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Abstract

In this paper, it is shown that an extended Hardy-Hilbert's integral inequality

with weights can be established by introducing a power-exponent function of the

form az'%(a > 0,2 € [0,+00)), and the coefficient W is shown to
a 0) sm m/p

be the best possible constant in the inequality. In particular, for the case p = 2,

some extensions on the classical Hilbert's integral inequality are obtained. As

applications, generalizations of Hardy-Littlewood’s integral inequality are given.

2000 Mathematics Subject Classification: 26D15.
Key words: Power-exponent function, Weight function, Hardy-Hilbert's integral in-
equality, Hardy-Littlewood’s integral inequality.
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The famous Hardy-Hilbert’s integral inequality is

* =)y

{/Ooofp(x)dw}; {/Ooogq (y)dy};,

wherep > 1, ¢ = p/(p — 1) and the constant’= is best possible (se€]).

In particular, wherp = ¢ = 2, the inequality (..1§ is reduced to the classical
Hilbert integral inequality:

(1.2) /()w/om%gy(y)dxdygw{/owfz(x)dx}; {/OoogQ(y)dy}é,

where the coefficient is best possible.
Recently, the following result was given by introducing the power function

in[2]:
" () g(y)
(13) /;/(;dedy
b ]
< {w(t,p, Q)/ ' P () dl‘}
b :
<Aotan [ ey,

T
< —=
sin X
)
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wheret is a parameter which is independentwoéndy, w (t,p,q) = = —
¢ (q) and here the functiog is defined by

a/b ut—2+1/r
¢ (r) /0 o e T=P

However, in P] the best constant fof(3) was not determined.

Afterwards, various extensions on the inequalitieg)(and (L.2) have ap-
peared in some papers (such as/]] etc.). The purpose of the present paper is
to show that if the denominatar + y of the function on the left-hand side of
(1.1) is replaced by the power-exponent functian'+ + by, then we can
obtain a new inequality and show that the coefficigq*;q(b)?/p ——— is the best
constant in the new inequality. In particularzif= 2 then several extensions
of (1.2) follow. As its applications, it is shown that extensions on the Hardy-
Littlewood integral inequality can be established.

Throughout this paper we stipulate that- 0 andb > 0.

For convenience, we give the following lemma which will be used later.

Lemma 1.1. Leth (z) = 57 © € (0,+00), then there exists a function

¢ (z) (0 < p(z) < 31),suchthaty (z) =1 — ¢ (z).

Proof. Consider the function defined by

e
o

s(z)

It is easy to see that the minimum ofz) is 2. Hences (z) > 2, andh (z) =

s~ (z) < 3. Obviouslyh (z) = {5 > 0. We can define a nonnegative function

+Inz, € (0,400).
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¢ by

l—rz+4+zlnzx
2(14+z+xlnx)

(1.4) o (z) = z € (0,400).

Hence we have (z) =  — ¢ (z). The lemma follows.
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Define a function by
(2.1) w(r,z) = g(H0=r) (—

wherer > 1 andyp (z) is defined by {.4).
Theorem 2.1. Let

0</ w(p,x) fP(x)dr < +o0, 0</ w(q,z)g? (x)dr < +oo,
0 0

the weight functio (7, z) is defined byZ.1), . + ¢ = 1,andp > ¢ > 1. Then
e f@)g)
(22) \/0 /0 axlte + byl-i-y dl’dy

<o { v p@art { ool

wherey = (1/a)"/* (1/b)"/?and the constant factof’ is best possible.

Proof. Let f (z) = F () {(axlﬂ’)/}% andg (y) = G (y) {(bylﬂ/)’}%. Define
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two functions by

1

(23) Y F(ZE) {(by1+y>/}5 (aler:c)pq and

((l{[‘l+x + byl-i-y)% byl-‘ry

G (y) {(aatm) Ve (by”y)

- 1 1+a
(azt*e + byltv)s \ax

Let us apply Holder’s inequality to estimate the right hand side2d (s fol-
lows:

(2.4) /0 N /O N %mcﬂy
- /0 h /O h afdzdy
([ ol ([ [

It is easy to deduce that

1
by1+y axit®\ ¢
/ / aPdxdy = / / are T byl (by1+y F? (z) dxdy

_/ w,F? () dz.

0
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We compute the weight functian, as follows:
00 (by1+y>’ arlt® 3
Wyg = / T dy

1
o0 1 ar't®\ « L
- T4z Tty el B (by"*).
0 axitT + by by

Lett = by' ¥ /ax' ™. Then we have

1
<1 1\« 7r 7T
= — | = dt= = .
“a /0 1+t(t> sing sin

Notice thatF (z) = {(az'**)'} " Y4 £ (). Hence we have

(2.5) / / aldrdy =

and ,similarly,

(2.6) / / Bldzdy = ——
o Jo sin ©

Substituting 2.5) and @.6) into (2.3), we obtain

[e.e] o0 f
(2.7) /0 /0 #%dmdy

(@) P

Ooo ((bylﬂ)') g (y) dy.
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3=

T {/OOO ((axm)’)lp 7 (@) dx}

X {/OOO ((by”y)')lq 9 (v) dy}é-

We need to show that the constant factgs contained in%.7) is best possible.
p

Define two functions by
f( ) 0, x € (0,1)
g'/‘ g
(aml—i-ﬂc)*(lJFE)/P (ax1+z)” = [17 +OO)
and
() = 0, y€(0,1)
(by" )" by 4wy |y e 1, +o00)

Assume that <e <L (p>g¢>1). Then

/0+°° <(a“"1+x)/>l_p f7 () do = /l+oo (az™**) ™' d (az™*7) =

(ORI

Similarly, we have
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e f(2)gy

<k ( /0 N ((axm)’)l_p 77 () dx);
X ( /0 ) ((by”y)/)l_q 7" () dy) q

(v)

On the other hand, we have

/ / f@gly) . .
0 0 aw1+x+byl+y

dxdy

125 (CLI]'-HC)/} {(byHy)_

o (by”y)'}

/ / ax1+x

_1/°°
G b/azl+e 1+

If the lower limit b/az'* of this integral is replaced by zero, then the resulting

(by'ty)”

:/1 {/1 az e 1 byl+y
:/1\ {\/b\/aml+z 1+t

1

1

(

1
t

CLZL’H_I + by1+y
1+e

dxdy

d (by1+y)} {(axlﬂ)*l% (az™+7) }da:
(%) o dt} (aaclJ”"’)flf6 d (az'*®)

_lte
_) .
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aztt®)® . . .
error is smaller thaw, where« is positive and independent ef In
fact, we have

1+

b/axtt® - b/axlt® 1420
/ 1 <1> ! dt < / — e /a gy — M
0 0

1+t \ t 3
wheref=1—(1+¢)/q. lf0<e < 35 then we may take such that

1 2 1
w11t/ 1
q 2p

Consequently, we get

> f@)iy) 1) =
2.9 ——2 =" dxd - 1 .
(9) /0 /0 ar!te 4 bylty xy>€ sin;{+0(> (e=0)
Clearly, whene is small enough, the inequality (/) is in contradiction with
(2.9. Therefore,# is the best possible value for which the inequality?) is
valid. ’
Letu = az'*t® andv = by' ™. Then

1
u = az't® ( T +1n ZL‘) = ax'"h7 ! ().
x

Similarly, we havey’ = by'™¥h~! (y). Substituting them into2.7) and then
using Lemmal.], the inequality 2.2) yields after simplifications. The constant
factor 7 is best possible, whepe = (1/a)"/? (1/b)"/?. Thus the proof of the

theorem'is completed. O

An Extended Hardy-Hilbert
Inequality and Its Applications

Jia Weijian and Gao Mingzhe

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 11 of 21

J. Ineq. Pure and Appl. Math. 7(1) Art. 30, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:mingzhegao@163.com
http://jipam.vu.edu.au/

It is known from @.1) that

- ., 1 T‘—l 1 r—1 . . .
ora) =0 (Fp@) = (5) S - 2@

The following result is equivalent to Theoreiril

Theorem 2.2.Lety () be a function defined by (4), %Jr% =1landp >q > 1.
If

0< / A=) (1 20 (2))P7! fP (2) de < 400 and
0

0< / Y00 (1 20 (1))7 g1 (y) dy < +oo,
0

then
e f(x)g(y)
(2.10) /0 /0 PR SR dzdy

< KT {/OO gIFDA=P) (1 — 20 (2))P 7 f7 (2) dx}p

S 5o a
2sm; 0

1

f [T = 2o g
0
wherey = (1/a)"/* (1/b)"/?and the constant factof™ is best possible.

In particular, for case = 2, some extensions oi Q) are obtained. Accord-
ing to Theoren®.1, we get the following results.
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Corollary 2.3. If

0< / g~ (1+2) (% - (a:)) f*(x)dr < +o00 and
0

o 1
0</ y~ ) (5—90(1/)) 9% (y) dy < +oo,
0

whereyp (z) is a function defined byl (4), then

e [~ [ LI ey
< ﬁ{/ po 4 (% —90(96)) 72 (2) dx}

X {/OOO y Y G - s@(y)) g () dy}é ,

where the constant facte\i/% is best possible.
Corollary 2.4. Lety (z) be a function defined by (4). If

0< /000 g~ (4o (% —p (x)) 2 (z)dr < +oo,

1
2

then
o f@)f )
<= [Tt (G- e ) £ e
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where the constant facte%) is best possible.

A equivalent proposition of Corollarg.3is:

Corollary 2.5. Lety (x) be a function defined byi (4),

0< / =0 (1 =20 (2)) £ (z)dz < 400 and
0

0< / y (1 =20 (y)) ¢ (y) dy < +o0,
0

then

(2.13) /OOO/OOO%

T { [t a2 ) P ) o)

<

(y)

byl—l-y

dxdy

2

X {/Ooo y~ (1 =20 () 9° () dy}

where the constant fact% is best possible.

Similarly, an equivalent proposition to Corolla?y4 is:

Corollary 2.6. Lety (x) be a function defined by (4). If

0< /OO =0 (1 — 20 (2)) f2 () dz + oo,
0

2

Y
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then

(2.14) /0 /0 (mlg)—%dxdy

T o
< g~ (1 —
- 2\/ab/o (

where the constant fact% is best possible.

20 (2)) f* (x) dx,
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In this section, we will give various extensions of Hardy-Littlewood'’s integral
inequality.
Let f (x) € L*(0,1) andf (z) # 0. If

1
an:/x”f(x)dx, n=0,1,2,...
0

then we have the Hardy-Littlewood’s inequality (se§ pf the form An Extended Hardy-Hilbert
Inequality and Its Applications
(3-1) i ai < /1 f2 (J:) dI, Jia Weijian and Gao Mingzhe
n=0 0
wherer is the best constant that kee@s1j valid. In our previous paper], Tite Page
the inequality 8.1) was extended and the following inequality established: Contents
o0 1 <4< 4
(3.2) / 2 (x)dr < 7r/ h?* (z) dz,
0 0 < 4
wheref (z) = fol t*h (z) dz, z € [0, +00). Co e
Afterwards the inequalityd.2) was refined into the form in the papei | Close
[e's) 1 QUit
2 2
(3.3) /o [ (x)dx < 7T/O th” (t) dt. Page 16 of 21

We will further extend the inequalityd(3), some new results can be obtained | oo s aon Ve 700 A 20, 2006
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Theorem 3.1.Leth (t) € L?(0,1), h (t) # 0. Define a function by

f(x):/o t“@ |\p(t)| dt, z € [0,400),

whereu (x

) = z1**. Also, lety (z) be a weight function defined by.4),
(r=p,q), %+

=landp>gq>1.If

1
q

o0 1 r—1
0< / LFE)(1=r) <§ — (IL‘)) fr (ZL’) dr < 400,
0

X (/OOO ytHy)=a) (% — (y)) f () dy) % /01 th? (t) dt,

where the constant factet in (3.4) is best possible, and = (1/a)"/? (1/b)"/”

Proof. Let us write f2 () in the form:

f? (x) = /0 f () "™ |h(1)] dt.
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We apply, in turn, Schwarz’s inequality and Theor2mto obtain

(3.5) ( /0 T2 () dx>2
{/DO (/Olf(x) fu(@) |h(t)|dt) dI}Q

0o 2
= {/ f () t“(“)l/Zda:) tY21h (1] dt}
An Extended Hardy-Hilbert

(/ f tug; I/de) dt/ th2< )d Inequality and Its Applications
0 0

</
Jia Weijian and Gao Mingzhe
1 Title Page
(/ f () tu(y)_l/Zdy> dt/ th? (t) dt Contents
0 0
= / ( / / f(z) f (y) te@+uly ldxdy) dt / th? (t) dt
0 o Jo 0 < 4
o) 1
([ ) [ =
u(x)+u
o Y ‘ 1 Close
pr_ ][ sy (1 g ’ Quit
< S E x e ¢ (x) 17 (x) dx
P ‘ Page 18 of 21

1
(o) 1 g—1 q 1
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Sinceh (t) # 0, f%(x) # 0. It is impossible to take equality i3(5). We
therefore complete the proof of the theorem. ]

An equivalent proposition to Theoregnlis:

Theorem 3.2. Let the functiong: (t), f (z) andu (z) satisfy the assumptions
of TheorenB.1, and assume that

0< [ et (1= 2 @) @) de < 400 (= pg)
0

Then

(3.6) (/OOO 2 (z) dx>2

([T a2y czsc)’i

1 T
28111; 0

X (/OOO yHID (1 =20 ()" [ (y) dy) q /01 th* (t) dt,

and the constant factof™ in (3.6) is best possible, wheye= (1/a)"/* (1/b)"/”.

In particular, whemp = ¢ = 2, we have the following result.

Corollary 3.3. Let the functions (t), f (z) andu (x) satisfy the assumptions
of TheorenB.1, and assume that

0< /OOO () (% _p (x)) 2 () de < +oo,
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wherey () is a function defined byl(4). Then

(3.7) (/OOO 2 (z) dx)2

< \/% (/OOO p=(1+a) (% . 90(9:)) 2 () dx) /01 th? (t) dt,

and the constant facto\% in (3.7) is best possible.

A result equivalent to Corollarg.3is:

Corollary 3.4. Let the functiong: (¢) , f (z) andu (x) satisfy the assumptions
of TheorenB.1, and assume that

0< /OO =) (1 — 20 () £2 (2) dz < 400,
0

wherey () is a function defined byl(4). Then

(3.8) (/OOO 2 (x) d:v>2

([Tt - 2e ) £ ) [

and the constant fact% in (3.9) is best possible.

<

The inequalities.4), (3.6), (3.7) and 3.8) are extensions of3(3).
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