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Abstract: In this short note, we give another proof of the Geometric-Arithmetic Mean
inequality.
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Various proofs of the Geometric-Arithmetic Mean inequality are known in the
literature, for example, see [1]. In this note, we give yet another proof and show
that the G-A Mean inequality is merely a result of simple iteration of a well-known
lemma.

The following theorem holds.

Theorem 1 (Geometric-Arithmetic Mean Inequality). For arbitrary positive num-
bersA1, A2, . . . , An, the inequality

(1)
A1 + A2 + · · ·+ An

n
≥ n

√
A1A2 · · ·An

holds, with equality if and only ifA1 = A2 = · · · = An.

Lettingai = n
√

Ai (i = 1, 2, . . . , n) and multiplying both sides byn, we have an
equivalent Theorem2.

Theorem 2. For arbitrary positive numbersa1, a2, . . . , an, the inequality

(2) a1
n + a2

n + · · ·+ an
n ≥ na1a2 · · · an

holds, with equality if and only ifa1 = a2 = · · · = an.

To prove Theorem2, we use the following lemma.

Lemma 3. If a1 ≥ a2, b1 ≥ b2, then

(3) a1b1 + a2b2 ≥ a1b2 + a2b1.

Proof. Quite simply, we have

a1b1 + a2b2 − (a1b2 + a2b1) = a1(b1 − b2)− a2(b1 − b2)

= (a1 − a2)(b1 − b2) ≥ 0.
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Iterating Lemma3, we naturally obtain Theorem2.

Proof of Theorem2 by induction onn. Without loss of generality, we can assume
that the terms are in decreasing order.

1. Whenn = 1, the theorem is trivial sincea1
1 ≥ 1 · a1.

2. If Theorem2 is true whenn = k, then, for arbitrary positive numbersa1, a2, . . . , ak,

(4) a1
k + a2

k + · · ·+ ak
k ≥ ka1a2 · · · ak.

Now assume thata1 ≥ a2 ≥ · · · ≥ ak ≥ ak+1 > 0.
Exchanging factorsak+1 andai (i = k, k − 1, . . . , 2, 1) between the last term
and the other sequentially, by Lemma3, we obtain the following inequalities

a1
k+1 + a2

k+1 + · · ·+ ak
k+1 + ak+1

k+1

= a1
k+1 + a2

k+1 + · · ·+ ak−1
k+1 + ak

k · ak + ak+1
k · ak+1

≥ a1
k+1 + a2

k+1 + · · ·+ ak−1
k+1 + ak

k · ak+1 + ak+1
k · ak

· · · · · ·

≥ a1
k+1 + a2

k+1 + · · ·+ ai−1
k+1 + ai

k · ai + · · ·
+ ak

kak+1 + ak+1
iai+1ai+2 · · ·ak · ak+1.

As ak
i ≥ ai

k+1ai+1ai+2 . . . ak, ai ≥ ak+1, we can apply Lemma3 so that
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a1
k+1 + a2

k+1 + · · ·+ ai−1
k+1 + ai

k · ai + · · ·
+ ak

kak+1 + ak+1
iai+1ai+2 · · ·ak · ak+1

≥ a1
k+1 + a2

k+1+ · · ·+ai−1
k+1 + ai

k · ak+1+ · · ·+ak
kak+1

+ak+1
iai+1ai+2 · · · ak · ai

· · · · · ·

≥ a1
kak+1 + a2

kak+1+ · · ·+ak
kak+1 + a1a2a3 · · · ak+1

= (a1
k + a2

k+ · · ·+ak
k)ak+1 + a1a2a3 · · · ak+1.

By assumption of induction (4), we have

(a1
k + a2

k+ · · ·+ak
k)ak+1 + a1a2a3 · · · ak+1

≥ (ka1a2 · · · ak)ak+1 + a1a2a3 · · · ak+1

= (k + 1)a1a2 · · · akak+1.

From the same proof of Lemma3,

if a1 > a2, b1 > b2, then a1b1 + a2b2 > a1b2 + a2b1.

Thus, in the above sequence of inequalities, if the relationshipai ≥ ak+1 is
replaced byai > ak+1 for somei, the inequality sign≥ also has to be replaced
by > at the conclusion. We have the equality if and only ifa1 = a2 = · · · = an.
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