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1. Introduction

Throughout the paper we assuiRe be then-dimensional Euclidean Space,
Rz— = {(Jz'l,ZL'Q,...,l'n),ﬁL‘i > O,Z = 1,2,...,’[1},

and

et ey, af = (af, 2y, ..., 1),

e’ = (e n

Inx = (Inzy,Inzy, ..., Inx,), 2 y= (191, T2Y2, - - -, TnYn) ,
wherec € R, andz = (z1,22,...,2,) € R", y = (y1,¥2,--.,yn) € R™. And if
n>2,x=(x1,2,...,T,) € R}. They are defined respectively by

An(x):l'1+x2++xn’ Gn(a):"131$2"'33n~

n

The kth elementary symmetric function ef kth elementary symmetric mean, and
function f are defined respectively as

E.(x, k)= > ]]= (1<k<n)

1<t << <n j=1

Bl

Pn(x,k):(<z>_1En(x,k)) C (<k<n)

f(x)=P,(z,k—1)— P, (z,k), (2<k<n)

The following theorem is true by].
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Theorem 1.1 (Maclaurin-Inequality).

(1.1) A, (z) = P, (x,1)
>P,(,2)>--->P,(x,n—1)> B, (z,n) =G, ().

E,(xz,n) E,(x,n—1)
E, (z,n—1) < E, (z,n—2)
E, (z,3) E, (,2)
<< E, (2.2) < E, (1) < E,(x,1).

Referencesq], [4], [2], [7], [8], [9], [10] and [6] give the definitions of. di-
mensional geometrically convex functions, S-geometrically convex functions and
logarithm majorization, and a large number of results have been obtained. Since
many functions have geometric convexity or geometric concavity, research into ge-
ometrically convex functions make sense. For a comprehensive list of recent results
on geometrically convex functions, see the bob# and the papers|, [4], [2] [7]

[8], [9] and [6] where further results are given.
The main aim of this paper is to prove the following theorem.

(1.2)

Theorem1.2.Letn =2,0rn >3,2<k—1<n-1,andf (z) =P, (z,k —1)—
P, (z, k), thenf is a S—geometrically convex function.

The result generalizes the Maclaurin-Inequality.
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2. Relative Definition and a Lemma

Lemma 2.1 ([3]). Let H C R™ be a symmetric convex set with a nonempty interior,
¢ : H — R be continuously differentiable on the interior 8f and continuous on
H. Necessary and sufficient conditions foto be S-convex(concave) éhare that

¢ Is symmetric or{, and

0 0
(01 — 2) (a—z - 8—;’;) > ()0,
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So we can denotl = > Iny in the Definition2.1.
Lemma 2.2 ([10, p. 97]). v = (1, 22, ..., x,) € RY} logarithm majorizes
G(x) = (Gn(2),Gn(2),...,G, (7).
Definition 2.2 ([7]). Let £ C R, thenE is said to be a logarithm convex set, if for
anyz,y € E,a,3 > 0,a+ 3 =1, ithavez*y® ¢ E.

Remark2. Let E C R, In £ = {Inz|z € E'}. Thenz,y € Eifonlyif Inz,Iny €
In £, andz®y® € Eifonlyif alnz + 3lny € In F, soE is a logarithm convex set
if and only if In £ is a convex set.

Definition 2.3 ([10, p. 107]). LetE C R", f : E — [0,+00). Thenf is called an
S—geometrically convex function, if for anyy € £ C R’}, Inz > Iny, we have

(2.1) fx)>f(y).

And f is called anS—geometrically concave function, if the inequal{# ) is re-
versed.

Lemma 2.3 ([10, p. 108]). Let £ C R"} be a symmetric logarithm convex set with
a nonempty interiorf : £ — [0, +00) be symmetric continuously differentiable on
the interior of & and continuous oy. Thenf is a S-geometrically convex function,
if the following inequality

0 0
(2.2) (Inz; — Inxy) (xla—a‘i — x23_xfg) >0
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holds for allz in the interior of . And f a is S-geometrically concave function, if
the inequality(2.2) is reversed.

Proof. Letn £ = {lnz|x € £}, thenln £ is a symmetric convex set and has a
nonempty interior. Again, let > 0, g (z) = f(z) + e with z € E, andh (y) =
Ing(eY) withy € InE = {lnz|x € E}, theng : E — (0,+00), h : nE —

( —o0, +00). Further letr = ¢v,
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According to inequality?.2, Full Screen
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Then by Lemma.1, we know thath is a S-convex function. For any,v € E with Lssnal QN3 S5Sk
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Inuw > Inv, we have

h(lnw) > h(lnv), Ing(e™*) >1Ing (™),
and
gu)>g), f(u)>f(v).
So f is a S- geometrically convex function.

If the inequality ¢.2) is reversed, we similarly have thgtis a S-geometrically
concave function.

The proof of Lemm&.3is completed. O]
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3. The Proof of Theorem1.2

Proof of Theorem..2. If n = 2, thenk = 2.

£ (@) = Pk = 1) = Pa (o, h) = 2222 = v,

of 11 [z of 1 1
or, 2 2\ z xla_xl_ixl_ém’

(Inz; — Inzy) <x1ﬁ — x2ﬁ> = (Inxy — Inxy) (xl ;m) > 0.

8x1 8:62
According to Lemm&.3, if n = 2, Theoreml.2is true.
If n >3, k>3, Lettingz = (23,24, ...,2,), E,—2 (Z,0) =1, we have

f(x)=P,(z,k—1)— P, (z,k)

_ ((ij)lEn (a, k — 1))1611 _ ((Z)lEn (m,k))i7

of 1 (' m 7ﬁ.(E( k— 1)1 3 ’ﬁ
Ow;  k—1 \k-—1 m i s

2<i1 <--<i;<n j=1

O et S e

2<i) < <ij<n j=1
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of of
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On the other hand, byi(2), we deduce journal of inequalities

in pure and applied
(x1 4+ x2) En o (Z,k—1) - E, o (Z,k—2) mathematics

+xy20 [KES 5 (2,k—2) — (k— 1) Eya (T,k —3) - Epa (T,k — 1)] >0, Hsisms. TRRERGT:
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o]
k- [(I‘l —+ .CL’Q) En,Q (f, k — 1) -+ wll’gEn,Q (f‘, k — 2)] . En,Q (f, k — 2)
—(k’ — 1)[(1‘1 + $2) En_g (ZZ’, k— 2) + $1$2En_2 (ii‘, k— 3)]En_2 (Zf, k— 1) Z 0,
k-E,(z,k) E,o(x,k—2)—(k—1)-E,(z,k—1)-E, o(z,k—1)>0.
Again, according to1.1), the following inequality holds.
k-P,(x,k—1) - E,(x, k) E, 2 (Z,k—2)
—(k=1)-P,(x,k)- E,(z,k—1)- E, o (z,k—1) >0,

then

1

oy

Finally by (3.1), we can state that

==

(B (2, k) By (3,k — 1) > 0.

0 0
(111.1'1 — 1115[}2) (l’la—i — xZG_J.i) 2 O,
Thus Theoreni.2 holds by Lemma&.3. ]
Remark3. If n > 3,k = 2, we know thatf is neither a S-geometrically convex
function nor a S-geometrically concave function.
Remarkd. If n = 2,0rn > 3,2 < k—1 < k < n, andx logarithm majorizeg,
according to Definitior?.3, we can state that

P,(z,k—1) =P, (z,k) > P, (y,k—1) — P, (y, k).
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By LemmaZ2.2and
P, (G(z).k—1) = P, (G(z) k) =0,

we know that Theorem.2 generalizes the Maclaurin-Inequality.
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