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ABSTRACT. The general Euler two-point formulae are used with functions possessing various
convexity and concavity properties to derive inequalities pertinent to numerical integration.
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1. INTRODUCTION

One of the cornerstones of nonlinear analysis is the Hadamard inequality, which states that if
la,b] (a < b) is arealinterval and : [a,b] — R is a convex function, then

b
(1.1) f (“b) < bia/ F(t)dt < M

2

Recently, S.S. Dragomir and R.P. Agarwal [3] considered the trapezoid formula for numerical
integration of functions’ such that f/'|* is a convex function for somg > 1. Their approach
was based on estimating the difference between the two sides of the right-hand inequality in
(1.1). Improvements of their results were obtained_in [5]. In particular, the following tool was
established.

Supposef : I° C R — R is differentiable on/® and such thatf’|? is convex on[a, b] for
someq > 1, wherea,b € [°(a < b). Then

1.2 @il L [ roar] <2 {If’(a)!q-zklf’(b)lq a

Some generalizations to higher-order convexity and applications of these results are given in
[1]. Related results for Euler midpoint, Euler-Simpson, Euler two-point, dual Euler-Simpson,
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2 A. VUKELIC

Euler-Simpsors/8 and Euler-Maclaurin formulae were considered[in [7] and for Euler two-
point formulae in[[9] (see alsd][2] and/[8]).

In the paperi[4] Dah-Yan Hwang procured some new inequalities of this type and he applied
the result to obtain a better estimate of the error in the trapezoidal formula.

In this paper we consider some related results using the general Euler two-point formulae.
We will use the interval0, 1] because of simplicity and since it involves no loss in generality.

2. THE GENERAL EULER TWO-POINT FORMULAE

In the recent paper [6] the following identities, named the general Euler two-point formulae,
have been proved. Lg¢te C"([0,1],R) forsomen > 3andletz € [0,1/2]. If n =2r—1, r >
2, then

! 1 1 L
@Y [ st =51 @)+ 7 0= D) =T+ gy | 1V 0F 0
while forn = 2r, r > 2 we have

@2) [ Jd= 5l @+ 0D~ Taln) + (1), (1)

@3 [ Wit =31 @+ Q=D =T+ g5 [ 1060

Here we defind;(f) = 0 and forl <m < |n/2|

) = 3 T U0 o),

Gho(t)=B,(x—t)+ B, (1 —z —1t)

and
F’t)=B,(r—t)+ B, (1—2—1t)— B,(z) — Bp(l — ),
where Bi(-),k > 0, is thek-th Bernoulli polynomial andB, = B(0) = B(1)(k > 0)
the k-th Bernoulli number. ByB;(-)(k > 0) we denote the function of period one such that
Bi(z) = Br(x)for0 <z < 1.
It was proved in[[6] that'*(1 — ) = (—1)"F*(¢), (—1)"'Fg_1(¢t) >0, (—1)"F&(t) > 0

for z € [0,% 2f> andt € [0,1/2], and(—1)"F%._,(t) > 0, (~1)""'FL.(t) > 0fora €
(L %} andt € [0,1/2]. Also

L
/|F2””T ()] dt = ‘BQT (——x)—Bgr(x)

/0 (F2.(1)] dt = 2| By (x)]

)

and
/ 1G5, ()| dt < 4 Boy ()],

With integration by parts, we have that the following identities hold:

W = [ B (= [ F (L) a2 Bt - B (5-5)]
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@ o= [ (D= [ ki (1= 8 dy =2 (5-).
® = [ a-vr(Da=-[ 09 (1-L)w=180
@ o= [ m (S av= [ B (1- ) ar=-2m0)

(5) Cs(z) = / yEr (5) v

Z/OIyFé‘T (1—%> dy

"2+ 1i2r +2) [BQT“(‘T) ~ Hares (% N x)} ~ Brlo)

(6) Coto) = | -0z (L) a

[ (-

~ iy | P (3 2) - Bursao)] - Buto)
(7) Cr(x) = / G5 (L) dy - / o (1-Y)ay-o,
(8) Cs() = /0 s, (1)

Lot
/ G”ér dy
= [y, (1- —) dy

T (2r 1)8(2r +2) {BQ’"”(”:) = Boree (% a gj)} ’

Theorem 2.1. Supposef : [0,1] — R is n-times differentiable and: ¢ [O,l — L) u

11
(1)
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4 A. VUKELIC

(@) If | f™| is convex for some > 1, then forn = 2r — 1, r > 2, we have
1
U@+ 10 =)+ Ta(1)

b () - st || L QL

2
- (1
f2 1<2>

2
< —

(2r)!

Q=

r

502

+

T

If n =2r, r > 2, then

@)+ S0 = 2]+ T (1)

| Bo, ()|
=T e

and we also have

S+ £ - 2]+ T(7)

2| B, ()| 77 [|1 ) |2 o (1
Sw{g(jS x) (‘f( )(0)| +2 f( )(§>

(b) If | f™|"is concave, then fou = 2r — 1, r > 2, we have

Fer- ‘03(5”) + %C2(x>‘
C1 ()] '

Lai] 20O L0

L |f(2’”)(1)]q)1 % .

(@t = 516(0)+ £ = D) + T
__Eiﬁwgca@»(-[f@“4>(;ﬁ3&>;>'+

If n =2r, r > 2, then
@)+ S0 =]+ T (1)

@) [] o (1Cs@ Y| |y ((1Co) + 3C5()
§4@ﬂ![f ()| |7 ( Cala)] '

Proof. First, letn = 2r — 1 for somer > 2. Then by Hoélder’s inequality

[ stayit =315 + 50 - 2]+ T
Zgj;ﬁA\E;AM-UW1WMﬁ
< ([ 1) ™ ([ )

ey Gl () o) ([ o o)
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Now, by the convexity of f?"~1|7 we have

[z o Lora
l/ M§1 }ﬂ%1>\cu+/’u§1 [ e a
1 q
Fﬁ”r_l ‘f@r Y (( y)-0+y-§) dy
1 [t Y 1
Z Fz <1__>‘. Cr=1((1-4)-1 .z
+2/0 2r—1 9 ‘f ( y)-1+y 5
! Y q
[a=nr. (5w 1o
1

T Y 2r—1 1

F <—>d @D 2

+ /OZ/ 2r-1 5 y‘ ‘f 5

+ All—yﬁal(l—%)@JWﬂmlNUV

+ /OlyFer (1 - %) dy’ : 'f@’“‘” (%) H .

On the other hand, iff*~|" is concave, then

q

dy

1
< Z
<3|

q

f it 21f )+fﬂ—@HJLAﬁ’

= 22— 1) / [Fra (O] - [£# P 0] de
_ 1 2 x | g2r=1) ! i | g@2r—1)
N 2(27’—1)! [/0 ‘FQrfl(tH ‘f (t)’dt+/l/2|F2r1<t>‘ |f (t)}dt

- 2(27’1— 1) Uol B (3) ’f@”) ((1 AR %> ' dy

VoD e Do
1 /0ng1 (g)dy‘- fer- (‘fo P (5 )((1_ )'O“Ly'%)dy)

P —
= 4(2r — 1) s (Y) dy’
X y T—
F5 1 <1—§>dy'~ f(2 U(
0

JoFsa(1=5)((1-y)-1+y- %)dy’
Jy By (1= ) dy)
so the inequality{ (2]4) and (2.7) are completely proved.
The proofs of the inequalities (2.5), (P.8) and [2.6) are similar. O

Remark 2.2. For (2.7) to be satisfied it is enough to suppose|tfidt—")| is a concave function.
For if |g|? is concave anD, 1] for someg > 1, then forz,y € [0, 1] and\ € [0, 1]

lg(Az + (1 = Ny)|" = Alg(@)|” + (1 = Ng@)|* = Ag(x)[ + (1 = Mlg()])?,
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by the power-mean inequality. Therefdrg is also concave oft), 1].

Remark 2.3. If in Theorem[2.1 we chose = 0,1/2,1/3, we get generalizations of the
Dragomir-Agarwal inequality for Euler trapezoid (s2é [4]) , Euler midpoint and Euler two-point
Newton-Cotes formulae respectively.

The resultant formulae in Theor¢m R.1 whee: 2 are of special interest, so we isolate it as
corollary.

Corollary 2.4. Supposef : [0,1] — R is 4-times differentiable and: ¢ [O,l — L) u

11
(1]

(@) If | f®|" is convex for some > 1, then

1tdt1 1 Lira (0 <1233211_7
i f@dt =S 1f @)+ f (L =2)]+ S Q) = FO)] < 35 |22° — 5 16
(3) @3)(1)]? 2 g
x[x4—2$3+x2—% | F®(0)]* ;‘f (1) +‘_x4+%_ﬁ”f(3)<%) }
and if | f¥|" is convex for some > 1, then
1 t)dt L 1 L 1 0)|| < ! 2 L o
[ s —§U@»+f<—xn+T5v<>—f<ﬂ R T
x[%ﬂj{)—xd‘%—x?’— "f ;—‘f |
2z x2 @) i
5ol Q]
(b) If | f®)] is concave, then
1
[ =31+ £+ 5w - o)
1 3, 1|« -2t + 5 -
§ﬁ2x3_§x2+ﬁ‘ / | —da® + 322 — &
4230
3) s
1 g

and if| f*)| is concave, then

[ =31 @+ £ =+ 55110 - r0)
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4a® 3 _ ba? 11
— = +21° — 2+ 555
Si ot — 223 + 2% — —| | [fW ‘ i o
48 30 | -4zt + 823 — 422 4 Z|
2_x5_2 4.3 3_llx2+i
e 5 r r 8 T 160

|22 + 423 — 222 + &|
Now, we will give some results of the same type in the case wheri.

Theorem 2.5. Suppos¢ : [0, 1] — R is 2-times differentiable.

(a) If |f'|7 is convex for some > 1, then forz € [0, 1/2] we have

| st =51 + 50 2

_ 82— 4w+ 1)
= 1

Hzaﬁ Cory §‘ O

Q=

1
+ ‘—2:&2—1—2%—1— 5‘

)

|
If | /|7 is convex for some > 1 andz € [0,1/4], then

[ sttt =31+ 50— )

1

—6x24+62—1 2(1 _ 3/2 a
— 4 (1 41’) ‘ 7 q " q
<( 5T H_ﬁﬂ_%‘ /1O + 17

- 4
7 1
d (5)

1
5 Ma
22 Lo — =

while forz € [1/4,1/2] we have

| s =5l + 1 -a)

1-1
—6x24+62—1 a
N i N [P VN L OTERR VOO
- 4 8 2
1
5 1\ %+
-9 2 oI — — n( -
e | ()l

(b) If | f’| is concave for some > 1, then forz € [0, 1/2] we have

sl (e eesal)l el (- +al)
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If | f”| is concave for some > 1 andx € [0,1/2], then

[ stayit =315 + 50 - )

1 1 |—2:1€2 +2r — 2

= |—32° 4+ 3z — " 2410+

8‘ v 3Hf (}—6x2+6x—§\
Proof. It was proved in([6] that for: € [0, 1/2]

—4 1
/NF$|w ol

I |—2m2 + 2 — 11
| =322 + 3z — —‘

forx € [0,1/4]

1 2

—06 6x — 1 2

/ PRt = = 21— 40,
0

and forz € [1/4,1/2]

1 2
—6 6x —1
/|F;<t>rdt: rAbrol
0

3
So, using identitied (211) anfl (2.2) with calculation(¥f(z), Cy(x), C3(x), Cs(z), Cs(z) and

Cs(x) similar to that in Theorem 2.1 we get the inequalities in (a) and (b). O

Remark 2.6. For z = 0 in the above theorem we have the trapezoid formula andffat a
convex function andlf”| a concave function we get the results fram [4].
If | f'| is convex for some > 1, then

N =

! 1
[ rwa - 31700+ 70| <

W
w

1 [|f’(0)|q +1f (3) 12+ |f’(1)|"] ’
and if | f'| is concave, then

[ sty =310+ s < G IBREGIE

Forx = 1/4 we get two-point Maclaurin formula and then jf | is convex for some > 1,

then
S IORT0)

and if | f”|7 is convex for some > 1, then

[oon=3lr (@) Gl =%

If | f’| is concave, then

froon=3r (G- Gl <l (B)l+

and if | f”| is concave for some > 1, then

! 1 1 3 11 [ 4 7
- - < < m = m b

o1 () o (] = e [ ()]l ()
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Forz = 1/3 we get two-point Newton-Cotes formula and thenfif|? is convex for some
g > 1,then

o3[ () (3] ¢ § [ reron):

and if | f”|7 is convex for some > 1, then

1

/01 ft)dt —% {f (%) + f (;ﬂ ‘ < 3_16 [ﬂf”(O)lq + 34yf1é%) 7 4 7‘f~(1)|q] a'

If | f’| is concave, then
N (11
Gl G

! 1 1 2 1
_ — - < =
frrom=glr (5) o ()] =
and if | f”| is concave for some > 1, then
! 1 1[l,, /17 . (31
o= lr () e ()]l =3 | ()] b ()]
Forx = 1/2 we get midpoint formula and thenl|if’|? is convex for some > 1, then

f Bt — f ()' 4[If’( )q+10f’(%)Q+|f/(1)qr

12

and if | f”|7 is convex for some > 1, then

/f o <>’—24 [3|fﬂ(0)|q+14|f"(%) q+3f”(1)q]é.
/f t)dt — f <_>

8
1 (T
<3| ()
and if | f”| is concave for some > 1, then

(B
foon=s@)l=s @)l G
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