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Abstract

Let {XE” ),t > 0} be a Lévy process on RY whose distribution at time 1 is u, and let f be a
nonrandom measurable function on (0,a),0 < a < co. Then we can define a mapping ®(u) by
the law of f(:l f (t)dXE“), from ©(®,) which is the totality of u € I (RY) such that the stochastic
integral f; f(t)dx E“ ) is definable, into a class of infinitely divisible distributions. For m € N, let
<I>f’" be the m times composition of b itself. Maejima and Sato (2009) proved that the limits
ﬂ:zl @?(’D(d)fm)) are the same for several known f’s. Maejima and Nakahara (2009) introduced
more general f’s. In this paper, the limits ﬂ:zl @?(@(cb}”)) for such general f’s are investigated
by using the idea of compositions of suitable mappings of infinitely divisible distributions.

1 Introduction

Let 2 (R?) be the class of all probability distributions on R¢. Throughout this paper, £ (X) denotes
the law of an R?-valued random variable X and [i(z),z € R?, denotes the characteristic function
of u € 2 (R%). Also I(R?) denotes the class of all infinitely divisible distributions on R%. C,(2),z €

RY, denotes the cumulant function of u € I(R?), that is, C,(z) is the unique continuous function
satisfying fi(z) = e%® and C,(0) =0. For u €1 (RY) and t > 0, we call the distribution with
characteristic function fi(z)! = e!%® the t-th convolution of u and write u’ for it. We use the
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Lévy-Khintchine triplet (4, v,y) of u € I(R?) in the sense that
_ _o-1 ;
Cu(z)_ -2 <21AZ> +l<Y>Z)

+J (ei<z”‘) —1—i{z,x)(1+ |x|2)_1) v(dx), zeR%,
]Rd

where |- | and (-,-) are the Euclidean norm and inner product on R, respectively, A is a symmetric
nonnegative-definite d x d matrix, y € RY and v is a measure (called the Lévy measure) on
RY satisfying v({0}) = 0 and fRd(lxl2 A 1)v(dx) < co. When we want to emphasize the Lévy-
Khintchine triplet, we write u =t , .-

We use stochastic integrals with respect to Lévy processes {X,,t > 0} of nonrandom measurable
functions f: [0,00) — R, which are f Ot f(s)dX,,t € [0,00). As the definition of stochastic inte-
grals, we adopt the method in Sato [25] 26]. It is known that if f is locally square integrable on

[0,00), then f(: f(s)dX,, t € [0,00), is definable for any Lévy process {X,}. The improper stochas-
tic integral fooo f(s)dX; is defined as the limit in probability of f(: f(s)dX, as t — oo whenever
the limit exists. In our definition, {fot f(s)dX,, t € [0,00)} is an additive process in law, which is
not always cadlag in t. If we take its cadlag modification, the convergence of fot f(s)dX, above is
equivalent to the almost sure convergence of the modification as t — oo.

Let {X E“ ), t > 0} stand for a Lévy process on R? with z(xg“ )) = w. Using this Lévy process, we
can define a mapping

(W)= & U f(t)dXE‘”) . peD(®) CIRY, .1
0

for a nonrandom measurable function f : [0,a) — R, where 0 < a < oo and D (&) is the domain
of a mapping ®; that is the class of u € I (RY) for which f; f (t)de“ ) is definable in the sense
above. Also, ©°(<1>f) denotes the totality of u € I(R?) satisfying f; |C.(f (£)2)ldt < oo for all
z € RY. For a mapping @, M(®;) is its range that is {®;(u) : u € D(®;)}. When we consider
the composition of two mappings ®; and &,, denoted by &, o ¢, the domain of &, o &, is
D(®,09;)={ue IR :ue D(®;) and ¢;(u) € D(®,)}. For m €N, <I>?1 means the m times
composition of & itself.

Aset Hc 2(R?) is said to be closed under type equivalence if £(X) € H implies ¥ (aX +c) € H
fora > 0 and c € R?. H c I(R?Y) is called completely closed in the strong sense (abbreviated as
c.c.s.s.) if H is closed under type equivalence, convolution, weak convergence and t-th convolution
for any t > 0.

We list below several known mappings. In the following, Ilog(]Rd) denotes the totality of u € I(R?)

satisfying fRd log™ |x|u(dx) < oo, where log™ |x| = (log|x|) v 0.

(1) % -mapping (Alf and O’Connor [[]], Jurek [8]])): Let
1
U =< U thE‘”) . weD(%)=I1RY,
0

and let U(R?) be the Jurek class on R?. Then U(R?) = % (I(RY)).
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(2) ®-mapping (Wolfe [30]], Jurek and Vervaat [[15]], Sato and Yamazato [29]): Let
() = 2 U e-deE‘”) , BED(®) = T(RY),
0

and let L(R?) be the class of selfdecomposable distributions on R?. Then L(R?) = ®(I;,,(R?)).
(3) T-mapping (Barndorff-Nielsen and Thorbjgrnsen [|6], Barndorff-Nielsen et al. [4]): Let

1w d
T(w=2 log ?er , BED(YT)=IR"), (1.2)
0

and let B(RY) be the Goldie-Steutel-Bondesson class on RY. Then B(R?) = T(I(R?)).
(4) 9-mapping (Maejima and Sato [[18]]): Let t = h(s) = fsoo e‘“zdu, s > 0, and denote its inverse
function by s = h*(t). Let

V)2
Yu) =< U h*(t)dxﬁ‘”) , ueD(¥) =IRY,
0

and let G(R?) be the class of generalized type G distributions on RY. Then G(R?) = ¢(I(R%)).

(5) W-mapping (Barndorff-Nielsen et al. [[4]): Let t = e(s) = f:o u~'e™du, s > 0, and denote its
inverse function by s = e*(t). Let

Y(u) =< U e*(t)dXE“)) , pED(W) = I, (RD),
0

and let T(RY) be the Thorin class on RY. Then T(R?) = \Il(llog(]Rd)).

(6) A -mapping (Aoyama et al. [3]]): Let t = m(s) = f:o u_le_”zdu,s > 0, and denote its inverse
function by s = m*(t). Let

Mp)=< U m*(t)dXE“)) , B ED(M) = Tog(RY).
0

We call M(R?) := .« (Ilog(]Rd)) the class M and it was actually introduced in Aoyama et al. [3] in
the symmetric case.

Remark 1.1. Jurek [[13]] introduced the mapping

H () =2 ( f thﬁ‘”e_f) :
0

which is the same as T in (1.2)) by the time change of the driving Lévy process. In the same way,

it holds that .
_ ()
Yu) =% (JO thﬁ/z—h(f)) .

Using this type of time change, we might avoid taking inverse functions as integrands of stochastic
integral mappings. However, recently in Sato [27], Barndorff-Nielsen et al. [[5] and other pa-
pers, they have used stochastic integral mappings whose integrands are some inverse functions
and driving Lévy processes have original time parameter. In this paper, we also use this type of
expressions.
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Here we also introduce mappings ®,,a < 2, (O’Connor [21] 22]], Jurek [9} (10, [11]], Jurek and
Schreiber [[14]], Sato [27], Maejima et al. [16]]). Let

1
t =, (s)= f u*du, s>0,

and let s = ¢ (t) be its inverse function. Define

#q(0)
¢Ju%a$(f 9%UMXVO-
0

-1/a
< (J (1+ at)_l/adeu)) , when a <0,
0

Then,

o, (u)=1 % (f e_thE”)) , when a =0,
0

[0 9)
< (J 1+ at)_l/"‘ngm) , when 0 < a < 2.
0

Furthermore, we introduce mappings ¥, g,a <2, 8 > 0. Let
o0
t=Ggp(s)= J u’a’le’”ﬁdu, s=>0,
S

and lets =G, ﬁ(t) be its inverse function. Define

Gq,p(0)
%ﬂm=z(f QAWMW)
0

where
BIr(—aB™t), whena<0,
00, when a > 0.

Ga,ﬁ (O) = {

These mappings are introduced first by Sato [27] for f = 1 and later by Maejima and Nakahara
[17] for general B > 0. Due to Sato [27], Maejima and Nakahara [17]], we have the domains
D(®,) and (¥, g) as follows. Let § > 0.

I(RY), when a <0,
Ilog(]Rd), when a =0,
D(2,)=D(V,p)=1{I,(RY), whenO<a<l,
If(Rd), when a =1,
Ig(Rd), whenl<a <2,
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where
I,(RY) = {u e I(RY): J [x]|*u(dx) < oo} , fora>0,
]Rd
°(RY = {u eI, (RY): f xu(dx) = 0}, for a > 1,
]Rd
T
LRD={pu=pu,,€®): lim f t_ldtJ xv(dx) exists in R? } .
v T=e Jy Ix|>t

Since =&, ®_; =%, V_;; =T,¥_;, =Y, ¥y; = ¥ and ¥,, = ./, the mappings &, and
Y, p are important. Also, Maejima and Nakahara [[17] characterized the classes (¥, ), a <
1, 8 > 0 by conditions of radial components in the polar decomposition of Lévy measures.

Define nested subclasses L,,(R?),m € Z, of L(R?) in the following way: u € L,,(R?) if and only if
for each b > 1, there exists p, € L,,_;(R?) such that fi(z) = (b~'2)p,(z), where Ly(R?) :=
L(RY). Hereafter we denote the closure under weak convergence and convolution of a class
H c #(R%) by H. For a € (0,2], let S,(R?) be the class of all a-stable distributions on R?
and let S(RY) = Uae(O,Z] Su(RY). Then, the limit L,(R?) :=[_; L,(R?) is known to be equal

to S(R?). In Sato [24] or Rocha-Arteaga and Sato [23]], this is proved via the following fact:
U= Uayy) € Lo (RY) if and only if

v(B) =f F(da)f Ao(dE) f 15(r&)r~*'dr, Be B(RY\{0}),
(0,2) S 0

where T is a measure on (0, 2) satisfying

1 1
—+—— | I'(da) < oo,
02) \ & 2—a

and A, is a probability measure on S := {£ € R?: |£| = 1} for each a € (0,2), and A,(C) is
measurable in a € (0,2) for every C € 98(S). This I' is uniquely determined by u and this A,
is uniquely determined by u up to a of I'-measure 0. For the case in more general spaces, see
Jurek [[7]]. For a set A€ 2 ((0,2)), let L‘;‘O(Rd) denote the class of u € L. (R?) with I satisfying
r'((0,2)\A) = 0. It is also known that for m € N, R(®™) = L,,_;(R?). Hence ﬂ:zl R(e™M) =
Lo (RY) = S(RY). In Maejima and Sato [18], nested subclasses R(%™), R(T™), R(¥™) and
R(¥™), m € N, were studied and the limits of these nested subclasses were proved to be equal to
S(R?), (see also Jurek [[12]]). Furthermore, Sato [28] proved that the mappings v,1,a€(0,2)

produce smaller classes than S(R?) as the limit of iteration. Maejima and Ueda [[I9] showed that
the mapping ®, has the same iterated limit as that of ¥, ; for a € (0,2). Maejima and Ueda [20]

also constructed a mapping producing a larger class than S(R?), which is the closure of the class
of semi-stable distributions with a fixed span.

The purpose of this paper is to find the limit of the nested subclasses 9‘{(\11’;1, [5), m € N. For that,
we start with the composition of ¥,_g 5 and ®,, which will be used for characterizing the nested
subclasses 9{(\11;"’/5), m e N.
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2 Results
For 3 > 0, let

B
xﬁ(u)wﬁ:zu dXE‘”), e D(Ap) = I(R).
0

The following lemma is trivial.

Lemma 2.1. For 3 > 0 and any mapping ®; defined by (L.1) with a locally square-integrable
function f, we have

Here

The following result on composition will be a key in the proof of the main theorem, Theorem [2.4
Theorem 2.2. Let a € (—00,1)U(1,2) and 8 > 0. Then

Wop=Hpob, 00, g5=HpoW, 50,
including the equality of the domains.

Remark 2.3. Theorem with 8 = 1 is included in Theorem 3.1 of Sato [27]. Also, the case
a = 0 was already proved by Aoyama et al. [2].

Our main result of this paper is the following theorem on the limits of the nested subclasses
R(Wy ) which is Moy RO )

Theorem 2.4. Let 3 > 0. Then

o0 Lo (RD), for a € (—00,0],
() Rwn ) = § LEARY, for a €(0,1),
m=1 LEDRHYNINRY), forae(1,2)\{l1+nB:neN}

Remark 2.5. Theorem [2.4|for the case —1 < a < 0, § > 0 follows immediately from Theorem 3.4
of Maejima and Sato [[18]]. Maejima and Sato [[18]] also proved the case & = 0, 8 = 1. Furthermore,
the case f = 1,a € (0,2) was already proved by Sato [28]]. The case a = 0 is found in Aoyama
et al. [12].

We also have the following.

Theorem 2.6. Let f > 0and a € (—00,2)\ {1+ nf:ne€Z,}. Then

[ BT ) = R, 5) NSRY. (2.1)

m=1
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3 Proofs

We first prove Theorem [2.2
Proof of Theorem For u € I(RY), we have

$4(0) Go—p,5(0)
B f du J
0 0

1 00
= ﬁj s_“_ldsf }Cu(tsz)| th-a1e=t" 4y
0 0

dv

¢, (Goppeswz)

1 0
=p J s‘ﬁ_ldsj |Cu(uz)| uPole=s " gy
0 0 3.1)

00 1
= j |Cu(uz)| uﬁ_“_lduf sTP1le=s T gg
0 0

=J |C“(uz)|u_“_lduf e Vdv
0 uf

00 Gqap(0)
= J |Cu(uz)| e led qy = J
0 0

Leta < 0. Then ©(¥,3) =D(HpoW, gpod,) =D(Hpod 0¥, 535)= I(R?) and Propositions
3.4 and 2.17 of Sato [26] yields the finiteness of (3.1). Then we can use Fubini’s theorem and
have

dt.

¢, (G, p(0)z)

Gq,p(0) #4(0) Gyp,p(0)
J ¢, (G, p(0)z) de = ﬁj duf Cu (Gop p (ML) dv
0 0 0

Gyp,(0) ¢4 (0) (3.2)
=B J dvf C, (Gi_ﬁﬁ(v)got’;(u)z) du,
0 0
by a similar calculation to (3.I)). This yields that
Vop(u)=AHgod, 0V, ga(u)=HpoV, pgpgod,(u) (3.3)

Let a € [0,1)U(1,2). Let u € D(¥, g). Note that the domains D(¥, g) and D(®,) are the same
and decreasing in a < 2 with respect to set inclusion due to Remark to Theorem 2.8 of Sato [27].
Then u € D(¥,_g ) ND(P,). We have that

©4(0)
ﬁ f
0
Ga—p(0)
ﬁ J
0

are not greater than (3.1). Take into account that D(¥, 3) = @0(\110,,[3) fora € (—00,1)U(1,2)
and 8 > 0 due to Theorem 2.4 of Sato [27]]. Then u € @0(\110‘,,5), which yields the finiteness of

du

Cu,_p 5 (05 (W)2)

and

Cq,a(u)(GZ_ﬁ’ﬁ(v)z)| dv
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(B.1). Therefore ¥,_g (1) € D(Hp 0 ®,) and ®,(u) € D(Hp oV, g 5). Hence yu € D(Hp 0,0
W, ) ND(Hp0V, gg00,).

If ue 9(%/3 o \Ija—ﬁ,ﬁ o (1)‘1), then ue 9((1)(1) = @(\Ija,ﬁ).

Let u € D(AHpo®,0V¥, gg). Then ¥, gg(u) € D(P,). Let u = Yy, and ¥, g g(u) = g =
Bz - If a =0, then

[0 9)
00 > f log |x|v(dx) = J tﬂ_le_fﬁdtf log [tx|v(dx),
|x|>1 0 [tx|>1

which yields that f‘txmlogltxlv(dx) < oo a.e. t > 0. Hence u € Ilog(Rd) =D(Yop). Ifa e
(0,1)u(1,2), then

oo>f |x|“17(dx)=f tﬁ"‘letﬁdtj ltx|%v(dx),
[x|>1 0 [tx]|>1

which yields that fltx|>1 |x|*v(dx) < oo a.e. t > 0. Hence u € I,(RY) = D(¥, ) for a € (0,1).
Let a € (1,2). Then i € D(®,) = I°(R?). It follows that

g x|x* P tx|tx|?
y=- ﬁv(dx) =— t e Udt ———v(dx)
R4 +|X| 0 R4 1+|tx|
o 1 1
=1 th-ae="qe dy+ - dx)}.
Y Sﬂ?ﬁ ‘ {Y T ee T TeRe ) Ve
* x|x[?
li thae [y | ——v(dx)|dt=0,
éf?L ¢ (’” y T+ 4

which yields that y + fR XXP ) (dx) = 0. Therefore pEIN(R) =D(¥,p).

and

Hence

4 1+|x|?
Thus we conclude that D(¥,, 3) = D(HpoV¥,_g god,) = D(Hpo®,0¥, g 4) for a € [0,1)U(1,2).
If u € D(W,p5) =D°(¥,p), then (BI) is finite and we have (3:2) and 3-3). O
Let
6,(RY) = {u = Han ) € IRY): lim 7 f v(dx)= o},
rmee |x|>r

GARY) 1= G, (R NIO(RY).
We need the following lemma in the proof below.
Lemma 3.1 (Corollary 4.2 of Maejima and Ueda [[19]). Let H c I(R?) be c.c.s.s.

(i) If a <0and H > S(RY), then

() @2(H nD(eM) = S(RY).

m=1
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(i) If0<a<1and H > pery ) Sp(RY), then

er(Hno@n) = | Sp®RHNE,®RY.

m=1 pela,2]

(i) fl<a<2and HD Uﬁe[a,Z] Sﬁ(]Rd), then

er(Hno@en) = [J Ss®HNEIRY.
m=1 pela,2]

Here S(RY) and Uﬁe[a,zj Sg(RY) are c.c.s.s., (see e.g. Proposition 3.12 (i) and Theorem 3.20 of
Maejima and Ueda [19]]).

To prove Theorem [2.4} it is sufficient to show the following, due to Theorem 4.6 of Maejima and
Ueda [[19] that is Theorem [2.4| with the replacement of ¥, 5 by @,.

Theorem 3.2. Let f > 0and a € (—00,2)\ {1+ nf: ne€Z,}. Then we have
ﬂ R(WT,) = ﬂ R(T). (3.4)

Proof. Lemma2.1]and Theorem [2.2]yield that for a € (—00,1)U(1,2), f >0and m €N,

R(WT ) =R(@™ o WT 0 A"

=<I>m( (o Moxm)mz)(cb’"))

= ( Y (m(xm) noWy 4 ,5)) 033(4”"))

= g™ (\1/ s (m(xﬁm)mz)(qzm ﬁﬂ)) n@(@;")) (-5
= (wr,, (IR NDr , ) nD(en)
=" (m(qﬂ" N ﬁ)nz)(@m))
Fix any 8 > 0.
We first show
ﬂ R(WT,) = ﬂ R(eT) foralla<(nP)Al, (3.6)

for each n € N by induction. Let n = 1. For a < 8 A 1, Proposition 3.2 of Maejima and Sato [[18]]
entails that H := ﬂiozl 9%(‘1/’;_[5 ﬁ) is c.c.s.s. Also, Lemma 3.7 of Maejima and Sato [[18]] yields that

H > S(R?). It follows from (B.5) that for m € N,
o7 (HND(SN)) € NP L) C R(EM).

Thus Lemma [3.1] yields with n = 1. Assume that is true for n — 1 in place of n with
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n > 2. Then for a < (nf3) A 1, it follows that a — 8 < ((n — 1)) A 1. Therefore

o0 o0

k _ k
(NROWE_g5) =) R(2h_p)
k=1 k=1

) S®Y), whena— <0
Ure[a_ﬁ,ﬂ S, (RN 6, 5(RY), whenO<a-f<1,

by the assumption of induction and Lemma When a — 8 < 0, it follows from (3.5) that for
meN,

a7 (SRHND(@)) € R(WE,) < R(BT),

which yields by Lemma[3.1] When 0 < a — 8 < 1, it follows from (3.5) that for m €N,

o | |J Ss,®HND(ET) | c RN, C R, (3.7)
r€la—p,2]

since (M) € D(®,) C I,(RY) C I, s(RY) € 6,_p(R?). Thus Lemmayields (3:6). Then
is true for all n € N, namely, (3.4) holds for all a < 1.
We next show

(N R@r )= %E@m forallae (1+(n—1)B,1+np)N(—00,2), (3.8)
m=1

m=1

for each n € Z, by induction. If n = 0, then a < 1 and we have just shown the case. Assume that
holds for n — 1 in place of n with n > 1. Then for a € (1+ (n—1),1+nf) N(—o0,2), it
follows that a — # € (14 (n—2)B,1+ (n— 1)) N(—00,2). Then the assumption of induction
and Lemma [3.1]yields that

(NRE_g0) = [ R@_p)
k=1 k=1

S(RY), whena—f3<0
Uye[a—ﬁ,z] S,(RHN Cop(R?), whenO<a-—f<1,
Uye[a—[a’,zj S,(RHN %Sfﬁ(Rd), whenl<a—pf3<2.

When a - f8 < 1, holds by the same argument as above. When 1 < a — 8 < 2, the same
inclusion as follows from (B-5), since D(@™) C D(&,) c I2(RY) C Ig_ﬁ(Rd) c %g_ﬁ(Rd).
Therefore Lemma yields (3:8). Then is true for all n € Z,. Thus holds for all
ae(1,2)\{1+np:neN}L O

We finally prove Theorem [2.6
Proof of Theorem [2.6] (3.5) with m =1 yields that (¥, 5) C R(®,). Also we have

(] (D) = R(e,) NSRY),

m=1



Compositions of mappings of infinitely divisible distributions 237

which is Theorem 5.2 of Maejima and Ueda [[19]. Then we have

R(Wo5) NS(RY) € R(@,)NSRY) = (1) R8T = [ KW ),

m=1 m=1

where the last equality follows from Theorem Furthermore, we have that

[09)
[ ROET,) C R, p),
m=1

and that . -

[ REr,) =[] R(eT) = R(2,)NSRY) € S(RY).

m=1 m=1
Thus (_, RV ) € R(Tp)N S(RY). Therefore (2.1) holds. O
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