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Abstract

In this paper we establish some new weighted multidimensional Griss type
integral and discrete inequalities by using a fairly elementary analysis .
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In 1935, G. Grussd] proved the following classical integral inequality (see,
also [, p. 296)):

[ r@se- (7 [ @) (1 [wa)

<

1
4 New Weighted Multivariate
Gruss Type Inequalities

provided thatf andg are two integrable functions dn, b| such that

B.G. Pachpatte
p< f(r) <P q<g(r)<Q,
Title Page
for all z € [a, b], wherep, P, ¢, ) are constants.
Contents

A large number of generalizations, extensions and variants of this inequality
have been given by several authors since its discovery,lség [4] — [6] and P >
the references given therein. The main purpose of this paper is to establish new
weighted integral and discrete inequalities of the Griss type involving functions
of several independent variables. The analysis used in the proofs is elementary Go Back
and our results provide new estimates on inequalities of this type.
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In what follows,R andN denote the set of real and natural numbers respectively.

Let D; [CL,b] = {SL’I Ty < T < bl} for i = 1,...,n, ai,bi € R, D =
[T D; [a;, b;] and D be the closure of). For a differentiable functiom (z) :
=1

D — R, we denote the first order partial derivatives%g—) (t=1,...,n)and
[ u(z) dz then-fold integral

by b
/ / u(xy, ..., xy)dey ... dz,.
ou ou (x)

then we say that the partial derivativ%%) are bounded. LetV;[0,a;] =
{0,1,2,...,a;}, a; € N, (i=1,...,n) andB = [] N;[0,a;]. For a func-

Y

e x€D

i=1
tion z (z) : B — R we define the first order forward difference operators as

Az(z)=z(x1+ 1,29, 20) —2(2),. .., Az ()

=z(x1,...,Tp 1,2y + 1) — 2z (2)

and denote the-fold sum overB with respect to the variable= (v, . . .
B by

Yn) €

a1—1 an—1

Zz(y)zZ---Zz(yl,...,yn).

Y y1=0 Yn=0
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Clearly,

Yoz =) =)

Yy xT

sup |A;z ()] < oo, then we say that the partial differences

forz,y € B.

If || Az

Az (z) are bounded The notation

:Ei—l

> A (.o

ti=yi

7$n>7xi7yi€Ni [Oaa’i] (Z 1)"'7”)7

s Yie1,Liy Tig1y - o

we mean foi = 1itis > 7'~ " Arz(t,72,...,2,) and so on, and far= n itis
SN, Xz (e

by ., Un—1,1n). We use the usual convention that the empty
sum is taken to be zero. We use the following notations to simplify the details
of presentation.

For continuous functiong, ¢ defined onD and differentiable oD, w (z) a
real-valued nonnegative and integrable function for eveeyD with [ w (z) dz
> 0 andz;,y; € D; [a;, b;], we set

A[w,p,q}z/D w (@) p(x) g (z) de

)(/Dw<x>q<x>dx),

?Ji|-
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For the function®, ¢ : B — R whose forward differenced;p, A;q exist,
w (z) a real-valued nonnegative function defined®rand)_ w (z) > 0 and

xi,y; € N; [0, a;], we set

L[w,p,q|

=Y 0@ @) - s (Zwmpm) (Zw@:)qm) ,

x

=1

Our main results on weighted Griss type integral inequalities involving func-

tions of many independent variables are embodied in the following theorem.

Theorem 2.1. Let f, g be real-valued continuous functions @éhand differen-
tiable onD whose derivativegL, 22 are bounded. Let () be a real-valued,

nonnegative and integrable function forc D and [, w (z) dz > 0. Then

(2.1) [Afw, f, gl
1

SW/DM(:E) {|g(3§)‘/DH[faxiayi]w(y)dy

11f (@) /D H (g, 21,y w (y) dy| de,
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g
S(fD (1)d:v / (/fo“% W) )
. ( [ Hlgaslww dy) dr.

Remark 2.1. If we taken = 1 andD = I = {a < z < b} in (2.1), then we get

New Weighted Multivariate

b 1 b b Gruss Type Inequalities
[ewroswi-———([wasoa) ([ vogoa
a fa w (t) dt a a B.G. Pachpatte
1 b b
< — t t "o |t — d
< T —[w fla1 [ 1711 - slw ) as e
b Contents
HFOL [t sl (s)ds| e
a <4 >
Similarly, one can obtain the special version @f4). It is easy to see that the < >
upper bound given on the right side in the above inequality (whgh = 1) is
: . . Go Back
different from those given by Griss i [
Close
The next theorem deals with the discrete versions of the inequalities in The- _
orem2.1 Quit
Page 7 of 18

Theorem 2.2. Let f, g be real-valued functions defined éhand A; f, A, g are
bounded. Letv (x) be a real-valued nonnegative function defined ®rand
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Y w(xz) > 0. Then

x

(2:3) |L[w.f H_QZW 2w @) lo @2 M S ule )

+|f($>|ZM[9a$i,yi]w(y)] ;
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@4) |L(w,f.9)| < gD w2
w(x z
(zx: ( )) Title Page
(ZM frwi g w ) (ZM 9, @i yil w (y ))- contents
<44 >
Remark 2.2. In a recent paper §] the author gave multidimensional Griss < 4
type finite difference inequalities whose proofs were based on a certain finite Go Back
difference identity. Here we note that the inequalities established.8) &nd
(2.4) are of more general type and can be considered as the weighted general- Close
izations of the similar inequalities given in]f Quit
Page 8 of 18

J. Ineq. Pure and Appl. Math. 4(5) Art. 108, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/

2.1

Letz = (z1,...,7,) € D, y = (y1,...,9,) € D. From then-dimensional
version of the mean value theorem we have (Sep.[174])

1) Py =) =3 2 -
and
(3.2) =3 agéc Vi),

wherec = (1 +a (1 —v1),- - Yo +a(z, —yn)) (0 < a < 1). Multiply-
ing both sides of%.1) and @.2) by ¢g(z) and f (x) respectively and adding we
get

(3.3) 2f (w)g(x) —g(z) f(y) — f(x)g(y)
- g(wZ%@ (i =) +f (@) Y agaf) )

i=1 i=1

Multiplying both sides of 8.3) by w (y) and integrating the resulting identity
with respect tq) over D we have

6 2( [ wwir) rs )
9@ [ w@ @)= @) [ 0y
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Jw (y) dy.

/ Z 6@ ydy+f (@ / Z 0@ ni

Next, multiplying both sides of3(4) by w (z) and integrating the resulting iden-
tity with respect tar on D we get

—< 5

+/

From (3.5) and using the properties of modulus we have
|Afw, f, 9]l

< e @ (
+/Dw<x>|f<x>r ( i

8gc

|z — yil w (y) dy) dw]
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2 [yw(x)de

of
8.’171'

lz; — vl w (y) dy

oo

190 / Z

dg
8@-

i — yil w (y) dy] dzx

19(2)| /D HLf. 2. w () dy

@) [ H[g,xi,yi]w<y>dy] in.

This is the required inequality ir2(1).

Multiplying both sides of 8.1) and @.2) by w (y) and integrating the result-

ing identities with respect tg on D we get

(3.6) ( / w<y>dy)f<x>— [wwwa

and

= /DZ agx(j) (zi —yi)w (y) dy

(3.7) ( / w(y)dy)gm— [ oot

ypCy

—yi)w(y) dy.
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Multiplying the left sides and right sides d3.6) and 3.7) we get

(3.8) (/Dw<y>dy)2f<x>g<x>— (Lw<y>dy)f<x>/l)w<y>g<y>dy
([ ) @) [ Wiy
(/ ></w(y)g(y)dy>

(/Z oz, 1 )(/Z ol G <>dy)

Multiplying both sides of 8.8) by w (z) and integrating the resulting identity
with respect tar on D, by simple calculations we obtain

B.9) [ w(x)f(z)g(x)d

)
—W([Dwmﬂx)dw) ([w@oa)
-t w (z) (L;%(xi—yi)w(y)do

X (/D Z 865;%(26) (2 —yi) w (y) dy) dz.

From 3.9) and following the proof of the inequality? (1) with suitable modifi-
cations we get the required inequality ihZ). The proof is complete. O

8

New Weighted Multivariate
Gruss Type Inequalities

B.G. Pachpatte

Title Page
Contents
<44 44
< >
Go Back
Close
Quit
Page 12 of 18

J. Ineq. Pure and Appl. Math. 4(5) Art. 108, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/

Remark 3.1. Multiplying the left sides and right sides &.() and 3.2), then
multiplying the resulting identity by (y), integrating it with respect tg on D,
again multiplying the resulting identity by (z), integrating it with respect ta
over D and following the similar arguments as in the proofs ®flj, (2.2) we
have

(3.10) [Alw, [, 4]|

< 2waW/Dw(I) (/J)H[f,xi,yi]H[gaxiyyi]w(y) dy) dz.
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2.2

Forz = (z1,...,2,),y = (y1,...,y,) In B, it is easy to observe that the
following identities hold (seed):

x;—1
(4.1) f(x)— Z{ZAf yla'-*7yi—17ti7xi+17”-7$n)}
= ti=y;
New Weighted Multivariate
and Griss Type Inequalities
z;—1 B.G. Pachpatte
(42) g(fE)— Z{ZAZQ y17'-'ayi—lativxi-i-la"w'rn)}'
=t M= Title Page
Multiplying both sides of 4.1) and @.2) by g () and f (z) respectively, and Contents
adding we obtain
<4< 44
(4.3) 2f(x)g(z) —g(x) f(y) — f(2)g(y) < >
x;—1
Go Back
Z {Z A f Yy, - .- ,yifl,ti,l’z}l,. .. ,l’n)}
i=1 \ti=y; Close
zi—1 QUIt
Z ZAzg yl,---;yi—htiami—‘rl)--wxn) .
i1 ey Page 14 of 18
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Multiplying both sides of4.3) by w (y) and summing both sides of the resulting
identity with respect tg over B, we have

4.4) 2> wy) f(@)g@) —g@)d wy) fy)—f (@)Y wy)gy)

:g(:p)z <Z{iAif(yl,-.~7?/¢—1,tz‘,$z‘+17---,$n)}> w (y)

Y =1 \ti=y;

n xz;—1 New Weighted Multiv_a_riate
+ f (l‘) Z Z Z Aig (y1, Vit b Tigs ,l’n) w <y) ) Griiss Type Inequalities

y i=1 (t;=y; B.G. Pachpatte

Now, multiplying both sides 0f4.4) by w () and summing the resulting iden-

tity with respect tar on B we have Title Page
Contents
(4.5) 2 (Z w <y>) > w(z) f(x)g(x) « >
Y ’ < >
- (Z w(z)g (l’)) (Z w(y) f (y)> - (Z w(z) f (fv)> (Z w(y)g (y)> Go Back

Close

= Zw(x)g(m) [Z (Z { i Aif (Y1, Yio1s iy Tig1y - - - ,xn)}> w (y)] Quit

y i=1 \t;=y; Page 15 of 18
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From (4.5) and using the properties of modulus we have

L (w, f,9)!|
1
< m [Zz:w(x) g ()]

XZ(Z { 4 |Azf y1,---,yi_l,ti,l‘i_i_l,...,:L‘n)|}‘)w(y)

+%)ux x|
xz<”

22w DG [wﬂg(;

Li — yz’) w (y)]

DI PNN

%—wowwi

CD> (Z 2.

22“} Zw [zm:w(x)g(x

@I (Z TN

{2 1Aig (Y1, Yio1, tis Tits -+ -5 T \}|>w(y)]
“AN Z}}DW@)

%—mow@
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QZw Zw [’g(xH;M[ﬁxi;yi]w(y)

+[f(x !ZM g, Ti, Yi] w )],

which is the required inequality in (2.3).
The proof of the inequality4.4) can be completed by following the proof of
(2.3) and closely looking at the proof o2 (2). Here we omit the details. [

Remark 4.1. Multiplying the left sides and right sides ¢f.() and @.2), then
multiplying the resulting identity by (), summing it with respect tpover B,
again multiplying the resulting identity by (x), summing it with respect to
over B and closely looking at the proof of the inequalif3) we get

(4.6) |L(w, [, 9)|

_2Zw Zw <%:M[faxz‘yyﬂM[gﬁi,yi]w(y))-

In concluding we note that ir’] Fink has given some Griss type inequali-

ties for measures other than the Lebesgue measure, including signed measures

which provide different upper bounds. In addition, i} few proofs to some

old results are also given. However, the inequalities established here are differ-

ent and cannot be compared with those of giver’]n [
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