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ABSTRACT. In this note we provide upper bounds for the standard devidtdX )), for the
quantityo?(X) + (x — E(X))? and for theL? absolute deviation of a random variable. These
improve and extend current results in the literature.

Key words and phrasesDispersion.

2000Mathematics Subject Classificat 060E15, 26D15.

1. INTRODUCTION

Let f : [a,0] C R — R, be the probability density function (p.d.f.) of the random variable
X andE(X) ando(X) the mean and standard deviatin respectively.

In [2], the authors gave upper bounds for the dispersioxi) and fore?(X) + (x — E(X))?
in terms of the p.d.f. for a continuous random variable. Recently, Agheko [1] also obtained
some upper bounds for the same two quantities, namely,

(1.2) o(X) < min{max{|al, |b|}, (b —a)},
and
(1.2) Vo2 (X) + (z — E(X))? < 2min{max{]al, [b]}, (b — a)},

forall z € [a, b].

Both the work of Barnett et all_[2] and Agbekd [1] exclude the discrete case. In this present
note, we remove this exclusion and improve the bound$ of (1.1)[and (1.2) in Sfction 2. In
Section B, we consider thE” absolute deviation. The symbolisip, denotes the indicator
function on the se#l.

The authors wish to thank the referee for his suggestions in improving the presentation of these results.
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2. STANDARD DEVIATION

Let P be the distribution of the random variablg then the expectation of can be denoted
by

E(X) = / bxd[P’(x)

and the dispersion or standard deviationkXoby

o(X) = /ab:czdIP)(a:) — (/abdeP’(a:)>2.

Theorem 2.1. Let X be a random variable with < X < b. Then we have
(2.1) o(X) < min{max{|al, [b[}, M (a, b, E(X))(b — )},

where
| 2O ECORY B )

Proof. Sinces?(X) = E(X))?

\_/

, by the Fubini’s theorem, we have

(X—E(X))?
(2.2) E(X —E(X))? = E/O ds

For any\ > 0, we have
EAX-EX)) « ,—AE(X) (b - E(X)em 1 E(X) —a ,\b)

- b—a b—a
_ AMaE(X)) (1 _EX) -a L E(X)—a Ao a))
b—a b—a

where

L(A\) = AMa—E(X)) + log (1 — E(;(_) a_ @y E<£(_) a_ a’e)\(b—a)) .

The first two derivatives of.()\) are

L'\ =a—E(X)+ (EX) — )t
<1 EX)-a | B0 (- a)>
_ E(X) —
= Q —E(X) + (( IE(X) a) A a (;i)*(l)7
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. (b — E(X))(E(X) — a)e™0—)

L= E(X)—a E(X)—a\?
<(1 — g e +W)
Noting that
N2
L"()\) S (b CL)

then by Taylor’s formula, we have

—a)? )2
L) < 20) + Lo+ O e - 02
Therefore from Markov’s inequality, we have
(2:3) P (X —E(X) 2 V5) < inf e VPOESX )
>

. (b—a)?,
< —
< /1\2% exp { N 3 A
2s
- oxp _m :

P(-(X B0 2 V) s e {2 L
From (2.2), it follows that
(2.4) E(X —E(X))?

(b-E(X)) (E(X)~a)?
:/0 P((X —E(X)) > Vs) ds+/0 P(—(X —E(X)) > /s)ds

(b-E(X))? 95 (E(X)—a)? 95
< — =y —_ = _Yd
—/o eXp{ <b—a>2} ”/o eXp{ <b—a>2} ’

Furthermore,
E(X —E(X))? = E(X?) — (E(X))* < E(X?) < max{[a]?, 0|},
which, by [2.4), implies the result.

Similarly,

Remark 2.2. In fact, by,

M(a,b,E(X)) = 7\/ exp{ b_& }_exp{_2(ﬂ*léé)i)a—>2a)2}

< —2\/ 2<1

min{max{|al, |b|}, M(a, b, E(X))(b — a)} < min{max{]al, |b[}, (b — a)},
and is, therefore, a tighter bound than [1.1)E(f) = (b + a)/2, then

M(a,b,E(X)) = % 2~ exp {_W} . {_%}

&l
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which means that under some assumptions, this bound is better than the résult of [2] for the case
f € Li([a,b)).

Corollary 2.3. Let X be a random variable with < X < b, then for anyz € [a, b],
(25)  Vo2(X) + (v — E(X))? < min{2max{|al, [o]}, N(a,b, E(X))(b - a)},

where

Proof. It is clear that(z — E(X))? < (b—a)? and from the proof of Theorefm 2.1, we know that

0+ a-B0 < (2 (o { 2B f 2B e

Furthermore,
0*(X) + (z — E(X))* = E(X — 2)* < max{(z —y)*, 2,y € [a,b]}.
The remainder of the proof follows as Theorem 1.2 in Agbéko [1], giving
max{lz —y|, 2,y € [a,b]} < 2min{max{|al, [b[}, (b —a)}.

3. LP ABSOLUTE DEVIATION

In fact by the method in Sectign) 2, we could extend the case’ aibsolute deviation, i.e.,
the following quantity,

0p(X) = E(|X — E(X)[").
We have the following

Theorem 3.1.Let X be a random variable angd > 1. Assume tha| X |’ < oo, then itsL?
absolute deviation has the following estimation fos 2,

(GP(X))p < mln{|b - a|p’ Ml(aa bvpa X)}7

where

(3.1) Ml(a,b,p,X):(b_Qa)2 (1—exp{ 2]~ ;E_); Al })
+ ([0 —EX)P = b —E(X)[P A1)

{2 ]E |p/\12/p
o
+T(l““p{ o))
+ (Ja = E(X)[P = |a —E(X)[P A1)
{-2te=E0

X exp

If 1 <p < 2,thenwe have
(UP(X))p S mln{’b - a’p’ M2(a7bvan)}7
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where

(32) MQ(av b>p7 X)

Sl G R e e B B =l

s O (o (BB )

Proof. On one hand, by the Fubini’s theorem, we have

|X—E(X)[P
(3.3) E|X —E(X)] = ]E/ ds
0
=E / Lix-zx)pzsyds
0
:/ P(|X — E(X)|? > s)ds
0
b—E(X)[P
- / P (X —E(X)) > s'7) ds
0
|E(X)—al?
+ / P (—(X —E(X)) > s'/7) ds.
0
From the estimatiorj (2.3), we have

[b—E(X)[P |E(X)—alP
E|X —E(X)|P = /0 P(X —E(X) > s"/P)ds + /0 P(—(X — E(X)) > s"/7)ds

b-E(X)|? 952/p IE()—al? 952/p
< ————=d - ds.
—/o eXp{ <b—a>2} ”/o eXp{ <b—a>2} ’

(Case:p > 2.) By simple calculating, we have

[b—E(X)|? 242/p
- rd
[ ety
/IbIE(X)IpAl o [b—E(X)[P 242/P
< exp{ }ds—l—/ exp{ }ds
0 (b —a)? )PAL (b — a)?

< (b;a>2 <1—exp{ 2(lb = bE_OLV”/\1 }

+(b—EX)P—[b—E(X)P A1) exp{

2(]b — E(X)[P A1)P
b— a)?

and with the same reason

/0E<X)—a|p . {_%} s < (b —2a)2 (1 exp {_2(|a _(bE_Oii‘; A1) })

a — p 2/p
(|2 ~E(X)P — |~ EQOP A 1>exp{‘2(’ Efﬁ( L'pA : }
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(Casel < p < 2) In this case, we have

b—E(X)[P 9,42/p
— == 4d
/0 eXp{ <b—a>2} ’

/|b—IE(X)|P/\1 942/p [b—E(X)[P 25
< exp{——}ds—l—/ eXP{——}dS
0 (b—a)? [b—E(X)[PAL (b—a)?

<|b-EX)PAL+ w (exp{—mb_(ffiil;/\ 1} _eXp{_WD

and with the same reason

[E(X)~al? 252/p 4 »
N < —E(X)PA1
/0 exp{ (b_a)z} s < la—E(X)|

O o ) et

On the other hand, for any> 1, it is clear that
E|X —E(X)]P < (b—a)’.
From the above discussion, the desired results are obtained. O

Remark 3.2. M, (a, b, p, X)) andM,(a, b, p, X') are sometimes better thén-a)?, e.g., ifp > 2,
takingE(X) = (a + b)/2 and lettingl /2 < (b —a)/2 < 1, then

Mi(a,b,p,X) = (b—a)* (1 —exp {-2"P(b—a)*?})
<(b—a)’ (1 —exp{-2"P(b—a)"})
< (b—a)P.
Further, if1 < p < 2, takingE(X) = (a + b)/2 and letting(b — a)/2 < 1, then
(b—a)

My(a,b,p, X) = 2 ( ) = 217P(b— a)? < (b— a)P.
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