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ABSTRACT. In this paper some necessary and sufficient conditions for new forms of atomic
decompositions of weak martingale Hardy spacéy,vand wD,, are obtained.
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1. INTRODUCTION AND PRELIMINARIES

It is well known that the method of atomic decompositions plays an important role in mar-
tingale theory, such as in the study of martingale inequalities and of the duality theorems for
martingale Hardy spaces. Many theorems can be proved more easily through its use. The
technique of stopping times used in the case of one-parameter is usually unsuitable for the
case of multi-parameters, but the method of atomic decompositions can deal with them in the
same manner. F.WeisZ [6] gave some atomic decomposition theorems on martingale spaces and
proved many important martingale inequalities and the duality theorems for martingale Hardy
spaces with the help of atomic decompositions. Hou and Ren [3] obtained some weak types of
martingale inequalities through the use of atomic decompositions.

In this paper we will establish some new atomic decompositions for weak martingale Hardy
spacesvQ, andwD,, and give some necessary and sufficient conditions.

Let (€2,%,P) be a complete probability space, afid,),>o a non-decreasing sequence of
subv-algebras ob such that: = o (Un>0 Zn). The expectation operator and the conditional
expectation operators relative 19, are denoted by andE,,, respectively. For a martingale
[ = (fn)n>o relative to(2, X, P, (3,,),>0), definedf; = f; — fi_1 (i > 0, with convention
dfy = 0) and

fa = sup |fil, I"=71%= Slirglfnh

0<i<n
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Su(f) = <Z !dfi|2) .S = (Z Idfz-|2>
=0 =0
Let0 < p < oco. The space consisting of all measurable functigiier which
1fllwz, =t supyP(|f| > y)» < oo
y>0

is called a weakl,-space and denoted byly. We set W, = L. Itis well-known that
|lyz, is @ quasi-norm on W, and L, C wL,, since|f|lwr, < [[f|,. Denote byA the

collection of all sequences,,),.~o of non-decreasing, non-negative and adapted functions and
setAy = lim,, o A,. If 0 < p < 00, we define the weak Hardy spaces as follows:

WQp = {f = (fn)nZO . EI()\n)nZO - A, S.t. Sn(f) S An—l; /\oo - WLp},

1fllwe, = ot [Asollwe,;

An)EA
WDp = {f = (fn)nzo . H(An)nzo - A, s.t. ‘fn’ S )\nfl, )\oo € WLp},
wp. = Inf |[Asol|lwr. -
| fllwp, (A{SGAH [

Remark 1. Similar to martingale Hardy spacéy, andD,, (see F.WeisZ [6]), we can prove that
“inf” in the definitions of|-[| o and|-[|, is attainable. That is, there exi(sxg))nzo and

(A )0 such that] fllwo, = Az, and|| fllwp, = A2 [lwz,, which are called the optimal
control of S(f) and f, respectively.

Definition 1.1 ([6]). Let0 < p < oco. A measurable function is called a(2, p, o) atom (or
(3, p, 00) atom) if there exists a stopping time(v is called the stopping time associated with
a) such that

() a,=E,a=0if v > n,
(i) |S(a)]lc < P(v#00) 7 (Or (i) la*|loc < P(v # 00)" 7).
Throughout this paper, we denote the set of integers and the set of non-negative integers by

Z andN, respectively. We us€’, to denote constants which depend onlyposnd may denote
different constants at different occurrences.

2. MAIN RESULTS AND PROOFS

Atomic decompositions for weak martingale Hardy spaceéy, \@nd wD,, have been estab-
lished in [3]. In this section, we give them new forms of atomic decompositions, which are
closely connected with weak type martingale inequalities.

Theorem 2.1.Let0 < p < oo. Then the following statements are equivalent:
(i) There exists a constant, > 0 such that for each martingalg = ( f,,)>o:

Hf*”WLp < OprHWQp;

(i) f f = (fu)n>o € WQ,, then there exist a sequenge’),cz, of (3, p,00) atoms and a
sequencé;i; ) ez Of nonnegative real numbers such that forale N:

(2.1) fo=>_ mEna*
kEeZ
and
(2.2) sup 2k]P’(Vk < oo)% <Gyl f llwa,
kEZ
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where0 < pup < A - 28P(y, # oo)% for some constantl and v, is the stopping time
associated with*.

Proof. (i)=-(ii). Let f = (f.)>0 € wQ,. Then there exists an optimal contfal, ),,>, such that
Sn(f) < A\—1. Consequently,

(23) |fn| S f;—l + )\n—l-
Define stopping times for ali € Z:
ve =inf{n >0: f*+ X\, > 2"} (inf) = 00).

The sequence of stopping times is obviously non-decreasing.ftet= (f,n., )n>0 be the
stopped martingale. Then

D (fur = oy = (Z X(m < v dfm — Y x(m < uk>dfm)

kEZ keZ \m=0 m=0
(2.4) =) <Z X(vg <m < Vk+1>dfm) = fn:
m=0 \k€Z

wherey(A) denotes the characteristic function of the detNow let
(25) Mszk?)]P)(Vk?éoo)%? afz:ulzl(fgk+l _fgk% (kGZ,TLGN)

(ak = 0if . = 0). Itis clear that for a fixed: € Z, (ak),>o is a martingale, and by (3.3) we
have

(2.6) |ab| < i (|20 + | F2]) < P(vg # 00) 77

Consequently,a’),,>o is Ly-bounded and so there exisfs € L, such thaft,.a* = a*, n > 0.
It is clear thata* = 0 if n < v, and by ) we gefa**||.. < P(vy, # o) ». Therefore each
a® is a(3,p, 00) atom, [2.4) and (2]5) shows thathas a decomposition of the forfn (2.1) and
0<jp <A-2"P(yy # oo)% with A = 3, respectively. By (i), we have
2FPP (1, < 00) = 2MPP(f* + Ay > 2F)
<2 (P(f* > 281 + P\ > 2F71))
< Gllf g,

which proves|(2]2).
(ii)=(i). Let f = (fu)>0 € wQ,. Thenf can be decomposed as in (fi) = >, _, pal of

(3, p, 00) atoms such thalt (2.2) holds. For any fixed 0 choosej € Z such thag? < y < 27+
and let

Jj—1 00
f= Z,uk@k = Z pura” +Zﬂkak =g+h
P

keZ k=—00

It follows from the sublinearity of maximal operators that we hgve< ¢* + h*, so

P(f*>2y) <P(g" > y) +P(h" > y).
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For0 < p < oo, choose; so thatmax(1,p) < g < co. By (ii) and the fact that** = 0 on the
set(y, = o0), we have

Jj—1 Jj—1
lg™lle < D mella™llg = D mella*x (v # 0)llq
k=—00 k=—o00

Q=

7j—1
< Y A2 0D2TP(y, £ o0)
k=—00

j—1 »
E(1-2 q
<Cp Y A2 f|le g

k=—00
< Coy' 1| f e,
It follows that
(2.7) P(g" >y) <y Elg™] < Gy [ fIlo,-
On the other hand, we have

P(h* >y) <P(h*>0) < Y Pa* >0)
k=j

k=j

(2.8) < i 27FP . 9FPP(1y #£ 00)
k=j

< Gy N f g,
Combining ) with), we gei(f* > y) < Cpy~"[|f|%o,- Hence
1wz, < Cpllfllwe,-
The proof is completed. O

Theorem 2.2.Let0 < p < oo. Then the following statements are equivalent:
(i) There exists a constant, > 0 such that for each martingalg = (f,,)>o:

1SN ez, < Gl fllwo,;

(i) If f = (fu)nso € WwD,, then there exist a sequeng€),z, of (2, p, 00) atoms and a
sequencé; ) ez Of nonnegative real numbers such that forale N:

(2.9) fo=> mEnd
kEZ
and
(2.10) sup 2P, < 00)7 < C, 1o, »
S

where0 < pup < A - 28P(y, # oo)% for some constantl and v, is the stopping time
associated with*.
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Proof. (i)=(ii). Let f = (f.)s0 € wD,. Then there exists an optimal cont(al, ),,>, such that
| fn] < An_1. Consequently,

2

n—1
1=0

Define stopping times for all € Z:
v = inf{n > 0: S,(f) + 2\, > 2}, (inf ) = o),
anda® andy, are as in the proof of Theorém 2.1. Then py (2.11) we have
S(a*) < g (S(f+1) + S(f*)) < P(wy # 00) .

Thus||S(a®)|| < P(uy # 00) 7 and there exists aaf such thaE,,a* = a*, n > 0. Itis clear

thata® is a(2, p, c0) atom. Similar to the proof of Theoregm 2.1, we can prgve|(2.9) and](2.10).
The proof of the implication (i (i) is similar to that of Theorern 2,.1.

The proof is completed. O

Remark 2. The two inequalities in (i) of Theorenjs 2.1 and]2.2 were obtainedlin [3]. Here
we establish the relation between atomic decompositions of weak martingale Hardy spaces and
martingale inequalities.
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