = ( gOO 800 ) ., k=2r+1—-k (9
Here and below by FEj; we denote a 2r x 2r matrix with just one non-vanishing
and equal to 1 matrix element at j, k-th position: (Ejk)mn = 0jmOkn. Obviously
S2=1.
The main tool for solving the direct and inverse scattering problems are the Jost
solutions which are fundamental solutions defined by their asymptotics at z —
+o0

lim oz, \)e/ =1, lim ¢z, \)e?® = 1. (10)

Tr—00 r——00

Along with the Jost solutions we introduce

Ew,N) = oz, e p(a,N) = gz, Ne* (11)

which satisfy the following linear integral equations
E(x,A) =1 +i / dye™ Q)¢ (y, A ) (12)
pla,A) =1 +i / dye M EVQ(y)p(y, A ), (13)

These are Volterra type equations which, have solutions providing one can ensure
the convergence of the integrals in the right hand side. For A real the exponential
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factors in (12) and (13) are just oscillating and the convergence is ensured by the
fact that Q(x, t) is rapidly vanishing for x — oo.

Remark 1. It is an well known fact that if the potential Q(xz,t) € so(2r) then
the corresponding Jost solutions of equation (2) take values in the corresponding
group, i.e., ¥(x, \), d(z, \) € SO(2r).

The Jost solutions as whole can not be extended for im A # 0. However, some of
their columns can be extended for A € C, others — for A € C_. More precisely
we can write down the Jost solutions 1(x, A) and ¢(z, A) in the following block-
matrix form

Y@ A) = (07 (@ N)), W@ A), bz A) = (167 (z,A), [6 (z, 1))

() _(etwn) Y
wen=(3e) wen- ()

where the superscript + and (respectively —) shows that the corresponding r X r
block-matrices allow analytic extension for A € C. (respectively A € C_).
Solving the direct scattering problem means given the potential Q(z) to find the

scattering matrix 7°(\). By definition 7'(\) relates the two Jost solutions

o(x, ) = (@, NT(N),  T(\) = (zj&; P

and has compatible block-matrix structure. In what follows we will need also the
inverse of the scattering matrix

vl =o@ IO, T=( N L) ae

where
cN=a" WM +p pH) =@ +rtr)at () (17a)
d-(\) =a"(Wp NI +ptp7 ) = (1 +rT77) I (Va (A (17b)
N =a NI +ptp ) =@+ 7 a (N (17¢)
dt(\) =a" (WptN (I +p7p") T = (1 + 7)) (Vat (V). (17d)

The diagonal blocks of 7'(\) and 7'(\) allow analytic continuation off the real axis,
namely a™ ()\), ¢ ()) are analytic functions of A for A € C, while a™ ()), ¢ ()
are analytic functions of \ for A € C_. We introduced also p=(\) and 7()\) the
multicomponent generalizations of the reflection coefficients (for the scalar case,
see [1,6,21])

pt(N) =bTat(\) =eFdE(N), T\ =athT(\) =dTef()).  (18)
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The reflection coefficients do not have analyticity properties and are defined only
for A € R.
From Remark 1 one concludes that 7'(\) € SO(2r), therefore it must satisfy the

second of the equations in (8). As a result we get the following relations between
c*, d* and a*, b*

c™(\) = soa™T(\)sg, ¢ () = spa™T (N5

d™(\) = —sob™T(N)sg,  d(\) = —sob™ T ()3 19
and in addition we have

pt(N) = =300 (N)so,  p(A) = —s0p T (N30 0)

7N = —sor T (N)3g, 77 (N) = =807 T (N\)so.

Next we need also the asymptotics of the Jost solutions and the scattering matrix
for A — o0

lim ¢z, \)e™® = lim ¢(z, \)e® =1, lim T(\) =1
A——00 A—00 A—00 Q1)
lim a™(\) = lim ¢~ (\) =1, lim a”(\) = lim ¢ (\) =1
A—00 A—00 A—00 A—00
The inverse to the Jost solutions zﬂ(x, A) and qg(a?, A) are solutions to
AP
Y Q) ~ A) =0 @2)
satisfying the conditions
lim e M2, N) = 1, lim e ™7¢(z, \) = 1. (23)

Now it is the collections of rows of 9(z, A) and ¢(z, A) that possess analytic prop-

erties in A
p <1ﬁ+(wv A)’ 2 <(2)7($7 )‘)|
d)(xa)‘) = ( T ) ¢($7A) = ~
Y (@, A D)
IR (@ (z,))] 4)
(5 (@, N = (s57 92, 85 1) (@A), (95 (2, N)| = (s§ 93, 88 97) (2, A).
Just like the Jost solutions, their inverse (24) are solutions to linear equations (22)
with regular boundary conditions (23) and therefore they have no singularities on
the real axis A € R. The same holds true also for the scattering matrix 7'(\) =
P(x, N)¢(x, ) and its inverse T'(A) = ¢(z, \)p(z, A), i.e.,
at () = @F (@, NIe"(2,2), () =@ (@ N7 (z,N) 25

as well as

) = (PF @ N, N), e (W)= (0T (@M (2 0)  (26)
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are analytic for A € C4 and have no singularities for A € R. However they may
become degenerate (i.e., their determinants may vanish) for some values )\;t e Cy
of A. Below we briefly analyze the structure of these degeneracies and show that
they are related to discrete spectrum of L.

2.2. The Reduction Group of Mikhailov

The reduction group G is a finite group which preserves the Lax representa-
tion (2), i.e., it ensures that the reduction constraints are automatically compati-
ble with the evolution. GGg must have two realizations: i) Gg C Autg and ii)
Gr C ConfC, i.e., as conformal mappings of the complex A-plane. To each
gr € Gr we relate a reduction condition for the Lax pair as follows [24]

Ce(L(Tk(N)) = meL(A),  Crp(M(Tk(X))) = meM(X) 27

where C), € Aut g and I'y(\) € Conf C are the images of g and n, = 1 or —1
depending on the choice of C. Since G is a finite group then for each gy, there
exist an integer Ny such that g,iv =1,

More specifically the automorphisms C, & = 1,...,4 listed above lead to the
following reductions for the potentials U (x,t, \) and V' (x, ¢, \) of the Lax pair

2
Uz, t,A) = Q(z,t) = AJ,  V(z,t, )= ANVi(z,t) —4X3]  (28)

k=0
of the Lax representation
1) CiUT(k1(V) = U W), Cr(VI(r1(N)) = V() (29)
2) Co(UT (k2(N)) = =UN),  Co(VI(k2(N) ==V(X)  (30)
3) C3(U*(k1(N) = =UM),  C3(V*(ki(N) =-V(\) (3D
4) Cy(U(r2(N))) = U(N), Ca(V(k2(N))) = V(A). (32)

The condition (27) is obviously compatible with the group action.

2.3. Cartan-Weyl Basis and Weyl Group for so(2r)

Here we fix the notations and the normalization conditions for the Cartan-Weyl
generators of g =~ so0(2r), see e.g. [20]. The root system A of this series of
simple Lie algebras consists of the roots A = {£(e; — e;), £(e; + )} where
1 <4 < j < r. Weintroduce an ordering in A by specifying the set of positive
roots AT = {e; — ej,e; + ¢;} for 1 < i < j < r. Obviously all roots have the
same length equal to 2.
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We introduce the basis in the Cartan subalgebra by hy € h, K = 1,...,r where
{hy} are the Cartan elements dual to the orthonormal basis {ey} in the root space
E". Along with h; we introduce also
T
Ho =Y (o, e)hy, acA (33)
k=1

where («, ey,) is the scalar product in the root space E" between the root « and e,.
The basis in s0(2r) is completed by adding the Weyl generators E,, a € A.
The commutation relations for the elements of the Cartan-Weyl basis are given
in [20]

[hkan] = (ayek)Eou [EOME—OJ = Hoz
B gy = { NesFass fora+ged (34)
e 0 fora+ 8 ¢ AU{0}.

We will need also the typical 2r-dimensional representation of so(2r). In order
to have the Cartan generators represented by diagonal matrices we modified the
definition of orthogonal matrix, see (8). Using the matrices £;;, defined after equa-
tion (9) we get

hi = Exk — Ep, Ee,—e, = Eij — (-1)"7Ey;

ji
L (35)
Eejre; = Ejj — (—1)" Ej;, E_o=E}

where k = 2r + 1 — k.
We will denote by @ = >_}._; e}, the r-dimensional vector dual to J € h where
J =Y 1_; hi. If the root v € A is positive (negative) then (o, @) > 0 (o, @) <
0 respectively). The normalization of the basis is determined by

E o=E), (E.aEs)=2 N pg=—Nag (36)

The root system A of g is invariant with respect to the Weyl reflections S, which
act on the vectors i € E" specified by the formula

2(av, )
(@, @)

Say =9y — o, a € A. (37)
All Weyl reflections S, form a finite group W known as the Weyl group. On
the root space this group is isomorphic to S, ® (Z2)"~! where S, is the group of
permutations of the basic vectors e; € [E". Each of the Zy groups acts on E" by
changing simultaneously the signs of two of the basic vectors e;.

One may introduce also an action of the Weyl group on the Cartan-Weyl basis,
namely [20]

Sa(Hp) = AaHpAL' = Hs, 5

o (38)
Sa(Eﬁ) = AaEﬁAa = na,ﬁESaﬁa na,ﬁ = +1.
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The matrices A, are given (up to a factor from the Cartan subgroup) by
Ay = efee ol y (39)

where H 4 is a conveniently chosen element from the Cartan subgroup such that
H 124 = 1. The formula (39) and the explicit form of the Cartan-Weyl basis in the
typical representation will be used in calculating the reduction condition following
from (27).

2.4. Graded Lie Algebras

One of the important notions in constructing integrable equations and their reduc-
tions is the one of graded Lie algebra and Kac-Moody algebras [20]. The standard
construction is based on a finite order automorphism C' € Autg, CY = 1. The
eigenvalues of C' are w*, k = 0,1,..., N — 1, where w = exp(27i/N). To each
eigenvalue there corresponds a linear subspace g(*) C g determined by

a®={X:Xeg CX)=uwx}. (40)

N—1
Then g = k@o g®) and the grading condition holds

[g(k),g(”)] c gkt (41)

where k+n is taken modulo N. Thus to each pair {g, C'} one can relate an infinite-
dimensional algebra of Kac-Moody type gc whose elements are

XN =Y XA, X eg®. 42)
k

The series in (42) must contain only finite number of negative (positive) powers of
X and g**N) = g(k)_ This construction is a most natural one for Lax pairs and we
will see that due to the grading condition (41) we can always impose a reduction
on L(\) and M () such that both U(z,t,\) and V(x,t,\) € gc. In the case of
symmetric spaces /N = 2 and C' is the Cartan involution. Then one can choose the
Lax operator L in such a way that

Qegh, Jeg?® (43)

as it is the case in (2). Here the subalgebra g(? consists of all elements of g
commuting with J. The special choice of J = Y} _, hy taken above allows us to
split the set of all positive roots A into two subsets

A+ = Aar U A;r, Ag = {ei — 6j}i<j, A;r = {61' + ej}i<j. (44)

Obviously the elements o € A7 have the property a(J) = (a,a@) = 2, while the
elements 3 € A have the property 3(J) = (3,@) = 0.
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3. The Fundamental Analytic Solutions and the Riemann-Hilbert
Problem

3.1. The Fundamental Analytic Solutions

The next step is to construct the fundamental analytic solutions (FAS) X (x, \)
of (2). Here we slightly modify the definition in [18] to ensure that x*(z, \) €
SO(2r). Thus we define

X (@A) = (1¢7), Wreh)) () = o2, \)ST(N) = ¢z, )T~ (\) DT () s)

X (@A) = ([W7e7),197) (2,A) = (2, \)S™(A) = (z, VT T(A)D~ ()

where the block-triangular functions ST (\) and TF () are given by

5TV = (g dié;w ) - TN = (b+dﬂ+(>\) g)
SN = (—d*ﬂé‘()\) g) () = (g _bii_(k) )

The matrices D¥ () are block-diagonal and equal

DT\ = (‘ﬁom éﬁb)), D~(\) = (&_(A) 0 ) “7)

(46)

The upper scripts + here refer to their analyticity properties for A € C...

In view of the relations (19) it is easy to check that all factors S*, T* and D+
take values in the group SO(2r). Besides, since

_l’_

TN\ =T~ (ANDT(N)S (A =THND~(M)S (\)
+

. o o (48)
T\ = STNDHNT (V) =S~ ND-NT ()

we can view the factors ST, TF and D* as generalized Gauss decompositions
(see [20]) of T'(\) and its inverse.

The relations between ¢*()\), d¥()\) and a*(\), b*()\) in equation (17) ensure
that equations (48) become identities. From equations (45), (46) we derive

X (@, A) = X (2, ) Go(N), X~ (@A) = xF (2, ) Go(A) (49)

X
1 . I 4t —rt
( - 11+T7' T+> GO(A):( +—:_T IT ) (50)

valid for A € R. Below we introduce

XE (@, \) = xE(z, \)e. (51)
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Strictly speaking it is X ¥ (z, \) that allow analytic extension for A\ € C.. They
have also another nice property, namely their asymptotic behavior for A — 400 is
given by

lim X*(z,\) = 1. (52)

A—00

Along with X*(z, \) we can use another set of FAS X*(z, \) = X*(z, \)D¥,
which also satisfy equation (52) due to the fact that

Jim DE(\) =1. (53)

The analyticity properties of X*(x, \) and X*(x, \) for A € C. along with equa-
tion (52) are crucial for our considerations.

3.2. The Riemann-Hilbert Problem

The equations (49) and (50) can be written down as

XT(z,\) = X~ (2,\)G(z, \), AER (54)
where
G(z,\) = e M2Go(N)e?e, (55)
Likewise the second pair of FAS satisfy
Xtz ) = X (2,)G(x, N\, AeR (56)
with
Gz, \) = e M2 G (N)eM7, Go(\) = < 1 +p/i—P+ Pﬂ_ ) ' (57)

Equation (54) (respectively equation (56)) combined with (52) is known in the
literature [12] as a Riemann-Hilbert problem (RHP) with canonical normalization.
It is well known that RHP with canonical normalization has unique regular solution
while the matrix-valued solutions X (z, ) and X (x, \) in (54), obeying (52)
are called regular if det X (z, \) does not vanish for any A € C.

Let us now apply the contour-integration method to derive the integral decomposi-
tions of X (x, \). To this end we consider the contour integrals

TN = - ¢ d“X*(a:,u)—lﬁ W ) 58

" 2mi v = A 2mi Sy p— A
and
1 du - 1 dp o
)\ = -_— 7X+ 9 - % X ) 59
TN =g f 5K @ f X @ 69

where A € C and the contours ~y+ are shown in Fig. 1.
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@

V4,00

Figure 1. The contours 7+ = RU vy4 .

Each of these integrals can be evaluated by Cauchy residue theorem. The result for
A e Cyare

X+
Ji(A) = X+:U)\+ZRS +ZR Xz ) (60)
+( X X~ (2, 1)
Jo(N) =X mA+ZReS +2Res Yoo w e

The discrete sums in the right hand sides of equations (60) and (61) naturally pro-
vide the contribution from the discrete spectrum of L. For the sake of simplicity
we assume that L has a finite number of simple eigenvalues )\j[ € C4 and for
additional details see [18]. Let us clarify the above statement. For the 2 x 2
Zakharov-Shabat problem it is well known that the discrete eigenvalues of L are
provided by the zeroes of the transmission coefficients a* (), which in that case
are scalar functions. For the more general 2r x 2r Zakharov-Shabat system (2)
the situation becomes more complex because now a*(\) are 7 x 7 matrices. The
discrete eigenvalues )\j-[ now are the points at which a*(\) become degenerate
and their inverse develop pole singularities. More precisely, we assume that in the
vicinities of )\]i a®()\), ¢*(\) and their inverse a= (), & () have the following
decompositions in Taylor series

a*(N)=a; +(A=A)a; +--, N =¢f+(A-A)é +-- (62)
at ot
~t _ J c 4+ ~t _ J o =
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where all the leading coefficients ;t d;c, C;-t, ;t are degenerate matrices such
that
A I Y P N P S
aya; =ajya; =0, s =c ¢ =0. (64)
In addition we have more relatlons such as
arar +ara; =1, erer +efer =1 (65)

that are needed to ensure the identities a*(\)a®()\) = 1, - (\)eF(\) = 1, etc
for all values of A.

The assumption that the eigenvalues are simple here means that we have considered
only first order pole singularities of dji (M) and éjt (M\). After some additional con-
siderations we find that the “halfs” of the Jost solutions |)*(z, \)) and |¢* (x, \))
satisfy the following relationships for A\ = )\j-[

Wi (2)ef) = £lo7 (0)77),  |¢5 (@0)a5) = £ (@)pf)  (66)
where |45 (2)) = [v* (2, A7), |67 (2)) = 6% (2, A])
p;y =¢&7d; =bra;, 1 =a;b; =dje; (67)

and the additional coefficients b]i and dF ;- are constant 7 X nondegenerate matrices
which, as we shall see below, are also part of the minimal sets of scattering data
needed to determine the potential Q(x,t).

These considerations allow us to calculate explicitly the residues in equations (60),
(61) with the result

Ree X @) _ (‘0>>|§f_;_(x)7—;_>)’ Res Xt (z, 1) (|¢;—(:?p;_>a 0))
=t = A A=A pRsCTED A=A -
heg X _ (5@ 10) X (01 @)
p=rt f— A D s TR YD

where |0) stands for a collection of r columns whose components are all equal to
zero.

We can also evaluate 71 (\) and J2(\) by integrating along the contours. In inte-
grating along the infinite semi-circles of v+ , we use the asymptotic behavior of
X*(x,\) and X*(z, ) for A — co. The results are

1 [ d :

Ji(A) =1+ 5 /Oo H%)\gb(x,u)e”“ml((x,u) (69)
1 | : .

F(A) =1+ — [00 ﬁ?(%ﬂ)ewh—’{(%ﬂ) (70)

K(a.p) = e WP Ro(ue™,  K(e.p) = e W Ry ()
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ko= (0, 7Y e (0,70 o

where in evaluating the integrands we made use of equations (15), (17), (54)
and (56).

Equating the right hand sides of (60) and (69), and (61) and (70) we get the fol-
lowing integral decomposition for X+ (x, \)

1/ dp . _ N X (2) Ky j(x)
XT(z,\) =1 —/ —X K - (73

~ 1o/ dp o _ N X (2) K j(x)
X A) =1+ — —X K — —J - = (74
@N =145 [ X Kl Yy 0

where X;E(:c) = X*(z, )\]i) and

gz [0 pF Y\ e ot (0 T\ e
Kig(a) = ™ (Tj_g 5 Ky(a) =N (L e
(75)

Equations (73), (74) can be viewed as a set of singular integral equations which are
equivalent to the RHP. For the MNLS these were first derived in [23].

We end this section by a brief explanation of how the potential Q(x,t) can be
recovered provided we have solved the RHP and know the solutions X *(z, \).
First we take into account that X ¥ (x, \) satisfy the differential equation

AXE
i
dx
which must hold true for all A\. From equation (52) and also from the integral

equations (73), (73) one concludes that X*(x, \) and their inverse X*(x, \) are
regular for A — oo and allow asymptotic expansions of the form

+ Q(x, ) XE (2, \) — A[J, XT(z,\)] =0 (76)

XE@ ) =14 A X (x), XF(x,N) =1+ A X,(2). (77
s=1 s=1

Inserting these into equation (76) and taking the limit A — co we get

Q1) = lim A(J = XE(@ NIXE (@A) = [LXa@)  78)

3.3. The Minimal Set of Scattering Data

Obviously, given the potential )(x) one can solve the integral equations for the
Jost solutions which determine them uniquely. The Jost solutions in turn determine
uniquely the scattering matrix 7'(\) and its inverse 7'(\). But the potential Q(x)
contains r(r — 1) independent complex-valued functions of x. Thus it is natural
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to expect that at most 7(r — 1) of the coefficients in T'(\) for A € R will be
independent and the rest must be functions of those.

The set of independent coefficients of T'(\) are known as the minimal set of scat-
tering data. As such we may use any of the following two sets 7; = 7; . U 7T; 4

N
Tie={o"(N.p" (V). A€R}.  Tia={p/ X}

- (79)

N
Toe={rt(N),7"(\), A€R}, Tiq= {Tji, Af}jzl

where the reflection coefficients p™ (\) and 7% () were introduced in equation (17),
)\Ji are (simple) discrete eigenvalues of L and pjc and Tji characterize the norming
constants of the corresponding Jost solutions.

Remark 2. A consequence of equation (20) is the fact that ST(\), ST(\) €
SO(2r). These factors can be written also in the form

SEN) =exp| > TENEia|, TN =exp| Y. pZ(N)Eia|. (80)

aeAt acAT

Taking into account that in the typical representation we have £, F g = 0 for all
roots o, 3 € A we find that

> (AN Eia = (8 T+O(A) ) ; > Ta(NE_o = (T(EA) 8)

acA} acA}

(81)
Z p+()‘)E:toz = (0 p+()\) ) ) Z pi()\)E—a = < _0 0)
aeAt " 0 0 aeAT " P (A) 0

where A is a subset of the positive roots of s0(2r) defined below in Subsec-
tion 3.3. The formulae (81) ensure that the number of independent matrix elements
of 77 (X) and 77 (\) (respectively, p™(\) and p~(\)) equals 2|Af| = r(r — 1)
which coincides with the number of independent functions of Q(z).

The reflection coefficients p*()\) and 7% (\) are defined only on the real A-axis,
while the diagonal blocks a®(\) and ¢* () (or, equivalently, D¥()\)) allow ana-
Iytic extensions for A € C... From the equations (17) there follows that

atNe~ () =W+pp A7 e (W) =1 +p " (\) 7 (82)
c(Nat(\) = (1 +77r(\) 7, ctNa~(\) = (1 +7777(\)". (83)
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Given 77 (respectively, 75) we determine the right hand sides of (82) (respec-
tively (83)) for A € R. Combined with the facts about the limits
lim at(\) = lim ¢ (\) = lim @~ (\) = lim ¢"(\) =1 (84)
A—00 A—00 A—00 A—00

each of the relations (82), (83) can be viewed as a RHP with canonical normaliza-
tion. Such RHP can be solved explicitly in the one-component case (provided we
know the locations of their zeroes) by using the Plemelj-Sokhotsky formulae [12].
These zeroes are in fact the discrete eigenvalues of L. One possibility to make use
of these facts is to take log of the determinants of both sides of (82) which leads to

AT\ +C~(N) = —Indet(1 + p~pt(N), AER (85)
where
AT(\) =Indeta®()),  C*(\) =IndetcE(N). (86)
Then Plemelj-Sokhotsky formulae allows us to recover AT ()\) and C*(\)

i [ A— )\+
AN = 2;/Ooud“A Indet(1l + p~p* +j§:11nA " (87)
where A(\) = AT(X) for A € C4 and A(\) = —C~(A) for A € C_. In deriv-
ing (87) we have also assumed that )\?E are simple zeroes of A¥(\) and C*(\).
Let us consider the reduction condition (29) with C from the Cartan subgroup
C) = diag(By, B_) where the diagonal matrices B are such that B3 = 1. Then
we get the following constraints on the sets 77 o

pm(N) = (BpTNB,  py = (BB, AT =) ®89)
(N = Byt WBL), 1 =By B, A = () (89)
where 7 = 1, ..., N. For more details see Subsection 4.4 and Subsection 4.5.

Remark 3. For certain reductions such as, e.g. Q = —Q' the generalized Zakha-
rov-Shabat system L(A)Y) = 0 can be written down as an eigenvalue problem
L1 = Mp(z, ) where L is a self-adjoint operator. The continuous spectrum of
L fills up the whole real A-axis thus “leaving no space” for discrete eigenvalues.
Such Lax operators have no discrete spectrum and the corresponding MNLS or
MMKdV equations do not have soliton solutions.

From the general theory of RHP [12] one may conclude that (82), (83) allow unique
solutions provided the number and types of the zeroes )\;E are properly chosen.
Thus we can outline a procedure which allows one to reconstruct not only 7'(\)
and T'(\) and the corresponding potential Q(z) from each of the sets 77, i = 1, 2:

i) Given 75 (respectively 77) solve the RHP (82) (respectively (83)) and con-
struct a®(\) and ¢ () for A € Co.
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ii) Given 7; we determine b= ()\) and d*()\) as

bE(N) =p (Nat(h),  dT(N) =c(Mpt() (90)
or if 75 is known then
bE(\) =at(N)TE(N),  dE)) =7EN)eE (). 1)

iii) The potential Q)(z) can be recovered from 77 by solving the RHP (54) and
using equation (78).

Another method for reconstructing Q(x) from 7; uses the interpretation of the ISM
as generalized Fourier transform, see [1,13,21].

4. Finite Order Reductions of MMKdV Equations

In order that the potential Q(x,t) be relevant for a DIII-type symmetric space it
must be of the form

Qz,t) = > (ga(®,t)Eq + pa(, t)E_q) (92)
aEA'l"
or, equivalently
Qat)= 3 (0@ V) Eerre, +pij(@ B, - (93)
1<i<j<r

4.1. Hamiltonian Formulations for the Generic MMKdAV Type Equations

Let us, before going into the non-trivial reductions, briefly discuss the Hamiltonian
formulations for the generic (i.e., non-reduced) MMKdV type equations. It is well
known (see [18] and the numerous references therein) that the class of these equa-
tions is generated by the so-called recursion operator A = 1/2(A; + A_) which
act on generic block-off-diagonal matrix valued function Z(z) by

d

A+Z =iadj’ {df + [Q(x),/:oo dy [Q(y),Z(y)]} } (94)

Any nonlinear evolution equation (NLEE) integrable via the inverse scattering
method applied to the Lax operator L (2) can be written in the form

0
iad;! aif +2f(A)Q(, 1) = 0 (95)
where the function f(\) is known as the dispersion law of this NLEE. The generic
MMKGdV equation is a member of this class and is obtained by choosing f(\) =
—4X3. If Q(z,t) is a solution to (95) then the corresponding scattering matrix

satisfy the linear evolution equation

1S FONATOL)] =0 96)
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and vice versa. In particular from (96) there follows that a®(\) and ¢*()\) are
time-independent and therefore can be considered as generating functionals of in-
tegrals of motion for the NLEE.

If no additional reduction is imposed one can write each of the equations in (95)
in Hamiltonian form. The corresponding Hamiltonian and symplectic form for the
MMKYV equation are given by

Huav =5 [ o (5(7QiQu) - 31:(Q°Q.)) ©7)
00 — 1/00 dx tr (adjl Q(x) N [Ja adEI 5@(30)})
11 —o0 (93)

- /_oo dz tr(J3Q(x) A 5Q(x)).

The Hamiltonian can be identified as proportional to the fourth coefficient 14 in the
asymptotic expansion of A1 (\) (84) over the negative powers of

AT =ik (99)
k=1

This series of integrals of motion is known as the principal one. The first three of
these integrals take the form

L = 411/_0:0 dz tr(Q*(z, 1)), I, = —% /_O:o dz tr(Qad;' Q)
I3 = _é /_Oo dz tr(QQ:c;B + 2Q4) (100)
=g [ do (60QuQu) - 36:(70°0).

We will remind also another important result, namely that the gradient of I is
expressed through A as

1
Vorwlk = —iAk*IQ(:c,t). (101)

Then the Hamiltonian equations written through Q(°) and the Hamiltonian vector
field X z7(0) in the form

QO X))+ 0HO =0 (102)

for H(®) given by (97) coincides with the MMKdV equation.

An alternative way to formulate Hamiltonian equations of motion is to introduce
along with the Hamiltonian the Poisson brackets on the phase space M which is
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the space of smooth functions taking values in g(°) and vanishing fast enough for
x — o0, see (93). These brackets can be introduced by

(F.G)o =1 [ dotr(VareF.[1.VarmG]). (103)
Then the Hamiltonian equations of motions

dgi; 0 dpi;
dtj - {qz‘j,H( )}(0), dtj

with the above choice for H(9) again give the MMKdV equation.

= {pij, HV} ) (104)

Along with this standard Hamiltonian formulation there exist a whole hierarchy of
them. This is a special property of the integrable NLEE. The hierarchy is generated
again by the recursion operator and has the form

H v = —8I4m (105)

1 o0
Qm = n /_Oo dzx tr (adjl 6Q(x) A [J, A™ad;? 5@(:):)}) . (106)
Of course there is also a hierarchy of Poisson brackets
e.¢]
(PGl =1 [ et (Voo P [LA"Var@]). (107)

For a fixed value of m the Poisson bracket {-, -}(m) is dual to the symplectic form
Q™) in the sense that combined with a given Hamiltonian they produce the same
equations of motion. Note that since A is an integro-differential operator in general
it is not easy to evaluate explicitly its negative powers. Using this duality one can
avoid the necessity to evaluate negative powers of A.

Then the analogs of (102) and (104) take the form
QUM (-, X ymy) + 6H™ =0 (108)

dq . . dp . .
TR {aij, HT™} o), Tl {pijs H™ Y m) (109)
where the hierarchy of Hamiltonians is given by
H™ = 43" filip1-m. (110)
k

The equations (108) and (109) with the Hamiltonian H (™) given by (110) will
produce the NLEE (95) with dispersion law f(\) = 3", fx\* for any value of m.

Remark 4. It is a separate issue to prove that the hierarchies of symplectic struc-
tures and Poisson brackets have all the necessary properties. This is done using the
spectral decompositions of the recursion operators A1 which are known also as
the expansions over the “squared solutions” of L. We refer the reader to the review
papers [14, 18] where he/she can find the proof of the completeness relation for
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the “squared solutions” along with the proof that any two of the symplectic forms
introduced above are compatible.

In the next two subsections we display new reductions of the MMKdV equations.

4.2. Class A Reductions Preserving .J

The class A reductions can be applied also to the NLS type equations. The corre-
sponding automorphisms C preserve .J, i.e., C~1.JC = J and are of the form

CUN(z, \)C =U(x,)), Uz, \) =Q(x,t) — AJ (111)

where J is an element of the Cartan subalgebra dual to the vector e; +e3 4 €3+ e4.
In the typical representation of s0(8) U(x, A) takes the form

v = (2, 10)

(112)
qua 13 q12 0 P14 p2a P34 O
24 g23 0 qi2 p13 p23 0 p3as
.Z',t == y x7t g
a@.t) g4 0 g3 —qi3 p(@;t) p12 0 pag —poy
0 g34 —q24 qua 0 pi2 —p13 pu4

Remark 5. The automorphisms that satisfy C~1.JC = .J naturally preserve the
eigensubspaces of adj; in other words their action on the root space maps the
subsets of roots AT onto themselves: CAT = AT,

We list here several inequivalent reductions of the ZS system. In the first one we
choose C' = () to be an element of the Cartan subgroup

4
Co = exp (m > skhk> (113)

k=1

where s, take the values 0 and 1. This condition means that C3 = 1, so this will
be a Zs-reduction, or involution. Then the first example of Zy-reduction is

Co ' Q' (x,1)Co = Q(a,1) (114)
or in components
Pij = €ijdlj,  €ij = €icj, € =e % =+l (115)
Obviously ¢; takes values =1 depending on whether s; equals 0 or 1.

The next examples of Zy-reduction correspond to several choices of C' as elements
of the Weyl group eventually combined with the Cartan subgroup element Cy

C11 = 56176256376400 (116)



Multicomponent mKdV Equations and Their Reductions 55

where Sei_ej is the Weyl reflection related to the root e; — e;. Again we have a
Zo-reduction, or an involution
CrlQM(x,t)C = Q(x,t). (117)
Written in components it takes the form (€12 = €34 = 1)
P12 = —qi2, P21 = —€23013, P23 = —€13G]4 (118)
P14 = —€13G53, P13 = —€23Ga4, P34 = —qaq-
The corresponding Hamiltonian and symplectic form take the form

oo
8= — [ da (Drtiadutia + OsiaDun + €ra(a3sditna + Drtisdrtn)
—00

[oe)
+ €23(0205402q13 + 0241302q24)) + / dz (€12q79q12 + 434934
— o0

+ e13(a53q14 + Gaq13) + €23(q1aq03 + qi3q24))? (119)
o0
+ / dz |q13g24 + q12431 — q14q23]*
— 0
(0) 1 > * * *
Qv = f/ dx (679 N dqr2 + €13(g53 A 0q14 + 014 N 0G23)
t e (120)
+ €23(0g54 A 0q13 + 0q73 A dq2a) + g3, N Oq34).
Another inequivalent examples of Zgy-reduction corresponds to
Ca = Se;—e,Co. (121)
The involution is
Cy ' QM (x, t)Co = Q(x, 1) (122)
or in components it takes the form
P12 = —€12q]2; P24 = —€13G145 P23 = —€144]
12 14 ' (123)
P14 = —€23q94, P13 = —€24493, P34 = —€34G34-
As a consequence we get
o0
83 = — / dz (€120:q120:q12 + €340:q340:q34 + €1402G1302q23
—00
+ €230205402q14 + €2402G530:q13 + €1302q7402q24) (124)

D
+ / dz (e12]qral® + €3a]g34)® + €23G54q14 + €24G55013 + €14G75G23
—Oo
2 o 2
+ €13¢14924)" + 612634/ dz |q13924 + q12G34 — q14923]
— 00

1 o0
Q0 — T / dz (€120q12 * Ndqi2 + €34q34 A 0q34 + €230q54 N 614
—o0

+ €146q13 N 6q23 + €240G53 N 8q13 + €130q74 N 0G24). (125)
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Next we consider a Zg-reduction generated by C3 = S¢, _¢;Se,—e; Which also
maps J into J. It splits each of the sets Ali into two orbits which are

(0)7 ={%(e1 + €2), £(e2 +e3), £(e1 +e3)}

" (126)
(0)2 = {i(el + 64), :|:(€2 + 64), :|:(€3 + 64)}.
In order to be more efficient we make use of the following basis in g©
2 2
=Y wtrcstpcl, FP =Y westE,Ch (127)
p=0 p=0
where w = exp(27i/3) and « takes values e; + e and e; + e4. Obviously
CilEW Oy =wkel), O FR O3 = Wk FW. (128)

In addition, since w* = w™! we get (Séo)ﬂ = féo) and (6'0((k"))T = fég_k) for
k =1, 2. Then we introduce the potential

Z > (6P @, )W + pP (@, ) 7). (129)

k=0 «

In view of equation (128) the reduction condition (29) leads to the following rela-
tions between the coefficients

* k k k
iy = (@2), A =t ) e =)
(130)
0 0) = k 3—k k 3—k
pid = @), ey =t ) gy =G e

where k£ = 1,2. It is easy to check that from the conditions (130) there follows

pgg) = qg) = pgi) = qﬁ) = 0. So we are left with only one pair of independent

functions qgg) and qﬁ) and their complex conjugate p(1 4) qg 4)

Similarly the reduction (30) leads to

k k k
09 = =@y, @) =~ B = R (g W
k _ —k)\ % k _ —k)\ %
P = -, ol = - FEE ), o) =~ eETY)

where £ = 1,2. Again from the conditions (131) it follows that pgg) = q§’;> =

pgﬁ) = qYZ) = 0. So we are left with two pairs of purely imaginary independent

functions: qgg), qﬁ) and p@, q§4)

The corresponding Hamiltonian and symplectic forms are obtained from the slight-
ly more general formulae below by imposing the constraints (130) and (131). Here
for simplicity we skip the upper zeroes in g;; and p;;
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1 o0
Hyinvikav = 6/ dz <3§Q123xp12 — 02q1202p12 + 02q140:p14 — 0qu43£1914)
— 00

(132)
1

1 de (P12Q123 — P1202qTy + 4140207, — p%ﬁxﬁz)

L 8 [ 2 9 2 9
813 = */ dz (0:q120:p12 + 02q140:D14) — */ dz (Q14P14 + (I12p12>
3 —00 9 —00
(133)

4 o
00 — 3 / dz (6g14 A dpra + dqi2 A 0p12)

i.e., in this case we get two decoupled mKdV equations.
The Z4-reduction generated by Cy = S¢, ¢y Ses—e35¢5—e, also maps J into J. It
splits each of the sets A{E into two orbits which are

(O)it = {j:(el + 62), :E(eg + 63), :E(€3 + 64), :|:(61 + 64)} 134)
(0)5 = {(e1 +e3), £(e2+ea)}.

Again we make use of a convenient basis in g(¥)

3 3
P =N "iteorkp,of,  FR =S itrerRE,0f 0 (135)

p=0 p=0
where « takes values e; + e and e + e3. Obviously
cileWe, =ike®  ctFRC, =ik FR. (136)

and in addition, (5o(c0))T - 7Y, (5&1&))1 = 7Y and (5(k)) &P for
k =1,2,3. Then we introduce the potential

ZZ( (2, )EE + pP (@, 1) FP) (137)

k=0 «
In view of equation (136) the reduction condition (29) leads to the following rela-
tions between the coefficients

) = @) e =) e =) ass)

for k = 1,2,3. Here p,, q. coincide with p1a, q1o (respectively pi3, q13) for
a = ey + ey (respectively a = e; + e3). Analogously the reduction (30) gives

¢ = (¢, PO = —(pl)* (139)
g = —iF (@R pk) — ik (pa-—k))x

for k = 1,2,3. Both conditions (138) and (139) lead to p{¥ = ¢{¥) = p») —
q§4) = O for k£ = 1, 3. In addition, it comes up that 5(0) 5f3) = .7-"1(3) = ]-"1(3). So
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we are left with only two pairs of independent functions pg), qgg) and p%), qg). We

provide below slightly more general formulae for the corresponding Hamiltonian

and symplectic form which are obtained by imposing the constraints (138) or (139);
()

again for simplicity of notations we skip the upper zeroes in ¢;;° and pl(-?) and

@, 1 (2

replace ¢;;” and p;;” by g;; and py;

1 [o® 5 5 5 5
Hyvkav = 1/ dx (a§Q12(9a:p12 — 0,q120%p12 + 02120, P12 — 3xQ123§p12)
3 [® N 5 - N
~ 33 /_ dzx ((330(1?%2) + (%(p%)) (Q%z + (I%2) + p12P120; (q12q12) (140)

+ <3z((ﬁ2) + 3x((ﬁ2)> (P%2 + 13%2) + 124120, (p12ﬁ12))

813 = 2/ dz (0291202012 + 02G120:D12)

S o, L a4
- / dz ((Q12P12 + Gqi2D12)” + (q12D12 + Gi2p12) )
0O =2 / dz (8q12 A 6p12 + 6G12 A 6p1a) - (142)

Now we get two specially coupled mKdV-type equations.

4.3. Class B Reductions Mapping .J into —.J

The class B reductions of the Zakharov-Shabat system change the sign of J, i.e.,
C~1JC = —J; therefore we must have also A — —\.

Remark 6. Note that ad ; has three eigesubspaces W, a = 0, £1 corresponding
to the eigenvalues 0 and +2. The automorphisms that satisfy C~'JC = —J
naturally preserve the eigensubspace WV, but map W_; onto WW; and vice versa.
In other words their action on the root space maps the subset of roots Af’ onto A
and vice versa: CAT = AT,

Here we first consider
C'5 = Se1 —es Sel+62 S63—64S€3+64 C(O- (143)

Obviously the product of the above four Weyl reflections will change the sign of
J. Its effect on () in components reads

Gij = —€ijd3;, pij = —€ijDy;, €ij = €i€j (144)

i.e., some of the components of () become purely imaginary, others may become
real depending on the choice of the signs ¢;.
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There is no Zs reduction for the s0(8) MMKdV that maps J into —J. So we go
directly to the Z4-reduction generated by Cs = S¢,+eySes+e39e5+e, Which maps
J into —J. The orbits of C5 are

(0)f = {Z(e1 + e2), Flea +e3), £(es+ea), Fler +eq)}

+ (145)
(0)y ={£(ex +e3), F(e2+eq)}-
Again we make use of a convenient basis in g

3 3

e =N "itregtecf,  FP =Y i0gkE,Cf (146)
p=0 p=0

where o takes values e; + e and e + e3. Obviously

CileW s =ike® O LFR s =ik FW (147)

where again (8&0))T = 7Y, (Eék))T = F& and (Sék))* = &M for k =
1,2, 3. Then we introduce the potential

ZZ( (2, )EP + p) (2, ) D). (148)

k=0 «

In view of equation (147) the reduction condition (29) leads to the following rela-
tions between the coefficients

= (@), p) =ik ¢ =ik k=1,2,3 (149)

@) =@y, =), k=123

«

pP=-)y, =) k=123

«

(150)

where « takes values e; + eo and e; + e3. From the conditions (149) it follows

that pg) = q%’;) = pg? = q%k) = 0 for k = 1,3. In addition, however, it

comes up that 51(3) 51(? ]-'l(g) j’-'l(? So we are left with only two pairs

of independent functions pgz) q(O) and p%) qiz) We provide below slightly more

general formulae for the corresponding Hamiltonian and symplectic form which
are obtained by imposing the constraints (149) or (150) and again for simplicity

we skip the upper zeroes in ¢;; and p;; and replace qg) and p%) by Gi12 and pi2
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1 [® 5 5 5 ~
Hyivkav = 1/ dx (8§q128xpm — 0,q120%p12 + 021202 P12 — axQ123§p12)

— 0o
3
32 J_

- (ax(‘ﬁz) + (%(]3%2)) (p%z + (ﬁQ) — 0z (p12G12) Q12]312>

813 = 2/ (02q120:D12 + 02G120:D12)

o0
- / dz ((CI12P12 + Gi2p12)” + (qu2p1a + @12}712)2)
— 00

oo
Q(O) = 2/ dz (5(]12 N dpi2 + 6Gia A 5ﬁ12) .
—00
Now we get four specially coupled mKdV-type equations given by

3 3
Ao + g0 + 5((10(12 + pop2)Ozp2 + §(P2Q2 + q0p0)0zq0 = 0

3 3
a2 + 2qo + 5((12102 + qopo)0xq2 + 5(Q0Q2 + pop2)0xpo = 0

3 3
Apo + 0opo + §(Q2p2 + qopo)Oxpo + 5(Q0Q2 + pop2)0zq2 = 0

3 3
Op2 + O2pa + 5(612610 + pop2)0zqo + §(qopo + q2p2)0zp2 =0

where we use for simplicity
¢12 = qo, qi2 = q2, P12 = Do, P12 = P2

and with second reduction (149) py = ¢ and po = —g5 we have

3 * ok * 3 * *
Aego + g0 — 5(Q0Q2 — 4095)02q5 — 5(%6]2 — 4099)02q0 = 0

3 * * 3 * % *
gz + gz — 5 (026 = 0045) 0202 + 5 (9002 — 4563)92g5 = 0.

Obviously in the system (156) we can put both gg, g2 real with the result

3
deqo + 02q0 + i(q?) —43)0:q0 =0

3
Orq2 + 82(12 + 5(%2) - qg)ax(D =0.

— o de ((0:00h) + 0u(@h)) (afs + Plo) + Do (q12B12) prodia (15D)

(152)

(153)

(154)

(155)

(156)

(157)
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The reduction (150) means that qéo) =1igqy, pg)) =ip{, q((f) =qy, pg) = ipy with
real valued pY, ¢, i = 0, 2. Thus we get
o + O7a0 + %(ngzy +pgp2)0upy + ;(%QQV — qyP))0=q =0
g3 + O3a5 + g(qQVPX ~ 4o p0) s — %(Q(YQQV +pips)0epg =0 .
Opg + Oipg + g(t&vp% —4oP0)0apg + %(qg%v +pops)0rgy =0
O3 + O3py — g(ngg +Pop2)0ad — ;(qu(\)/ — 4313)0ap3 = 0.

The class B reductions also render all the symplectic forms and Hamiltonians in the
hierarchy real-valued. They allow to render the corresponding systems of MMKdV
equations into ones involving only real-valued fields. “Half” of the Hamiltonian
structures do not survive these reductions and become degenerate. This holds true
for all symplectic forms Q™) and integrals of motion I, with even indices.
However the other “half” of the hierarchy with Q(*™+1) and integrals of motion
15 +1 remains and provides Hamiltonian properties of the MMKdV.

4.4. Effects of Class A Reductions on the Scattering Data

Let in this subsection all automorphisms C; are of class A. Therefore acting on the
root space they preserve the vector > j._; e, which is dual to J, and as a conse-
quence, the corresponding Weyl group elements map the subset of roots A]L onto
itself.

Remark 7. An important consequence of this is that C; will map block-upper-
triangular (respectively block-lower-triangular) matrices like in equation (46) into
matrices with the same block structure. The block-diagonal matrices will be map-
ped again into block-diagonal ones.

From the reduction conditions (29)—(32) one gets, in the limit x — oo that

a) Ci((mNN)) =X, b Co((ke(N)])') = =AJ

(159)
o) Cs((k3(N)J)) =M, A Cal(ka(N)J)) = AJ.

Using equation (159) and C;(J) = J one finds that

a) k1(A) = A, b)Y ra(A) = =X, o) ks(A\) = —X*, d)rs(\) =\ (160)
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It remains to take into account that the reductions (29)—(32) for the potentials of L
lead to the following constraints on the scattering matrix 7'(\)

a) CLTT(\") =T(N), b) Co(TT(=N) =T())
o) C3((T"(=A) =T, d) CiTN)=T().

(161)

These results along with remark 7 lead to the following results for the generalized
Gauss factors of T'(\)

) <s+< N=SW, aEien) =T
b) (ST =5, G =TT (g
0 Cs(8* ’*< D=5, G(TE(=A) =T
d) Ci(S*(N) = §*(N), CoT* (V) = T*()
and
) QDMWY =D, b GO =DN)

¢) C3(DT*(=N\) =D\, d) CuDF(N)=DEN).

4.5. Effects of Class B Reductions on the Scattering Data

In this subsection all automorphisms C; are of class B. Therefore acting on the root
space they map the vector > ;._; e, dual to J into — >} _; er. As a consequence,
the corresponding Weyl group elements map the subset of roots A} onto A =
_AT

Remark 8. An important consequence of this is that C; will map block-upper-
triangular into block-lower-triangular matrices like in equation (46) and vice versa.
The block-diagonal matrices will be mapped again into block-diagonal ones.

Now equation (159) with C;(J) = —J leads to

a) Hl()\) = —/\*, b) IQQ()\) =
A) = \*

164
C) I{3( d) 54()\):—/\. ( )

The reductions (29)—(32) for the potentials of L lead to the following constraints
on the scattering matrix 7'(\)

a) Ci(TT(=X") =T(\), b Co(TT(N)=T()

(165)
o C3((T°(A)=T(),  d) CuT(=X) =T(A).



Multicomponent mKdV Equations and Their Reductions 63

Then along with Remark 8 we find the following results for the generalized Gauss
factors of T'(\)

B CUSHIEN) = 50D, CUTHI(-N) = T
b) Co(SHTO) =8, CoTH () =T (166)
O Cy(STV) =87, G(TTIV) =THW)
O Cu(SHEN) =57, CuT () =T ()

and
) DX =D, b GO ) =D o
0 Cy(DT\)=D"(N), B CuD(=X)=D"(N).

5. Conclusions

In conclusion, we have considered the reduced multicomponent MKdV equations
associated with the DIII-type symmetric spaces using Mikhailov’s reduction group.
Several examples of such nontrivial reductions leading to new MMKdV systems
related to the s0(8) Lie algebra are given. In particular we provide examples with
reduction groups isomorphic to Zsq, Zs, Z4 and derive their effects on the scatter-
ing matrix, the minimal sets of scattering data and on the hierarchy of Hamiltonian
structures. These results can be generalized also for other types of symmetric
spaces.

Acknowledgements

It is our pleasure to thank Professor Gaetano Vilasi for useful discussions. We
also thank the Bulgarian Science Foundation for partial support through contract
# F-1410. One of us (VG) would like to thanks the Physics Department of the
University of Salerno for the kind hospitality and the Italian Istituto Nazionale di
Fisica Nucleare for financial support. He is also grateful to the organizers of the
Kiev conference for their hospitality and acknowledges financial support by an
ICTP grant.

References

[1] Ablowitz M., Kaup D., Newell A. and Segur H., The Inverse Scattering Transform —
Fourier Analysis for Nonlinear Problems, Stud. Appl. Math. 53 (1974) 249-315.

[2] Ablowitz M., Prinari B. and Trubatch A., Discrete and Continuous Nonlinear
Schrodinger Systems. London Mathematical Society, Lecture Notes Series 302, Cam-
bridge University Press, 2004.



64

Vladimir S. Gerdjikov and Nikolay A. Kostov

(3]

(4]

(5]

(6]

(7]

(8]

Athorne C. and Fordy A., Generalised KdV and MKDV Equations Associated with
Symmetric Spaces, J. Phys. A:Math. Gen. 20 (1987) 1377-1386.

Beals R. and Sattinger D., On the Complete Integrability of Completely Integrable
Systems, Commun. Math. Phys. 138 (1991) 409-436.

Calogero F. and Degasperis A., Spectral Transform and Solitons vol. 1, North Hol-
land, Amsterdam, 1982.

Calogero F. and Degasperis A. Nonlinear Evolution Equations Solvable by the In-
verse Spectral Transform I & II, Nuovo Cim. B 32 (1976) 201-242; 39 (1976) 1-54.

Calogero F. and Degasperis A., Coupled Nonlinear Evolution Equations Solvable via
the Inverse Spectral Transform and Solitons that Come Back: The Boomeron, Lett.
Nuovo Cimento 16 (1976) 425-433.

Degasperis A., Solitons, Boomerons, Trappons. In: Nonlinear Evolution Equations
Solvable by the Spectral Transform, F. Calogero (Ed), Pitman, London, 1978, pp 97—
126.

Drinfel’d V. and Sokolov V., Lie Algebras and Equations of Korteweg-de Vries Type,
Sov. J. Math. 30 (1985) 1975-2036.

Faddeev L. and Takhtadjan L., Hamiltonian Methods in the Theory of Solitons,
Springer, Berlin, 1987.

Fordy A. and Kulish P., Nonlinear Schrodinger Equations and Simple Lie Algebras,
Commun. Math. Phys. 89 (1983) 427—443.

Gakhov F., Boundary Value Problems, Translated from Russian, I. Sneddon (Ed),
Pergamon Press, Oxford, 1966.

Gerdjikov V. Generalized Fourier Transforms for the Soliton Equations. Gauge Co-
variant Formulation, Inv. Probl. 2 (1986) 51-74.

— Generating Operators for the Nonlinear Evolution Equations of Soliton Type Re-
lated to the Semisimple Lie Algebras. Doctor of Sciences Thesis, 1987, JINR, Dubna,
USSR (in Russian).

Gerdjikov V. Algebraic and Analytic Aspects of Soliton Type Equations, Cont. Math.,
301 (2002) 35-68; n1in.SI/0206014.

Gerdjikov V. On the Spectral Theory of the Integro-Differential Operator A, Gener-
ating Nonlinear Evolution Equations, Lett. Math. Phys. 6 (1982) 315-324.
Gerdjikov V., Grahovski G. and Kostov N., Reductions of N-Wave Interactions Re-
lated to Low-Rank Simple Lie Algebras. 1: Za-reductions, J. Phys. A: Math & Gen.
34 (2001) 9425-9461.

Gerdjikov V., Grahovski G., Ivanov R. and Kostov N., N-Wave Interactions Related
to Simple Lie Algebras. Zs-reductions and Soliton Solutions, Inv. Probl. 17 (2001)
999-1015.

Grahovski G., Gerdjikov V. and Kostov N., On the Multi-Component NLS-Type
Equations on Symmetric Spaces: Reductions and Soliton Solutions, In: Geometry,
Integrability and Quantization VI, I. Mladenov and A. Hirshfeld (Eds), SOFTEX,
Sofia, 2005, pp. 203-217.



Multicomponent mKdV Equations and Their Reductions 65

[19] Gerdjikov V., Grahovski G. and Kostov N., On the Multi-Component NLS-Type Mod-
els and Their Gauge Equivalent, In: Contemporary Aspects of Astronomy, Theoret-
ical and Gravitational Physics, V. Gerdjikov and M. Tsvetkov (Eds), Sofia, 2005,
pp- 306-317.

[20] Helgasson S., Differential Geometry, Lie Groups and Symmetric Spaces, Academic
Press, New York, 1978.

[21] Kaup D. and Newell A., Soliton Equations, Singular Dispersion Relations and Mov-
ing Eigenvalues, Adv. Math. 31 (1979) 67-100.

[22] Lombardo S. and Mikhailov A., Reductions of Integrable Equations. Dihedral Group,
J. Phys. A: Math. Gen. 37 (2004) 7727-7742;
Reduction Groups and Automorphic Lie Algebras, E-print: math-ph/0407048.

[23] Manakov S., On the Theory of Two-Dimensional Stationary Self-Focusing Electro-
magnetic Waves, JETPh 65 (1973) 505-516; Manakov S., Sov.Phys. JETP 38 (1974)
248-253.

[24] Mikhailov A., The Reduction Problem and the Inverse Scattering Problem, Physica
D 3 (1981) 73-117.

[25] Shabat A., The Inverse Scattering Problem for a System of Differential Equations,
Funct. Annal. & Appl. 9 (1975) 75-78.

[26] Shabat A., The Inverse Scattering Problem, Diff. Equations 15 (1979) 1824—1834 (in
Russian).

[27] Wadati M., The Modified Korteweg-de Vries Equation, J. Phys. Soc. Japan 34 (1972)
1289-1296.

[28] Zakharov V., Manakov S., Novikov S. and Pitaevskii L., Theory of Solitons: The
Inverse Scattering Method, Plenum, N.Y., 1984.

[29] Zakharov V. and Shabat A., A Scheme for Integrating Nonlinear Equations of Math-
ematical Physics by the Method of the Inverse Scattering Transform I, Funct. Annal.
and Appl. 8 (1974) 43-53;
— A Scheme for Integrating Nonlinear Equations of Mathematical Physics by the
Method of the Inverse Scattering Transform II, Funct. Anal. Appl. 13 (1979) 13-23.





