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Abstract: Let xi > 0, i = 1, 2, . . . , n, x = (x1, x2, . . . , xn), thekth elementary sym-

metric function ofx is defined asEn (x, k) =
∑

1≤i1<···<ik≤n

k∏
j=1

xij with

1 ≤ k ≤ n, the kth elementary symmetric mean is defined asPn (x, k) =((
n
k

)−1
En (x, k)

) 1
k

, and the functionf is defined asf (x) = Pn (x, k − 1) −
Pn (x, k). The paper proves thatf is a S-geometrically convex function. The
result generalizes the well-known Maclaurin-Inequality.

http://jipam.vu.edu.au
mailto:zjzxm79@sohu.com
http://jipam.vu.edu.au
mailto:zjzxm79@sohu.com
mailto: bullen@math.ubc.ca


S-Geometric Convexity

Xiao-ming Zhang

vol. 8, iss. 2, art. 51, 2007

Title Page

Contents

JJ II

J I

Page 2 of 14

Go Back

Full Screen

Close

Contents

1 Introduction 3

2 Relative Definition and a Lemma 5

3 The Proof of Theorem1.2 9

http://jipam.vu.edu.au
mailto:zjzxm79@sohu.com
http://jipam.vu.edu.au


S-Geometric Convexity

Xiao-ming Zhang

vol. 8, iss. 2, art. 51, 2007

Title Page

Contents

JJ II

J I

Page 3 of 14

Go Back

Full Screen

Close

1. Introduction

Throughout the paper we assumeRn be then-dimensional Euclidean Space,

Rn
+ = {(x1, x2, . . . , xn) , xi > 0, i = 1, 2, . . . , n} ,

and
ex = (ex1 , ex2 , . . . , exn) , xc = (xc

1, x
c
2, . . . , x

c
n) ,

ln x = (ln x1, ln x2, . . . , ln xn) , x · y = (x1y1, x2y2, . . . , xnyn) ,

wherec ∈ R, andx = (x1, x2, . . . , xn) ∈ Rn, y = (y1, y2, . . . , yn) ∈ Rn. And if
n ≥ 2, x = (x1, x2, . . . , xn) ∈ Rn

+. They are defined respectively by

An (x) =
x1 + x2 + · · ·+ xn

n
, Gn (a) = n

√
x1x2 · · ·xn.

Thekth elementary symmetric function ofx, kth elementary symmetric mean, and
functionf are defined respectively as

En (x, k) =
∑

1≤i1<···<ik≤n

k∏
j=1

xij , (1 ≤ k ≤ n)

Pn (x, k) =

((n

k

)−1

En (x, k)

) 1
k

, (1 ≤ k ≤ n)

f (x) = Pn (x, k − 1)− Pn (x, k) , (2 ≤ k ≤ n)

with
(

n
k

)
= n!

k!(n−k)!
.

The following theorem is true by [1].
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Theorem 1.1 (Maclaurin-Inequality).

An (x) = Pn (x, 1)(1.1)

≥ Pn (x, 2) ≥ · · · ≥ Pn (x, n− 1) ≥ Pn (x, n) = Gn (x) .

En (x, n)

En (x, n− 1)
<

En (x, n− 1)

En (x, n− 2)
(1.2)

< · · · < En (x, 3)

En (x, 2)
<

En (x, 2)

En (x, 1)
< En (x, 1) .

References [5], [4], [2], [7], [8], [9], [10] and [6] give the definitions ofn di-
mensional geometrically convex functions, S-geometrically convex functions and
logarithm majorization, and a large number of results have been obtained. Since
many functions have geometric convexity or geometric concavity, research into ge-
ometrically convex functions make sense. For a comprehensive list of recent results
on geometrically convex functions, see the book [10] and the papers [5], [4], [2] [7]
[8], [9] and [6] where further results are given.

The main aim of this paper is to prove the following theorem.

Theorem 1.2.Letn = 2, or n ≥ 3, 2 ≤ k−1 ≤ n−1, andf (x) = Pn (x, k − 1)−
Pn (x, k), thenf is aS−geometrically convex function.

The result generalizes the Maclaurin-Inequality.
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2. Relative Definition and a Lemma

Lemma 2.1 ([3]). LetH ⊆ Rn be a symmetric convex set with a nonempty interior,
φ : H → R be continuously differentiable on the interior ofH and continuous on
H. Necessary and sufficient conditions forφ to be S-convex(concave) onH are that
φ is symmetric onH, and

(x1 − x2)

(
∂φ

∂x1

− ∂φ

∂x2

)
≥ (≤) 0,

for all x in the interior ofH.

Definition 2.1 ([9], [10, p. 89], [6]). Let x ∈ Rn
+, y ∈ Rn

+,
(
x[1], x[2], . . . , x[n]

)
and(

y[1], y[2], . . . , y[n]

)
be the decreasing queues of(x1, x2, . . . , xn) and(y1, y2, . . . , yn)

respectively. We say(x1, x2, . . . , xn) logarithm majorizes(y1, y2, . . . , yn) , denote
ln x � ln y if 

k∏
i=1

xi ≥
k∏

i=1

yi, k = 1, 2, . . . , n− 1,

n∏
i=1

xi =
n∏

i=1

yi.

Remark1. If x logarithm majorizesy, then
ln

(
k∏

i=1

xi

)
≥ ln

(
k∏

i=1

yi

)
, k = 1, 2, . . . , n− 1,

ln

(
n∏

i=1

xi

)
= ln

(
n∏

i=1

yi

)
.
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
k∑

i=1

ln xi ≥
k∑

i=1

ln yi, k = 1, 2, . . . , n− 1,

n∑
i=1

ln xi =
n∑

i=1

ln yi.

So we can denoteln x � ln y in the Definition2.1.

Lemma 2.2 ([10, p. 97]). x = (x1, x2, . . . , xn) ∈ Rn
+ logarithm majorizes

Ḡ (x) = (Gn (x) , Gn (x) , . . . , Gn (x)) .

Definition 2.2 ([7]). LetE ⊆ Rn
+, thenE is said to be a logarithm convex set, if for

anyx, y ∈ E, α, β > 0, α + β = 1, it havexαyβ ∈ E.

Remark2. Let E ⊆ Rn
+, ln E = {ln x|x ∈ E}. Thenx, y ∈ E if only if ln x, ln y ∈

ln E, andxαyβ ∈ E if only if α ln x + β ln y ∈ ln E, soE is a logarithm convex set
if and only if ln E is a convex set.

Definition 2.3 ([10, p. 107]). Let E ⊆ Rn
+, f : E → [0, +∞). Thenf is called an

S−geometrically convex function, if for anyx, y ∈ E ⊆ Rn
+, ln x � ln y, we have

(2.1) f (x) ≥ f (y) .

Andf is called anS−geometrically concave function, if the inequality(2.1) is re-
versed.

Lemma 2.3 ([10, p. 108]). Let E ⊆ Rn
+ be a symmetric logarithm convex set with

a nonempty interior,f : E → [0, +∞) be symmetric continuously differentiable on
the interior ofE and continuous onE. Thenf is a S-geometrically convex function,
if the following inequality

(2.2) (ln x1 − ln x2)

(
x1

∂f

∂x1

− x2
∂f

∂x2

)
≥ 0
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holds for allx in the interior ofE. Andf a is S-geometrically concave function, if
the inequality(2.2) is reversed.

Proof. Let ln E = {ln x|x ∈ E}, then ln E is a symmetric convex set and has a
nonempty interior. Again, letε > 0, g (x) = f (x) + ε with x ∈ E, andh (y) =
ln g (ey) with y ∈ ln E = {ln x|x ∈ E}, theng : E → (0, +∞), h : ln E →
( −∞, +∞). Further letx = ey,

∂h

∂y1

=
∂ (ln g (ey))

∂y1

=
1

g (ey)
· ∂ (g (ey))

∂y1

=
1

g (x)
· ∂ (g (x))

∂x1

· ey1

=
x1

g (x)
· ∂g

∂x1

.

Similarly,
∂h

∂y2

=
x2

g (x)
· ∂g

∂x2

.

According to inequality2.2,

(y1 − y2)

(
∂h

∂y1

− ∂h

∂y2

)
=

(ln x1 − ln x2)

g (x)

(
x1

∂g

∂x1

− x2
∂g

∂x2

)
=

(ln x1 − ln x2)

g (x)

(
x1

∂f

∂x1

− x2
∂f

∂x2

)
≥ 0.

Then by Lemma2.1, we know thath is a S-convex function. For anyu, v ∈ E with
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ln u � ln v, we have

h (ln u) ≥ h (ln v) , ln g
(
eln u

)
≥ ln g

(
eln v
)
,

and
g (u) ≥ g (v) , f (u) ≥ f (v) .

Sof is a S- geometrically convex function.
If the inequality (2.2) is reversed, we similarly have thatf is a S-geometrically

concave function.
The proof of Lemma2.3 is completed.
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3. The Proof of Theorem1.2

Proof of Theorem1.2. If n = 2, thenk = 2.

f (x) = Pn (x, k − 1)− Pn (x, k) =
x1 + x2

2
−
√

x1x2,

∂f

∂x1

=
1

2
− 1

2

√
x2

x1

, x1
∂f

∂x1

=
1

2
x1 −

1

2

√
x1x2,

(ln x1 − ln x2)

(
x1

∂f

∂x1

− x2
∂f

∂x2

)
= (ln x1 − ln x2)

(
x1 − x2

2

)
≥ 0.

According to Lemma2.3, if n = 2, Theorem1.2 is true.
If n ≥ 3, k ≥ 3, Letting x̄ = (x3, x4, . . . , xn), En−2 (x̄, 0) = 1, we have

f (x) = Pn (x, k − 1)− Pn (x, k)

=

((
n

k − 1

)−1

En (x, k − 1)

) 1
k−1

−
((n

k

)−1

En (x, k)

) 1
k

,

∂f

∂x1

=
1

k − 1
·
(

n

k − 1

)− 1
k−1

· (En (x, k − 1))
1

k−1
−1

∑
2≤i1<···<ij≤n

k−2∏
j=1

xij

− 1

k
·
(n

k

)− 1
k · (En (x, k))

1
k
−1

∑
2≤i1<···<ij≤n

k−1∏
j=1

xij ,
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x1
∂f

∂x1

=
1

k − 1
·
(

n

k − 1

)− 1
k−1

· (En (x, k − 1))
1

k−1
−1 [x1En−2 (x̄, k − 2) + x1x2En−2 (x̄, k − 3)]

− 1

k
·
(n

k

)− 1
k · (En (x, k))

1
k
−1 [x1En−2 (x̄, k − 1) + x1x2En−2 (x̄, k − 2)] ,

and

x2
∂f

∂x2

=
1

k − 1
·
(

n

k − 1

)− 1
k−1

· (En (x, k − 1))
1

k−1
−1 [x2En−2 (x̄, k − 2) + x1x2En−2 (x̄, k − 3)]

− 1

k
·
(n

k

)− 1
k · (En (x, k))

1
k
−1 [x2En−2 (x̄, k − 1) + x1x2En−2 (x̄, k − 2)] .

So

(3.1) (ln x1 − ln x2)

(
x1

∂f

∂x1

− x2
∂f

∂x2

)
= (ln x1 − ln x2)·

1

k − 1
·
(

n

k − 1

)− 1
k−1

·(En (x, k − 1))
1

k−1
−1·(x1 − x2)·En−2 (x̄, k − 2)

− (ln x1 − ln x2) ·
1

k
·
(n

k

)− 1
k · (En (x, k))

1
k
−1 · (x1 − x2) · En−2 (x̄, k − 1) .

On the other hand, by (1.2), we deduce

(x1 + x2) En−2 (x̄, k − 1) · En−2 (x̄, k − 2)

+ x1x2

[
kE2

n−2 (x̄, k − 2)− (k − 1) En−2 (x̄, k − 3) · En−2 (x̄, k − 1)
]
≥ 0,
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so

k · [(x1 + x2) En−2 (x̄, k − 1) + x1x2En−2 (x̄, k − 2)] · En−2 (x̄, k − 2)

−(k − 1)·[(x1 + x2) En−2 (x̄, k − 2) + x1x2En−2 (x̄, k − 3)]·En−2 (x̄, k − 1) ≥ 0,

k · En (x, k) · En−2 (x̄, k − 2)− (k − 1) · En (x, k − 1) · En−2 (x̄, k − 1) ≥ 0.

Again, according to (1.1), the following inequality holds.

k · Pn (x, k − 1) · En (x, k) · En−2 (x̄, k − 2)

− (k − 1) · Pn (x, k) · En (x, k − 1) · En−2 (x̄, k − 1) ≥ 0,

then

1

k − 1
·
(

n

k − 1

)− 1
k−1

· (En (x, k − 1))
1

k−1
−1 · En−2 (x̄, k − 2)

− 1

k
·
(n

k

)− 1
k · (En (x, k))

1
k
−1 · En−2 (x̄, k − 1) ≥ 0.

Finally by (3.1), we can state that

(ln x1 − ln x2)

(
x1

∂f

∂x1

− x2
∂f

∂x2

)
≥ 0,

Thus Theorem1.2holds by Lemma2.3.

Remark3. If n ≥ 3, k = 2, we know thatf is neither a S-geometrically convex
function nor a S-geometrically concave function.

Remark4. If n = 2, or n ≥ 3, 2 ≤ k − 1 < k ≤ n, andx logarithm majorizesy,
according to Definition2.3, we can state that

Pn (x, k − 1)− Pn (x, k) ≥ Pn (y, k − 1)− Pn (y, k) .
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By Lemma2.2and

Pn

(
Ḡ (x) , k − 1

)
− Pn

(
Ḡ (x) , k

)
= 0,

we know that Theorem1.2generalizes the Maclaurin-Inequality.
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