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Abstract

Recent reverses for the discrete generalised triangle inequality and its contin-
uous version for vector-valued integrals in Banach spaces are surveyed. New
results are also obtained. Particular instances of interest in Hilbert spaces and
for complex numbers and functions are pointed out as well.
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26D15, 26D10

Key words: Reverse triangle inequality, Hilbert spaces, Banach spaces, Bochner in-
tegral.
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Thegeneralised triangle inequalitynamely

n n
dowll <>l
=1 i=1

provided(X, ||.||) is a normed linear space over the real or complex field R,
Candz;, 7 € {1, ...,n} are vectors inX plays a fundamental role in establishing
various analytic and geometric properties of such spaces.

With no less importance, theontinuousversion of it, i.e.,

[ s < [irona

wheref : [a,0] C R — X is a strongly measurable function on the com-
pact intervalla, b] with values in the Banach spaééand||f ()| is Lebesgue
integrable ona, b], is crucial in the Analysis of vector-valued functions with
countless applications in Functional Analysis, Operator Theory, Differential
Equations, Semigroups Theory and related fields.

Surprisingly enough, the reverses of these, i.e., inequalities of the following

type
/a ) dtH ,

(1.1)

b
- Hf(t)Hdtsc]

n
Mlal<c
=1

n
>
i=1
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with C' > 1, which we callmultiplicative reversesor

n n
2 lleill < 1>
i=1 i=1

with M > 0, which we calladditive reversesunder suitable assumptions for
the involved vectors or functions, are far less known in the literature.
It is worth mentioning though, the following reverse of the generalised tri-

angle inequality for complex numbers Reverses of the Triangle
Inequality in Banach Spaces

M /abllf(t)lldtﬁ‘/abf(t)dtH+M,

cos 0 Z ’Zk’ S Z %l S.S. Dragomir
k=1 k=1
. . . Title Page
provided the complex numbetg, k£ € {1,...,n} satisfy the assumption
Contents
a—0<arg(z) <a+46, forany ke {1,...,n}, <« R
wherea € R andd € (0, 7) was first discovered by M. Petrovich in 19177] < »
(see PO, p. 492]) and subsequently was rediscovered by other authors, includ- —
ing J. Karamatal4, p. 300 — 301], H.S. Wilf 5], and in an equivalent form
by M. Marden [ .&]. Marden and Wilf have outlined in their work the impor- Close
tant fact that reverses of the generalised triangle inequality may be successfully Quit
applied to the location problem for the roots of complex polynomials.
Page 5 of 99

In 1966, J.B. Diaz and F.T. Metcalf] proved the following reverse of the
triangle inequality in the more general case of inner product spaces:
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Theorem 1.1 (Diaz-Metcalf, 1966).Leta be a unit vector in the inner product
space(H; (-,-)) over the real or complex number fiell. Suppose that the
vectorsy; € H\{0},7 € {1,...,n} satisfy

Re (x;, a)

0<r< , 1e€{l,...,n}.
[l
Then
r Z sz H < Z il s Reverses of the Triangle
i=1 i=1 Inequality in Banach Spaces
where equality holds if and only if S.S. Dragomir
in =r (Z Hmz”) a. Title Page
= = Contents
A generalisation of this result for orthonormal families is incorporated in the P o
following result [].
. : < | 2
Theorem 1.2 (Diaz-Metcalf, 1966).Letay, ..., a, be orthonormal vectors in
H. Suppose the vectoss, ..., z, € H\ {0} satisfy Go Back
Re (z;, ay) , Close
0<r, < ——-, 1e€{l,...,n}, ke{l,...,m}. _
Then Page 6 of 99
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where equality holds if and only if

n n m
S (z nxiu) S
=1 =1 k

=1

Similar results valid for semi-inner products may be foundlid,[[16] and

[19].

Now, for the scalar continuous case.

It appears, se€e’]), p. 492], that the first reverse inequality fdr.J) in the Revelyse{s of the Thriangle
case of complex valued functions was obtained by J. Karamata in his book from ~"efu! it Banach Spaces
1949, [L4]. It can be stated as S.S. Dragomir

b b
cos@/ |f (z)|dx < / f(z)dx Title Page
‘ ‘ Contents
provided
—0<argf(z) <0, z€la,b] « dd
for givend € (0,%). < 4

This result has recently been extended by the author for the case of Bochner Go Back
integrable functions with values in a Hilbert spakie|If by L ([a,b]; H), we ——
denote the space of Bochner integrable functions with values in a Hilbert space
H,i.e.,we recall thaf € L ([a,b]; H)ifand only if f : [a,b] — H is strongly Quit
measurable ofu, b] and the Lebesgue integrﬁj Il f (¢)]| dt is finite, then Page 7 of 99

b
a2) [l x|

b
f (t) dt J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005
’ http://jipam.vu.edu.au
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provided thatf satisfies the condition
If (6)ll < KRe(f (t),e) forae.tela,b,

wheree € H, |e|]| = 1 andK > 1 are given. The case of equality holds in3)

if and only if i b
/a f<t>dt:%(/a Hf(t)||dt) e.

The aim of the present paper is to survey some of the recent results concerning  Reverses of the Triangle
multiplicative and additive reverses for both the discrete and continuous version  neduality in Banach Spaces
of the triangle inequalities in Banach spaces. New results and applications for S.S. Dragomir

the important case of Hilbert spaces and for complex numbers and complex
functions have been provided as well.
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In [2], Diaz and Metcalf established the following reverse of the generalised
triangle inequality in real or complex normed linear spaces.

Theorem 2.1 (Diaz-Metcalf, 1966).If FF : X — K, K = R,C is a linear
functional of a unit norm defined on the normed linear spAcendowed with

the norm||-|| and the vectors, ..., x,, satisfy the condition
(2.1) 0<r<ReF(r), ie€{l,...,n}; R —
then Inequality in Banach Spaces
n n S.S. Dragomir
(2.2) P>l < |
= = Title Page
where equality holds if and only if both Contents
. 3 <4< 44
@3) 4 (Z ) =7l
i=1 i=1 < >
and Go Back
- - Cl
(2.4) FIS o) =S ose
i=1 i=1 Quit
If X = H, (H;(-,-))is aninner product space aftz) = (z,e), |le|| = 1, Page 9 of 99

then the condition4.1) may be replaced with the simpler assumption

J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005
(2.5) 0<r Hle < Re <37i> 6) , i=1,...,n, http://jipam.vu.edu.au
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which implies the reverse of the generalised triangle inequéatitg).( In this
case the equality holds i @) if and only if []

(2.6) Zx = (Z ||x¢||> g

Theorem 2.2 (Diaz-Metcalf, 1966).Let F}, ..., F,, be linear functionals on
X, each of unit norm. As inf], let consider the real numberdefined by

o= sup [Zk_n () ] |
2#0 |
it then follows thatl < ¢ < m. Suppose the vectors, ..., x, whenever:; #
0, satisfy
(2.7) 0 <rgllzi|| <ReFy (), i=1,....,n, k=1,...,m.

Then one has the following reverse of the generalised triangle inequality [

(2.8) (Z’“ ”’“) Z i) < sz

where equality holds if and only if both

(2.9) F (Z x) =7 > il
=1 i=1

Y
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and

(2.10) >

m 2
k=1

If X = H, an inner product space, then, féf, (zr) = (z,e), where
{ex}p_1x is an orthonormal family inf7, i.e., (e;, ;) = &i5, 1,7 € {1,...,k},
d;; 1s Kronecker delta, the conditio (/) may be replaced by

Reverses of the Triangle

(2.11) 0 <ry HIZH < Re <xi7 €k> ) i=1,...,n, k=1,...,m; Inequality in Banach Spaces
implying the following reverse of the generalised triangle inequality S.S. Dragomir
3

(2.12) (Z 7”1%) Z ]| < Z zill, Title Page

k=1 i=1 i=1 Contents
where the equality holds if and only if PP >
(2.13) T, = X TkCh-

; ; H H ; o Go Back

Close

The aim of the following sections is to present recent reverses of the triangle
inequality obtained by the author id][and [5]. New results are established for Quit
the general case of normed spaces. Their versions in inner product spaces are
analyzed and applications for complex numbers are given as well.

For various classical inequalities related to the triangle inequality, see Chap-

. . Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005
ter XVII of the book [2(] and the references therein. http://jipam.vu.edu.au
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The following result may be stated][

Theorem 3.1 (Dragomir, 2004).Let (X, ||-||) be a normed linear space over the
real or complex number fiel and F, : X — K, k € {1,..., m} continuous
linear functionals onX. If z; € X\ {0}, € {1,...,n} are such that there
exists the constanig > 0, k € {1,...,m} with> " , r, > 0 and

(3.1) Re Fy (z;) > . |||

foreachi € {1,...,n} andk € {1,...,m}, then

- >0k Bl ||
(3.2) sl <SS —— || D i

The case of equality holds i68.Q) if both

o ()5 ()5

=1 i=1
and
k=1 =1 k=1 =1

Reverses of the Triangle
Inequality in Banach Spaces
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Proof. Utilising the hypothesis3.1) and the properties of the modulus, we have

(5m) (572 e (5 7) (55).
> gReFk <§x> _ g;ReFk ()
> (fj) il

On the other hand, by the continuity propertyf & € {1,...,m} we obvi-
ously have

(3.6) I = ‘ (Z Fk> (Z m) STOF Dl
k=1 =1 k=1 =1

Making use of 8.5) and 3.6), we deduce the desired inequali8/?).

Now, if (3.3) and @.4) are valid, then, obviously, the case of equality holds
true in the inequality%.2).

Conversely, if the case of equality holds %), then it must hold in all the
inequalities used to prov8(). Therefore we have

(3.7) Re Fy (x;) = ry |||
foreachi e {1,...,n}, ke {1,...,m};

(3.8) Zm:Ika (i: $Z> =0
k=1 i=1

(3.5) = > [Re

<

Reverses of the Triangle
Inequality in Banach Spaces
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and

(3.9) > ReF <Z 3:) = >
k=1 i=1 i=1

Note that, from 8.7), by summation over andk, we get

(3.10) (Z Fk) (Z m)] = (Z rk> >l -
k=1 i=1 k=1 i=1 i
Reverses of the Triangle
Since 8.8) and 3.10 imply (3.3), while (3.9) and @.10 imply (3.4) hence the Inequality in Banach Spaces
theorem is proved. ] S.S. Dragomir
Remark 1. If the norms||Fy||, k£ € {1,...,m} are easier to find, then, from
(3.2), one may get the (coarser) inequality that might be more useful in practice: Title Page
Ek 1 HFkH Contents
3.11 x| < i
(3.11) Z il g —
< | 2
Go Back
The case of inner product spaces, in which we may provide a simpler condition p—
for equality, is of interest in applications]|
Quit

Theorem 3.2 (Dragomir, 2004).Let (H; (-, -)) be an inner product space over
the real or complex number fiel, e, x; € H\ {0}, k € {1,...,m},i € Page 14 of 99
{1,...,n}. Ifry,>0,ke{l,...,m}with} ;" r, > 0 satisfy

J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005
(3.12) Re (x4, ex) > i ||| http://jipam.vu.edu.au
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foreachi e {1,...,n} andk € {1,...,m}, then

S

=1

I el
3.13 T
(313) §ju T

The case of equality holds iB.(L3 if and only if

(3.14) > a= HZZEET:H (Z [ II>Z

=1

Proof. By the properties of inner product and 18,12, we have

<>

:ng (z) >l > 0

k=1

3 MS TTMS

Observe also that, bg(15, > ;" e # 0.
On utilising Schwarz’s inequality in the inner product spaég (-, -)) for
o Ty Y one €, We have

n
PIE
i=1

(3.16)

gt

=1

k=1

Reverses of the Triangle
Inequality in Banach Spaces

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 15 of 99

J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

Making use of 8.15 and @.16), we can conclude thaB(13 holds.
Now, if (3.14) holds true, then, by taking the norm, we have

(S ) S ijH

1= e’ o
Zk 1 Tk)
)>arps Z I
i.e., the case of equality holds i&.(3).

Conversely, if the case of equality holds 113, then it must hold in all the
inequalities used to prov&(L3. Therefore, we have

(3.17)

n

>

=1

Re (4, ex) = ry |||

foreachi € {1,...,n}andk € {1,...,m},

(3.18) ix, iek = |< ; xi,iek>
i=1 k=1 i=1 k=1
and
(3.19) Im< Y mi,iek> =0
i=1 k=1

From 3.17), on summing ovei andk, w

B (B 5

=1

(3.20)

Reverses of the Triangle
Inequality in Banach Spaces
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By (3.19 and .20, we have

(3.21) <Z$Z€k> = (Zm) (el
k=1 =1 1

i=1 k =

On the other hand, by the use of the following identity in inner product spaces

2 2 2 2
3.22) H B K et [ 15 TS
o] o] _
. . . Reverses of the Triangle
the relation 61& holds if and onIy if Inequality in Banach Spaces
n n ] m m S.S. Dragomir
(3.23) D ai= 2 ik Zk:; ) > en
i=1 ||Zk:1 €k ” k=1
. I . . Title Page
Finally, on utilising 3.21) and .23, we deduce that the conditioB.(4) is
necessary for the equality case $11(3. O CaliEis
44 44

Before we give a corollary of the above theorem, we need to state the follow-
ing lemma that has been basically obtained'in For the sake of completeness, < >
we provide a short proof here as well.

Go Back
Lemma 3.3 (Dragomir, 2004).Let (H; (-, -)) be an inner product space over ——
the real or complex number field andz,a € H, » > 0 such that:
Quit

(3.24) |z —al <r<|al.
Page 17 of 99

Then we have the inequality

J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005

(3.25) ||3:H (Ha||2 — 7"2) 2 < Re <x’ a> http://jipam.vu.edu.au
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or, equivalently
(3.26) [* la]]* = [Re {z, a)]* < 7* [|z]|*.
The case of equality holds i6.25 (or in (3.26) if and only if

(3.27) |z —al =7 and ||z|* + 7% = ||a|®.

Proof. From the first part of.24), we have

2 2 R f the Tri |
(3.28) lz]I* + [la]l* = r* < 2Re(z,q). Inequaliy n Banach Spaces
1 .
By the second part of3(24) we have(|ja||” — r?)® > 0, therefore, by 8.29), S.S. Dragomir
we may state that
9 Title Page
x| 1 2Re(z,a
(3.29) 0 < HQ—’é + (||a - r2)2 < 2—<>§ Contents
(llall” = r2) (lall® = 72)
g - . - “ >>
Utilising the elementary inequality p >
1
aq+o¢p22\/p, a>0,p>0,qg>0; Go Back
1 Close
with equality if and only ifa = \/%, we may state (forv = ([la||” —7?)?, Quit

- 2
p=1,¢=|z[") that Page 18 of 99

2
T 1
“ H + (||CL||2 - 7’2) . J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005

(3.30) 2|z]] < -
(HCLH2 — 7’2) 2 http://jipam.vu.edu.au
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The inequality 8.25 follows now by 3.29 and 3.30).

From the above argument, it is clear that the equality holdS.i25 if and
only if it holds in (3.29 and 3.30. However, the equality holds i3 (29 if and

only if |z — a|| = r and in @.30) if and only if (||a||* — )
The proof is thus completed.

We may now state the following corollary]f

Corollary 3.4. Let(H; (-, -)) be an inner product space over the real or complex
number fieldK, ey, z; € H\ {0}, k € {1,...,m},i € {1,...

ke{l,...,m} with
(3.31) [l = exll < pr < [lel]

foreachi e {1,...,n}andk € {1,...,m}, then

n m e
i=1 Zkzl (HekH - Pk

The case of equality holds i6.G2 if and only if

S /(121
3 o= B (S ) e

=1 =1 1

sz |

Proof. Utilising Lemma3.3, we have from §.31) that

1
il (llexll” — p)* < Re (2, ex)

Reverses of the Triangle
Inequality in Banach Spaces
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foreachk € {1,...,m}andi € {1,...,n}.
Applying TheorenB.2for

1
re = (len]” = p2) %, ke{l,...,m},

we deduce the desired result. O

Remark 2. If {ex},(, ., are orthogonal, then3.32 becomes

Z H ” 2) 1 Reverses of the Triangle
™ e 2 n Inequality in Banach Spaces
(3.33) > =T D < oo
=R T B
with equality if and only if e e
1
zn:x. D ke (Hek“ 2 Z ] Z Contents
i=1 > ke llen <4< (44
. . < >
Moreover, if{ex},c(, ) IS @ssumed to be orthonormal and
Go Back
lx;i — ekl < pr forke{l,....m},ie{l,...,n} Close
wherep,, € [0,1) for k € {1,...,m}, then Quit
n Page 20 of 99
(3.34) >l < . le
i=1 Zk 1 (1 — pk 2 i=1 J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005
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with equality if and only if

in > — i)’ (Zl|x2||> Z

The following lemma may be stated as wel).[

Lemma 3.5 (Dragomir, 2004).Let (H; (-, -)) be an inner product space over

the real or complex number field, z,y € H andM > m > 0. If
(3.35) Re My —x,z —my) >0

or, equivalently,

m—l—M
(3.36) . H Lygya——
then
1 M+m
3.37 x Re (z,y) .
(3.37) 2] [|y]| < =i (z,y)

The equality holds in3.37) if and only if the case of equality holds i.85
and

(3.38) ]l = vVmM [yl
Proof. Obviously,

Re (My — x,x —my) = (M +m)Re (z,y) — |lz]* = md |y|*.
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Then (.35 is clearly equivalent to

(3.39) I21” | dg pyp < M

Re (z,y) .
Vil Vg ety
Since, obviously,
(3.40) 2 e 1yl < jL Vi gl
with equality iff ||| = vVmM ||y||, hence 8.39 and @.40 imply (3.37).
The case of equality is obvious and we omit the details. H

Finally, we may state the following corollary of Theorén?, see p].

Corollary 3.6. Let(H; (-, -)) be aninner product space over the real or complex
number fieldK, ey, z; € H\{0}, k € {1,...,m},i € {1,...,n}. If M >
ur >0,k €{1,...,m} are such that either

(3.41) Re (Myer — x4, 2 — pipeg) > 0

or, equivalently,

(My, — ) |ex]]

foreachk € {1,...,m}andi € {1,...,n}, then

- e lekn
(3.42) >zl < e

i=1 D ket uk+Mk

n

>
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The case of equality holds iB.42) if and only if
- Zk 1 2 \//T

i=1 i=1

Proof. Utilising Lemma3.5, by (3.41) we deduce
2 - /g My,
i + M,

foreachk € {1,...,m}andi € {1,...,n}.
Applying Theorents3.2for

2/ My,

T -—
i + My

we deduce the desired result.

uk+Mk
D wi= S Zek-

] lexll < Re {z;, ex)

lexll, ke f{L,....m},
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In 1961, G. Lumer ] 7] introduced the following concept.

Definition 4.1. Let X be a linear space over the real or complex number field
K. The mapping-, -] : X x X — Kis called a semi-inner product oH, if the
following properties are satisfied (see alsg p. 17]):

(1) [x+y, 2| =[z,2z] + [y, 2] forall z,y, z € X;

(17) [Az,y] = Az,y]forall z,y € X and\ € K;
(13) [z,2z] > 0forall z € X and[z,z] = 0 impliesz = 0;
(iv) |[z,y])* < [z, ] [y,y] forall z,y € X;

(v) [z, \y] = A, y] forall z,y € X and )\ € K.

It is well known that the mappin > z — [m,x]% € Ris a norm onX
and for anyy € X, the functionalX > = —% [z,y] € K is a continuous linear
functional onX endowed with the norrjj-|| generated by, -] . Moreover, one
has||¢,| = ||yl (see for instance3] p. 17]).

Let (X, |-||) be a real or complex normed space.JIf X — ,X* is the
normalised duality mappindefined onX, i.e., we recall that (see for instance

[3, p. 1])

J (@) ={p € X7 () = el llzll; llell = ll=ll}, =€ X,
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then we may state the following representation result (see for instange [
18)):

Each semi-inner produdt, -] : X x X — K that generates the nor|| of
the normed linear spacgX, ||-||) over the real or complex number fiek] is of
the form

[z, y] = <J(y),w> forany z,y € X,

where J is a selection of the normalised duality mapping aodz) := ¢ ()

forp € X*andz € X. Reverses of the Triangle
Utilising the concept of semi-inner products, we can state the following par- ~ '"eauality in Banach Spaces

ticular case of the Diaz-Metcalf inequality. S.S. Dragomir

Corollary 4.1. Let (X, ||-||) be a normed linear space, -] : X x X — K a
semi-inner product generating the notfrj| ande € X, |le|| = 1. If z; € X, Title Page
ie{l,...,n}andr > 0 such that

Contents
(4.1) r|lz;|| < Relz;,e] foreachie {1,...,n}, <« >
then we have the inequality < 4
n n Go Back
(4.2) TZ [|lzi]| < Zﬂfz Close
i=1 i=1 Quit

The case of equality holds id.Q) if and only if both Page 25 of 99

n n
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and

(4.4) [i wi, e ]

The proof is obvious from the Diaz-Metcalf theorem Theorem 3] applied
for the continuous linear function&l (x) = [z,¢e], x € X.

Before we provide a simpler necessary and sufficient condition of equality
in (4.2), we need to recall the concept of strictly convex normed spaces and @  Reverses of the Triangle
classical characterisation of these spaces. INETUEN [ SEmEED Spaess

Definition 4.2. A normed linear spacgX, |-||) is said to be strictly convex if for 5 bragomit

everyz, y from X withx # y and||z|| = |ly|]| = 1, we havd|\x + (1 — \) y|| <

1forall A € (0,1). Title Page
The following characterisation of strictly convex spaces is useful in what Contents
follows (see 1], [1], or [3, p. 21]). <« >
Theorem 4.2. Let (X, ||-||) be a normed linear space ov& and|-, -] a semi- < >
inner product generating its norm. The following statements are equivalent: o Back
0 bacC
(7) (X, ||I-|) is strictly convex; Close
(17) Foreveryz,y € X, x,y # 0 with [z,y] = ||z| ||y||, there exists & > 0 Quit

such thatr = \y. Page 26 of 99
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Corollary 4.3. Let (X, ||-]|) be a strictly convex normed linear spade,| a
semi-inner product generating the norm and; (i € {1,...,n}) as in Corol-
lary 4.1. Then the case of equality holds #h2) if and only if

(4.5) Z%’z =T (Z ||$z||> =

Proof. If (4.5) holds true, then, obviously

n n n
S = (z nxin) el =3l
=1 =1 =1

which is the equality case id (2).

Conversely, if the equality holds id (2), then by Corollaryt.1, we have that
(4.3 and @.4) hold true. Utilising Theorem.2, we conclude that there exists a
i > 0 such that

(4.6) zn::m = ue.
i=1

Inserting this in {4.3) we get

n
2
pllel =7 Il
i=1

giving
(4.7) p=r> .
i=1
Finally, by (4.6) and @.7) we deduce4.5) and the corollary is proved. O]
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Assume thaty, k € {1,...,m} are bounded linear functionals defined on the

normed linear spac¥.
Forp € [1, ), define

{zz”;l |Fy W] z

(cp) ¢, 1= sup
g ' l]]”

x#0

and forp = oo,

_ | ()]
e = s U )

Then, by the fact thaltf’y, (z)| < ||Fx|| ||=| for anyz € X, where| Fy|| is the
norm of the functionaF},, we have that

o< (zm@ e
k=1

and

Coo < max || Fl.
1<k<m
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Theorem 5.1. Let x;, 1y, Fy, k € {1,...,m}, ¢ € {1,...,n} be as in the
hypothesis of Theoref1l Then we have the inequalities

e max |Fi|
||Zi:1 xz” g}fag( {’I“k} Iggaéx {Tk}

The case of equality holds iB.Q) if and only if

Reverses of the Triangle
(5'2) Re | Fj (Z xl)] =Tk Z Hml” foreach k € {17 Tt 7m} Inequality in Banach Spaces
i=1 i=1
q S.S. Dragomir
an
- . - ' Title Page
(5.3) 1r§r}€a§>fnRe F (Z xl>] = Coo sz
i=1 i=1 Contents
Proof. Since, by the definition of.,, we have <« Y
(o ||Z|| > max |Fy (z)|, foranyz e X, < >
1<k<m
Go Back
then we can state, far= 3" | z;, that
Close

5.4) ¢

> max

> max
1<k<m

1<k<m

n
PRE
i=1

“(5)

-]
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Utilising the hypothesis3 1) we obviously have

max
1<k<m

z”: Re Fy (z;)
i=1

n
> Z 1.
> 1%%}%{7”"’} > [EA
1=

Also, >~ | z; # 0, because, by the initial assumptions, notraliandz; with

ke {l,...,m}andi € {1,...,n} are allowed to be zero. Hence the desired

inequality 6.1) is obtained.
Now, if (5.2) is valid, then, taking the maximum overe {1,...,m} in this
equality we get

max Re

1<k<m ’

i (Z )] = s, |2 o
i=1 - i=1

which, together with%.3) provides the equality case iB.().
Now, if the equality holds in¥.1), it must hold in all the inequalities used to
prove 6.1), therefore, we have

(5.5) ReFy (z;) =ril||2i|| foreachie {1,...,n} andk e {1,...,m}

which is 6.3).

From 6.5, on summing over € {1,...,n}, we get 6£.2), and the theorem
is proved. O]

and, from 6.4),

= max Re
1<k<m

Coo

n
>
i=1
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The following result in normed spaces also holds.

Theorem 5.2. Let x;, i, Fi, k € {1,...,m},i € {1,...,n} be as in the

hypothesis of Theoref1l Then we have the inequality

(5.6)

(1<) Z?:l [| ] < Cp (< Z?:l HFka

wherep > 1.
The case of equality holds ib.©) if and only if

(5.7)

and

(5.8)

Re

Dokt Th

1>zl — O, T:Z)%

F, (szﬂ =1, Y |lzil| foreachk e {1,...
=1

i=1

Re Fi (Z)]:

i=1

in: p

k=1

n
2
i=1

Proof. By the definition ofc,, p > 1, we have

& l? =) |F ()P forany z € X,
k=1

1
> P
)
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implying that

n m n p m n P
(5.9) cg sz > Z (Z x1> > Z Re F}, <Z xl)
= k=1 =1 k=1 =1
m n p m n D
Z Re F;, (Z x2>] = Z ZReFk (x;)
k=1 =1 k=1 Li=1
Utilising the hypothesis3. 1), we obviously have that Feveises @it Tl
Inequality in Banach Spaces
m n p m n p
(5.10) Z Z Re Fy, (z;)| > Z Zrk ||Iz||] — Zrk <Z ||9€z||) S.S. Dragomir
k=1 Li=1 k=1 Li=1 k=1
Making use of §.9) and 6.10), we deduce IS FE
Contents
n p m n p
|2 m|| = (Zri) (Zumr) , “« | »
=1 k=1 =1 < >
which implies the desired inequality.©). Go Back
If (5.7) holds true, then, taking the poweand summing over € {1,...,m},
we deduce Clezs

n p m n p QUlt
F <Z9‘%)” => (Z HM) , Page 32 of 99
=1 k=1 =1
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Conversely, if the case of equality holds iB.€), then it must hold in all
inequalities needed to prove.(), therefore, we must have:

(5.11) Re Fy (z;) = rg ||i|]| foreachie {1,...,n} and ke {1,...,m}

n p
Re F}, (Z x,) ] ,
=1
which is exactly §.8).

From (.11), on summing ovei from 1 to n, we deduceX.7), and the theo-
rem is proved. O]

and, from 6.9,

n

>

=1

P
CP

p m
k=1
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In the following we provide an alternative of the Diaz-Metcalf reverse of the
generalised triangle inequality][

Theorem 6.1 (Dragomir, 2004).Let (X, ||-||) be a normed linear space over
the real or complex number fieldand ' : X — K a linear functional with the
property that| ' (z)| < ||z| foranyz € X. Ifz; € X, k; > 0,1 € {1,...,n}

Reverses of the Triangle

are such that
(6.1) (0 <) ||zi|]| — Re F (z;) < k; foreachi € {1,...,n},

then we have the inequality

n

D

i=1

(6.2) (0=) 3 llaill =

=1

The equality holds ing.2) if and only if both

i=1 i=1

Proof. If we sum in 6.1) over: from 1 to n, then we get

=1 =1

(6.4) > llwill < Re
=1

=1 =1 =1
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Taking into account thdf” (z)| < ||x|| for eachz € X, then we may state that

(Sl ()

(%)

Now, making use off{.4) and 6.5), we deducef.?2). _
Obviously, if 6.9) is valid, then the case of equality if.g) holds true. Intenly i Banach Spaces
Conversely, if the equality holds i6 (2), then it must hold in all the inequal-

(6.5) Re

n

S

=1

<

ities used to proveq(2), therefore we have S.S. Dragomir
Z |zi|| = Re | F (Z xl> + Z k; Title Page
= = =t Contents
=1 i=1 i=1
which imply (6.93). o Go Back
The following corollary may be stated][ Close
Quit

Corollary 6.2. Let (X, ||-||) be a normed linear space, ] : X x X — K a
semi-inner product generating the noifr| ande € X, [le|]| = 1. If z; € X, Page 35 of 99
k; >0, i € {1,...,n} are such that
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then we have the inequality

(6.7) 0 laill = ||>_ =

The equality holds ing.7) if and only if both

(6.8) [i xi,e] = ixz and [i xi,e] = i || ]| — ikl
i=1 i=1 i=1 i=1 i=1

=1

Reverses of the Triangle

Moreover, if (X, ||-]|) is strictly convex, then the case of equality holds@rv) Tnegely in R Sprees
if and onIy if S.S. Dragomir
(6.9) 21 il > 21 ki Title Page
and Contents

n n n 44 44
(6.10) ;x = ;Hxill —;k‘ e < >
Proof. The first part of the corollary is obvious by Theoré&ni applied for the Go Back
continuous linear functional of unit norm,, F. (z) = [z,e], z € X. The Close
second part may be shown on utilising a similar argument to the one from the -
proof of Corollary4.3. We omit the details. O] Qui

Page 36 of 99
Remark 3. If X = H, (H;(-,-)) is aninner product space, then from Corollary age =20

6.2we deduce the additive reverse inequality obtained in Theorem!Zpffor
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The following result generalising Theoresnl may be stated].

Theorem 6.3 (Dragomir, 2004).Let (X, ||-||) be a normed linear space over
the real or complex number field. If F, k € {1,...,m} are bounded linear
functionals defined oX andz; € X, My, > 0fori € {1,...,n}, k €

{1,...,m} are such that
(6.11) |zi|| — Re Fy, (z;) < Mg

foreachi e {1,...,n}, k€ {1,...,m}, then we have the inequality

(6.12) > il < %ZFk > +%ZZM,;,€.
=1 k=1 =1 k=1 i=1

The case of equality holds i6.(L2) if both
1 m n 1 m n

(6.13) — Y F =1=) F ;

and

614 SR (Z x> =3l = - 30D M
k=1 i=1 i=1 k=1 j=1

Proof. If we sum 6.11) overi from 1 to n, then we deduce

> llzill — Re Fy (Z x> <> My
=1 =1 =1
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foreachk € {1,...,m}.
Summing these inequalities ovefrom 1 to m, we deduce

(6.15) >l < %ZReFk (Zm) +%ZZM;€
i=1 k=1 i=1

k=1 i=1

Utilising the continuity property of the functional§, and the properties of the
modulus, we have

(6.16) g Re Fy <§: x) < in: Re Fj (Zn: a:)
el

<

Now, by (6.15 and 6.16), we deducefq.12).

Obviously, if 6.13 and ©6.14) hold true, then the case of equality is valid in
(6.12.

Conversely, if the case of equality holds th12), then it must hold in all the
inequalities used to prové (L2. Therefore we have

Z i = %ZRGF/& (Z%) + % ZZMilm
i—1 k=1 i=1

k=1 =1
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m

> B

k=1

i Re F}, <i xl> =
k=1 i=1

and

zm:Ika (zn:xl> = 0.
k=1 i=1

These imply that§.13 and ©.14) hold true, and the theorem is completely
proved. ]

] Reverses of the Triangle
Remark 4. If F,, k € {1,...,m} are of unitnorm, then, fron5(12), we deduce Inequality in Banach Spaces

the inequality

S.S. Dragomir
n n 1 m n
(6.17) Zl ]| < le"z + o ; Zl My, e e
L . . Contents
which is obviously coarser tharb (12, but perhaps more useful for applica-
tions. <« Y
< | 2
Go Back
The case of inner product spaces, in which we may provide a simpler condition Close
of equality, is of interest in applications][
Quit

Theorem 6.4 (Dragomir, 2004).Let (X, ||-||) be an inner product space over
the real or complex number field, e, x; € H\ {0}, k € {1,...,m},i € Page 39 of 99
{1,...,n} . If My, > 0fori e {1,...,n}, {1,...,n} such that
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foreachi € {1,...,n}, k€ {1,...,m}, then we have the inequality

DI

k=1 i=1

(6.19) > ]l <
=1

1 m
m

k=1
The case of equality holds i6.(L9 if and only if

(6.20) Zux,u > —ZZMm

k=1 i=1

and

zn:x' _m (Z?:l || — % D ket Doict Mzk) iek
[ 2
i=1 szbzl ek” k=1

Proof. As in the proof of Theorers.3, we have

(6.22) ZH@H < Re<%Zek,in> ZZMM,
i=1 k=1 i=1

klz—

(6.21)

and) )" ep #0.

On utilising the Schwarz inequality in the inner product spaée(-,

-)) for
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2?21 Ty, Z;n:1 er, we have

m
D
k=1

n

>

i=1

(6.23)

n m
> < z>‘
=1 k=1

(St

By (6.22 and 6.23 we deduce.19).
Taking the norm in§.21) and using §.20), we have

_m (Z?:1 |2l — % D e Die Mzk)
1>k exll ’
showing that the equality holds i6.(L9.

Conversely, if the case of equality holds 119, then it must hold in all the
inequalities used to prové (19. Therefore we have

IV
=
(@)
T
3
2
M=
=
—~

n

>

=1

(6.24) ||zi]| = Re (x;, ex) + M

foreachi e {1,...,n}, k€ {1,...,m},

k=1

(6.25)
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and

(6.26) Im< Y xi,iek> =

k=1

From (6.24), on summing ovef andk, we get

Re <21$Zek> mz ]| — ZZMm

k=1 i=1
On the other hand, by the use of the identi?y2Q), the relation .25 holds if
and only if

(6.27)

ST AES SATE oy
i m 2 k>
pa I2imrenll”™ =

giving, from (6.26) and 6.27), that

RS L o
i1 1 5y ekl p
If the inequality holds in§.19), then obviously .20 is valid, and the theorem
is proved. O

Remark 5. If in the above theorem the vectofs, }, i, are assumed to be

orthogonal, then®.19 becomes:

(6.28) ; ]| < % (; Hekll2>

=

Fo D03 M

k=1 i=1

n
PRE
i=1
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Moreover, if{e; },_i-, is an orthonormal family, ther6(28 becomes

E3 PR EES S BT

k=1 1=1

(6.29) Z laif| < >

which has been obtalned ing).

Before we provide some natural consequences of Theardmwe need
some preliminary results concerning another reverse of Schwarz’s inequality
in inner product spaces (see for instan¢ed. 27]).

Reve'rse_s of the Triangle
Lemma 6.5 (Dragomir, 2004).Let (X, ||-||) be an inner product space over the Inequality in Banach Spaces
real or complex number fiel andz,a € H, r > 0. If ||x — a|| < r, then we S.S. Dragomir

have the inequality

1 a
(6-30) ! lall ~ Re {z,a) < 5 THle Page
. . . Contents
The case of equality holds i6.30) if and only if
44 44
(6.31) |z —all = and |[z]| = [lafl. p ,
Proof. The condition||z — a|| < ris clearly equivalent to
Back
(6.32) 2|2 + flall? < 2Re (z, a) + 2. Go Bac
Since Close
Quit
(6.33) 2l Nlall < ll=[* + [la]l*,

Page 43 of 99
with equality if and only if||z|| = ||a| , hence by §.32) and 6.33 we deduce
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Utilising the above lemma we may state the following corollary of Theorem

6.4[6].

Corollary 6.6. Let (H;(-,-)), ek, x; be as in Theorend.4. If ry. > 0,14 €
{1,...,n},k€{1,...,m} such that

(6.34)  ||x; —eg]| <ry foreachie {1,...,n} andk € {1,...,m},

then we have the inequality

1 m n

m Z €k Z i
k=1 i=1

The equality holds ing.39 if and only if

Z ol = 2= 33

klz—

6.35) > il <
=1

m n
= 2
k=1 i=1

and

zn::v ~m (Z?:l ||93z|| Zk 121 1 zk) zmjek
7 T .
i=1 HZk:l ek” k=1

The following lemma may provide another sufficient condition . to
hold (see also4, p. 28]).

Lemma 6.7 (Dragomir, 2004).Let (H; (-, -)) be an inner product space over
the real or complex number field andz,y € H, M > m > 0. If either

(6.36) Re My —x,x —my) >0

Reverses of the Triangle
Inequality in Banach Spaces

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 44 of 99

J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

or, equivalently,

m—l—M
(6.37) . H Lot —myllyll,
holds, then
1 (M —m
638) ol Iyl - Re (o, < & DLy 0

The case of equality holds i6.39) if and only if the equality case is realised in
(6.39 and

)] = Iyl -

2

The proofis obvious by Lemnta5for a = 22y andr = 1 (M — m) ||y]|.
Finally, the following corollary of Theoreri.4 may be stated].

Corollary 6.8. Assume thatH, (-,-)), e, x; are as in Theorens.4. If M, >
mg, > 0 satisfy the condition

Re (Myey — x4, 2 — pper) > 0

foreachi € {1,...,n} andk € {1,...,m}, then

k
> il < Z@k S| + Zz—fﬂekﬂ?
i=1 i=1 ma i Mk
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A different approach in obtaining other additive reverses for the generalised
triangle inequality is incorporated in the following new result:

Theorem 7.1.Let (X, ||-||) be a normed linear space over the real or complex
number fieldK. AssumeFy. , k € {1,...,m}, are bounded linear functionals
on the normed linear spac& andz; € X, i € {1,...,n}, My > 0,7 €
{1,...,n},k € {1,...,m} are such that

Reverses of the Triangle

(7_1) ||xZH — Re Fk («%) S Mik Inequality in Banach Spaces
S.S. Dragomir
foreachie {1,...,n} and k € {1,...,m}.
(i) If ¢, is defined byd..), then we have the inequality Title Page
n n 1 Contents
< >
.. . , / S . ity
(i) If ¢, is defined byd,) for p > 1, then we have the inequality E———
1 & & Close
I S O EE I
M= = Quit
R Page 46 of 99
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then we have
k=1 =1 =1
Using 6.16), we may state that
1 m n n
E;ReFk <Zlmz) < Coo lez

which, together with.15 imply the desired inequality7(2).
(i) Using the fact that, obviously

< m max < MCyso

1<k<m

n
>
i=1

Y

(Z |F, (x)\p> <¢,|lz|| foranyz e X,
k=1
then, by Holder’s inequality fop > 1, % + é =1, we have
n n p %
i=1 =1

which, combined with§.15 and 6.16) will give the desired inequality7(.3).

k=1

The case» = 1 goes likewise and we omit the details. O
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Remark 6. Since, obviously,, < [max | F% ||, then from {.2) we have

+%22Mk

k=1 =1

@4 2 el < s (IR}

n
D
i=1

Finally, sincec, < (337, || Fxl[")¥ ,p > 1, hence by 1.9 we have

n 1 m n

k=1 i=1

3

(7.5) zn: il < (M)

The following corollary for semi-inner products may be stated as well.

Corollary 7.2. Let(X, ||-||) be a real or complex normed space dnd| : X x
X — Kasemi-inner product generating the noffl . Assumey,, z; € H and

My, >0,ie€{1,...,n}, ke {l,...,m} are such that
(7.6) |z:]| — Re [z, ex] < My,
foranyi € {1,...,n}, ke {l,...,m}.

@ If
doo 1= sup {max1<k<n [l ek”} << max ||ek||) ,

£0 ||| T 1<k<n
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then

(7.7) D il < doo My,
i=1 k=1 =1
1 m n
<< max llex]| - + ;;Mm> ;

(i) If

S el
g (B (< (S )

wherep > 1, then

(7.8) Z lwil| <

1 m n
+ — M;
S e\ 7 ||
<§ o) .
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Let C be the field of complex numbers.4f= Re z +iIm 2, then by|-| ,: C —
[0,00), p € [1, 00] we define thes—modulusof = as

max {|Re z|, [Imz|} if p= oo,
2], = 1
(|Rez’ + |[Imz|")> if p€[l,00),
wherelal|, a € R is the usual modulus of the real numlber
Forp = 2, we recapture the usual modulus of a complex number, i.e.,

2ly = y/IResl? + e = Je], €€

It is well known that ((C, |-|p> ,p € [1,00] is a Banach space over theal

number fieldR.
Consider the Banach spa@, |-|,) andF' : C — C, F' (z) = azwitha € C,
a # 0. Obviously, F' is linear onC. Forz # 0, we have

IF () allz| lal VIRezl + |m 2
|Re z| 4+ |Im z|

= = < lal.
KR k8

Since, forzy = 1, we have|F' (z)| = |a| and|z|, = 1, hence

F
17, = sup L2
27#0 ||1

:|a’|v
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showing thatt" is a bounded linear functional 4, |-|,) and|| ||, = |a] .

We can apply Theorerf.1to state the following reverse of the generalised
triangle inequality for complex numbers][
Proposition 8.1. Letay, z; € C, k € {1,...,m} andj € {1,...,n}. If there
exist the constants, > 0, k € {1,...,m} with> "  r, > 0 and

(8.1) ri [|[Rez;| + |Imz;|] <Reay - Rex; — Imay, - Imx;

foreachj € {1,...,n}andk € {1,...,m}, then

n |Zm | n n Reverses of the Triangle
a o
(8.2) 2 : [|Re CL’j| + |Im x; ” S ?71:1 k Z Re z; + Z Im x; Inequality in Banach Spaces
j=1 Zlf:l "'k j=1 =1 S.S. Dragomir

The case of equality holds i8.Q) if both

m n m n Title Page
Re ; ai | Re Z zj | —Im ; ay | Tm Zl L Contents
= = = j=

m n 44 44
Zrk Z [|Rez;| + [Imz;]] > 5
k=1 Jj=1
m n n Go Back
= > | YoRew| + |3 tma, e
k=1 j=1 j=1
The proof follows by Theorerfi.1applied for the Banach spacg, |-|,) and Quit
Fi (z) = axz, k € {1,...,m} on taking into account that: Page 51 of 99
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Now, consider the Banach spa@g, |-|_ ). If F'(z) = dz, then forz # 0 we
have

F ) (dle oy Rez + [mef?
B ~ max{|Rez|,|Imz|}

<V21d|.

2l 12l

Since, forzy = 1 + i, we havelF (20)| = v2|d|, |20|,, = 1, hence

F
171 o= sup TN ‘Z‘(Z” = V2ld],
2#0 00

showing that?” is a bounded linear functional ¢ft, |-| ) and|| F||, = v2|d| .
If we apply Theoren3.1, then we can state the following reverse of the
generalised triangle inequality for complex numbeéis [

Proposition 8.2. Letay, z; € C, k € {1,...,m} andj € {1,...,n}. If there
exist the constants, > 0, k € {1,...,m} with> )", r, > 0and

rymax {|Rez;|,|Imz;|} <Reay-Rex; —Imay - Imz;

foreachj € {1,...,n}andk € {1,...,m}, then
(8.3) Zmax{\Re:cj],]Imxj\}
j=1

Y

< vz el o
D k1 Tk

iRewj
1

j=

n
E Im .’L’j
=1

} |
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The case of equality holds i8.Q) if both

S () e (B ()
_ (ik> > mase (e [}

k=1 j=1
m n n

=2 Zak max{ ZRexj Zlmxj

k=1 j=1 j=1

Y

} |

Finally, consider the Banach spaé@, Hzp) withp > 1.
Let /': C — C, F (z) = cz. By Holder’s inequality, we have

Py leyReP ol
LCIIERY .

1
[l (|Rez|2p+ |Imz|2p)2”

IN

Since, forzy = 1 + i we have|F (z)| = 22 ||, |20y, = 2% (p>1), hence

F
11l = sup !

11
=22 % ||,
270 | |2p

showing that? is a bounded linear functional ((t@, |-|2p> ,p>1and||F|,, =
257 ||
If we apply Theoren8.1, then we can state the following propositici}.|
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Proposition 8.3. Letay, z; € C, k € {1,...,m} andj € {1,...,n}. If there

exist the constants, > 0, k € {1,...,m} with>)"  r, > 0 and

1
Tk [\Reafj|2p + \Im:z:j]%}  <Reay-Rex; —Imay - Im z;

foreachj € {1,...,n}andk € {1,...,m}, then
n 1
84) Y [IRea;[” + [Tmay|*] >
=1
] 2 2 o7
n P n p | 2p
- |Zk 1 @l
<22 Rex;| + Imaxz;
D et Th ; ’ ; ’
The case of equality holds i8.4) if both:
e <Z ak> Re (Z xj> —Im (Z ak> Im (Z :cj)
k=1 j=1 k=1 j=1
= ( 7‘k> > [IRea; | + [Imay[*] >
k=1 j=1
m n 2p n 2p ﬁ
— 22 % Z ZRexj + Zlmxj
k=1 j=1 j=1
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Remark 7. If in the above proposition we chooge= 1, then we have the
following reverse of the generalised triangle inequality for complex numbers

n
2

J=1

Z;nzl Tk

providedz;, ai, j € {1,...,n}, k € {1,...,m} satisfy the assumption

E 7=
j=1

i |z;| < Reay - Rex; —Imay - Imx;
for eachy € {1,...,n}, k € {1,...,m}. Here|-| is the usual modulus of a
complex number and, > 0, k € {1,...,m} are given.

We can apply Theoreri.3 to state the following reverse of the generalised
triangle inequality for complex numbers][

Proposition 8.4. Leta,, z; € C,k € {1,...,m}andj € {1,...,n}. If there
exist the constantd/;, > 0,k € {1,...,m},j € {1,...,n} such that
(8.5) [Rex;| + [Imz;| <Reay - Rex; —Imay - Imx; + My

foreachj € {1,...,n}andk € {1,...,m}, then

8.6) > [IRex;| + [Ima;]
j=1

>

k=1

<

1 m n
< +EZZMJ"«

k=1 j=1

1
— -
m

n
E Re l'j
Jj=1

n
g Imx;
j=1

Reverses of the Triangle
Inequality in Banach Spaces

S.S. Dragomir

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 55 of 99

J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

The proof follows by Theorerfi.3applied for the Banach spa¢g, |-|,) and

Fi (2) = arz, k € {1,...,m} on taking into account that:
3 =
k=1 1 k=1

If we apply Theoren®.3 for the Banach spacgC, |-| ), then we can state

the following reverse of the generalised triangle inequality for complex numbers

[ ] Reverses of the Triangle
Inequality in Banach Spaces

Proposition 8.5. Letay, z; € C, k € {1,...,m} andj € {1,...,n}. If there

) S.S. Dragomir
exist the constantd/;;, > 0, k € {1,...,m},j € {1,...,n} such that
max {|[Rex;|,|Imz;|} <Reay-Rex; —Imay - Ima; + M, Title Page
Content
foreachj € {1,...,n}andk € {1,...,m}, then onten's
44 44
(8.7) ) max{|Rex;|,|Imux;|} < 4
J=1 Go Back
m 1 m n
£ Z max{ Zlmxj } + _ZZMﬂk Close
mn "= = Quit

. : . Page 56 of 99
Finally, if we apply Theorend.3, for the Banach spat(@, ]-\2p> withp > 1, age =m0

then we can state the following propositicij.|
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Proposition 8.6. Letay, z;, M;;, be as in Propositiors.5. If

1
[|Rexj|2p + |Imxj|2p} * <Reay-Rex; —Imay - Imz; + My,

foreachj € {1,...,n}andk € {1,...,m}, then

(8:8) > [[Rex, | + [lmay[*] >

=1
1
2%_% m n 2p n 2p | 2p 1 m n
< a Rex; Imzx.; — M.
2Tl ([Sren| [ S| |+ L3S,
k=1 J=1 j=1 k=1 j=1
wherep > 1.

Remark 8. If in the above proposition we chooge= 1, then we have the
following reverse of the generalised triangle inequality for complex numbers

;WS Ezak +E22Mjk

k=1 k=1 j=1
providedz;, ax, j € {1,...,n}, k € {1,...,m} satisfy the assumption

n

Ly
j=1

|z;| < Reay - Rex; —Imay - Imax; + My,

for eachj € {1,...,n}, k € {1,...,m}. Here|-| is the usual modulus of a
complex number and/;, > 0,5 € {1,...,n}, k € {1,...,m} are given.
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Let f : [a,0] — K, K = C or R be a Lebesgue integrable function. The
following inequality, which is the continuous version of tinengle inequality

/abf(a:)d:c

plays a fundamental role in Mathematical Analysis and its applications.
r i i i R f the Triangl
It_appears, see’]), p. _492_], that the first reverse inequality f&r.{) was meqi"ae"’tsyﬁi "Banzch”gggfes
obtained by J. Karamata in his book from 1942]][ It can be stated as

/abf(x)dw

provided Contents
—0 <arg f(z) <0, z € [a,0]

(9.1)

< [ @las

S.S. Dragomir

9.2) cos@/b|f(x)|dx <

Title Page

44 44
for givend € (0,%) . > S
This result has recently been extended by the author for the case of Bochner
integrable functions with values in a Hilbert spaggsee also1]): Go Back
Theorem 9.1 (Dragomir, 2004).If f € L([a,b]; H) (this means thatf : Close
la,b] — H is strongly measurable dn, b and the Lebesgue integrﬁcf |f ()] dt Quit

is finite), then Page 58 of 99

b b
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provided thatf satisfies the condition
(9.4) lf @) < KRe(f(t),e) fora.e.tela,b],

wheree € H, |e]| = 1and K > 1 are given.
The case of equality holds iB8.¢) if and only if

(9.5) /abfu)dt: L (/b ||f<t>||dt) 3

As some natural consequences of the above results, we have noti¢éfl in [

that, if p € [0, 1) and f € L ([a,b] ; H) are such that

(9.6) |f(t) —e|]| <p fora.e.te€a,b],
then
b b
©7) itz [l [ s
with equality if and only if
b b
[ rwa=vi=g ([1r@na)-e

Also, fore as above and i/ > m > 0, f € L ([a,b]; H) such that either

(9.8) Re(Me — f(t), f(t) —me) >0
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or, equivalently,

M+m 1

(9.9) Ft) - el <5 (M —m)
2 2
fora.e.t € [a,b], then
b
M
(9.10) / 17 @lldt < *m dtH
@ Reve'rse_s of the Triangle
with equality if and onIy if Inequality in Banach Spaces
S.S. Dragomir
b b
2vmM
[ rwa=3 (s o) -
a +m a Title Page
The main aim of the following sections is to extend the integral inequalities Contents
mentioned above for the case of Banach spaces. Applications for Hilbert spaces «“ b
and for complex-valued functions are given as well.
< | 2
Go Back
Close
Quit
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Let (X, ||-||) be a Banach space over the real or complex number field. Then
one has the following reverse of the continuous triangle inequalily [

Theorem 10.1 (Dragomir, 2004).Let F' be a continuous linear functional of _
unit norm onX. Suppose that the functigh: [a, b] — X is Bochner integrable Intenly i Banach Spaces
on [a, b] and there exists a > 0 such that

S.S. Dragomir
(10.1) | f @) <ReF|[f(t) fora.e.te [a,b].
Title Page
Then
, , Contents
(10.2) 7"/ If (@)l dt < ‘ / £ dtH | “« | »
’ ’ < S
where equality holds in1(0.2) if and only if both
Go Back
b b
(103 F([ roa)=r [1rena Close
a a Quit
and Page 61 of 99
b b
(10.4) F (/ f (t) dt) = ‘ / f (t) dtH . J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005
a a http://jipam.vu.edu.au
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Proof. Since the norm of" is one, then
|F (z)| < ||z|| forany z € X.

Applying this inequality for the vectoff f(t)dt, we get

[rou]z | ([ sow)

(10.5)

> |Re F </bf(t)dt)‘ = /bReF(f(t))dt‘.
Now, by integration of {0.1), we obtain
b b
(10.6) [ rer(r@yezr [f @i

and by (L0.5 and (L0.6) we deduce the desired inequaliyo(2).
Obviously, if (10.3 and (0.4 hold true, then the equality case holds in

(10.2.
Conversely, if the case of equality holds ir)(2), then it must hold in all the
inequalities used before in proving this inequality. Therefore, we must have

(10.7) r||f ()] =ReF (f(t)) fora.e.te€ [a,b],

(10.8) Im F </abf ) dt) ~0
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and
(10.9)

/abf(t)dtH :ReF</abf(t)dt).

Integrating (L0.7) on[a, b] , we get

b b
(10.10) r/ Hf(t)HdtzReF(/ f(t)dt).
¢ “ Reverses of the Triangle
On utilising (10.1Q and (L0.8), we deduce X0.3 while (10.9 and (0.10 a2 VAT 0 (B ST
would imply (10.4), and the theorem is proved. [ S.S. Dragomir
Corollary 10.2. Let (X, ||-||) be a Banach spacg,, -] : X x X — R a semi-
inner product generating the norfji|| ande € X, ||e|| = 1. Suppose that the Title Page
functionf : [a,b] — X is Bochner integrable ofu, b] and there exists a > 0 Contents
such that
<4< 44
(10.11) rl|f (@) <Relf(t),e] fora.e.t € [a,b]. p >
Then Go Back
b b cl
(10.12) [ronas| [ i
a a QUit
where equality holds in1(0.12 if and only if both Page 63 of 99

b b
(10.13) [ rae = [ir@na e e
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and

b b
(10.14) [/ f(t)dt,e] _ / £ dtH.
The proof follows from Theorem0.1 for the continuous linear functional
F(z) =[z,e], z € X, and we omit the details.
The following corollary of Theorem0.1may be stated.

Corollary 10.3. Let (X, ||-]|) be a strictly convex Banach spade,| : X x
X — K a semi-inner product generating the nofpj ande € X, |le|| = 1. If
f :[a,b] — X is Bochner integrable ofu, b] and there exists a > 0 such that
(10.10) holds true, then10.12 is valid. The case of equality holds ih@.12) if

and only if
[ rwa=r([is@na)e

Proof. If (10.19 holds true, then, obviously

/abf(t) dtH =7 </ab||f(t)||dt) lle|| = T/abnf(t)”dt,

which is the equality case ii(.129).

Conversely, if the equality holds in(.12), then, by Corollaryl0.2, we must
have (L0.13 and (L0.19. Utilising Theoren4.2, by (10.14 we can conclude
that there exists o > 0 such that

(10.15)

(10.16) /b f(t)dt = pe.
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Replacing this in10.13, we get

b
llell =v [ 1 @),
giving
b
(10.17) p=r [ @)

Utilising (10.19 and (L0.17) we deduceX0.19 and the proof is completed.[]

The following result may be stated][

Theorem 10.4 (Dragomir, 2004).Let (X, ||-||) be a Banach space over the real
or complex number fielld and F, : X — K, k € {1,..., m} continuous linear
functionals onX. If f : [a,b] — X is a Bochner integrable function dn, b]
and there exists, > 0, k € {1,...,m} with>_" , r, > 0 and

(10.18) rellf (O] < Re Fi [f (1))

foreachk € {1,...,m} and a.et € [a,b], then

IS5 Al / .

b
(10.19) /Hf(t)HdtS s
a k=1
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The case of equality holds in@.19 if both

(10.20) (;é Fk) (/abf(t) dt) = (ém> /abllf(t)lldt
and
(10.21) (ng) (/abf(t)dt) = ng ‘/abf(t)dtH.

Proof. Utilising the hypothesisl(0.19, we have

(10.22) [ := iFk( bf(t)dt) > |Re iFk< bf(t)dt)”
> Re ZF ( /jmdt)] z( [ rensw)

> <Z ) e

On the other hand, by the continuity propertyfof & € {1,...,m}, we obvi-

ously have
<§;Fk) (/abf(t)dt> /abf(t)dtH.

(10.23) I= <

A
k=1
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Making use of {0.22 and (L0.23, we deduceX0.19.

Now, obviously, if (0.20 and (L0.2]) are valid, then the case of equality

holds true in {0.19.

Conversely, if the equality holds in the inequaliy0(19, then it must hold

in all the inequalities used to prové(.19, therefore we have
(10.24) e |lf ()]l = Re Fi [ (2)]

foreachk € {1,...,m} anda.et € [a,b],

Reverses of the Triangle
Inequality in Banach Spaces

m b
(10.25) Im (Z Fk> (/ f () dt) =0, S.S. Dragomir
k=1 @
Title Page
m b m b
(10.26) Re (Z Fk.> ( / a0 dt) =D R ’ / f(t) dtH . GOz
k=1 ¢ k=1 ¢ <4 >
Note that, by {0.24, on integrating ofu, b] and summing ovek € {1,...,m}, < >
we get
Go Back
m b m b
(10.27)  Re (Z Fk> ( / 10 dt) - (Z rk> / L ()] dt. Close
k=1 a k=1 a Quit

Now, (10.29 and (L0.27) imply (10.20 while (10.295 and (L0.29 imply (10.21J),

therefore the theorem is proved.

The following new results may be stated as well:
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Theorem 10.5.Let (X, ||-||) be a Banach space over the real or complex num-
ber fieldK and F, : X — K, k € {1,...,m} continuous linear functionals on
X. Also, assume that : [a,b] — X is a Bochner integrable function dn, b]
and there exists, > 0, k € {1,...,m} with " , r, > 0 and

i |[f (O < Re £y [f ()]

foreachk € {1,...,m}and a.et € [a, b] .
(1) If ¢ is defined byd(..), then we have the inequality

U Old e (
[ 7 e~ maxisientri \-

(10.28)

(1<) maxi<g<m HFkH)

maxlgkgm{rk}

with equality if and only if

re(r) ([ 1) =n [ 17 0)a

for eachk € {1,...

max [Rec) ([ ) i) e [ I ol de.

(ii) If ¢,,p > 1, is defined byd,) , then we have the inequality

VRVl o (S I
"] S )

,m} and
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with equality if and only if

re(r) ([ 1) =n [ 1 @)a

for eachk € {1,...,m} and
b
|

m b V4

> [ReFk (/ f(t)dt)] =
k=1 a

The proof is similar to the ones from Theorefmg, 5.2 and10.4and we

omit the detalils.

The case of Hilbert spaces for Theorém4, which provides a simpler con-
dition for equality, is of interest for applications][

p

wherep > 1.

Theorem 10.6 (Dragomir, 2004).Let (X, ||-||) be a Hilbert space over the
real or complex number fieltk ande, € H\{0}, k € {1,...,m}.If f :
la,b] — H is a Bochner integrable function and > 0, k € {1,...,m} and
> e, 1 > 0 satisfy

(10.29) rellf O < Re(f (1), ex)

foreachk € {1,...,m} and for a.et € [a, 0], then

IZEaal | 1 il

(10.30) ™
D k1 Tk

b
/ I (0)] dt <
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The case of equality holds in@.30 for f # 0 a.e. on[a, b] if and only if

' () [V ()] dt &
dt = a .
[ r@a L

Proof. Utilising the hypothesis1(0.29 and the modulus properties, we have

aoze) |([s0a3 )
e fron Ead fron

=) / ), ex) dt > (Zm) 1£ (&)1 dt.

By Schwarz’s inequality in Hilbert spaces applied jﬁjrf (t)dt andd"}", ey,

we have
m b m
Zek Z </ f(t)dt,Zek>‘.
k=1 a k=1

Making use of {0.32 and (L0.33, we deduceX0.30.
Now, if f # 0 a.e. orfa, b] , then [” || f (t)]| dt # 0 and by (0.32 31", e; #

(10.31)

(10.33) ‘

o
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0. Obviously, if (L0.3]) is valid, then taking the norm we have

) dtH (SR S ()]t i”

2
122521 exl o

m b
=”§m—”/ o
=1 a

i.e., the case of equality holds true i0(30.
Conversely, if the equality case holds true 1030, then it must hold in all
the inequalities used to prové(.30, therefore we have

Re (f (1), ex) = ri L (D)]]

,m} anda.et € [a,b],

(10.34)

foreachk € {1,...

(10.35) t)dt ‘</ f(t > ,
and
(10.36) Im </ f(t)dt iek> =0.

k=1

From (L0.39 on integrating orja, b] and summing ovek from 1 to m, we get

b m b
Re</ f(t)dt ek>:<2rk>/ I ()] dt,

(10.37)
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and then, by10.39 and (L0.37, we have

(10.39) < / f<t>dt,2ek>: (z) [ s

On the other hand, by the use of the identi&y?Q), the relation {0.35 holds
true if and only if

b (S ae S e o
(10.39) / f(t)dt = — €k
a ||Zk:1 6k” k=1
Finally, by (10.3§ and (L0.39 we deduce thatl(.3]) is also necessary for the
equality case in¥0.30 and the theorem is proved. O

-----

b mo o\ 1
way [y EileD)
“ k=1

Y

b
/ () dt‘
with equality if and only if
m b m
(10.41) / oy = CEr LI @

2 k
2kt llex] o

/abf(t)dt

.....

Y

b
wa  [lrwles 2
a k=1
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with equality if and only if

wa [ roa=l (i ) (/ b oy i

The following corollary of Theorem0.6may be stated as welt].

Corollary 10.7. Let(H; (-, -)) be a Hilbert space over the real or complex num-
ber fieldK ande, € H\ {0}, k€ {1,...,m}.If f:[a,b] — H is a Bochner

Reverses of the Triangle

integrable function Ol{la, b] and Pr > 0, ke {1, - ,m} with Inequality in Banach Spaces
(10.44) If () — el < pr < el S.S. Dragomir
foreachk € {1,...,m} anda.et € [a,b], then Title Page
b m b Contents
aoas)  [iriwars A==l a,
“ >t (lewll™ = p3)? a « dd
. . . . < 4
The case of equality holds in@.49 if and only if
L Go Back
b m 2 92\2 b m
a HZk:1 ex|| a k=1 Quit
Proof. Utilising Lemma3.3, we have from {0.44) that Page 73 of 99
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foranyk € {1,...,m} and a.et € [a,]].
Applying Theoreml0.6for

ri = (llexl” = p2)?, ke{l,...,m},
we deduce the desired result. O
Remark 10. If {ex},.(y

m) are orthogonal, then1(0.45 becomes

[ rwa.

.....

m 2 %
an [ irea s =l
“ > e (HekH _Pk)2

Reverses of the Triangle
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with equality if and only if S.S. Dragomir
b m 2 %
(10.48) / F(t)dt = Zkﬂz(,ﬂe’“” Hf k ( / 17 )] dt) Title Page
‘ =1 I Contents
Moreover, if{ex},c(; ., IS @assumed to be orthonormal and « N
lf () —exl| < pr fora.e.t € la,b], ) R
wherep;, € [0,1), k € {1,...,m}, then
Go Back
(10.49) / oIrE : / £ ()t Close
Zk ' 1_pk )’ Quit
with equality iff
b 1 Page 74 of 99
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Finally, we may state the following corollary of Theorera.6[ 1 1].

Corollary 10.8. Let(H; (-, -)) be a Hilbert space over the real or complex num-
ber fieldK ande, € H\ {0}, k € {1,...,m}.If f: [a,b] — H is a Bochner
integrable function ona, b] and M, > u, > 0, k € {1,...,m} are such that
either

(10.51) Re (Mper — f(t), f (t) — pwer) >0
or, equivalently, Reverses of the Triangle
Inequality in Banach Spaces
M 1 .
(10.52) Hf (t) g ;’ Mk ekH 5 (Mk . Mk) HekH S.S. Dragomir
foreachk € {1,...,m} and a.et € [a,b], then Title Page
Contents
12 e el
(10.53) / IF @)l dt <
Doy B el « dd
. . . | 2
The case of equality holds if and only if
Go Back
b Zk) 1 2 il;w H ” Close
[ roa= St I i) -3
a HZk 1 k|| Quit
Proof. Utilising Lemma3.5, by (10.51) we deduce Page 75 of 99
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foreachk € {1,...,m} and a.et € [a,}].
Applying Theoreml0.6for

2/ pu My,
ry = ———— |lex]l, ked{l,...,m
pim e e ke {1 m)
we deduce the desired result. O]
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The aim of this section is to provide a different approach to the problem of re-
versing the continuous triangle inequality. Namely, we are interested in finding
upper bounds for the positive difference

/ I (0)] e -

under various assumptions for the Bochner integrable fungtioja, b] — X.
In the following we provide an additive reverse for the continuous triangle Title Page
inequality that has been establisheddh [

Reverses of the Triangle

b
Inequality in Banach Spaces
/ £ dtH quality p
a

S.S. Dragomir

Contents
Theorem 11.1 (Dragomir, 2004).Let (X, ||-||) be a Banach space over the real « R
or complex number fiel and F' : X — K be a continuous linear functional of
unit norm onX. Suppose that the functigh: [a, b] — X is Bochner integrable < >
on [a, b] and there exists a Lebesgue integrable functiona, b — [0, o) such Go Back
that

Close

(11.1) If @ =Re F[f ()] < k(t) Quit
fora.e.t € [a,b]. Then we have the inequality Page 77 of 99

b b b
(11.2) (0<) / Il f ()] dt — / f(t) dtH < / k (t) dt. i imamaeduay
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The equality holds inl(1.2) if and only if both

(11.3) F(f N i) =|

and

(11.4) F(/abf(t)dt):/ab||f(t)\|dt—/abk(t)dt

Proof. Since the norm of is unity, then

o)

|F ()| < ||z|| forany z € X.

Applying this inequality for the vectofab f(t)dt, we get

([ ro)e o (o)

/aReF[f()}dt’_/a Re F [f (£)] dt.

(11.5)

Integrating (1.1), we have

(11.6) /ab||f(t)|\dt—ReF(/abf(t)dt)g/abk(t)dt.

Now, making use of{1.95 and (L1.6), we deduceX1.2).
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Obviously, if the equality hold in1(1.3 and (L1.4), then it holds in {1.2
as well. Conversely, if the equality holds ihl(.2), then it must hold in all the
inequalities used to provéa {.2. Therefore, we have

/ab||f(t)||dt=Re [F (/jf(t)dt)] +/abk:(t)dt.
([ r00)] -l ([ 0)- | 30

which imply (11.3 and (L1.4). O]

Corollary 11.2. Let (X, ||-||) be a Banach space,, -] : X x X — K a semi-
inner product which generates its norm. elfe X is such thatjle|| = 1, f :
la,b] — X is Bochner integrable ofu, b] and there exists a Lebesgue integrable
functionk : [a, b] — [0, c0) such that

(11.7) O NFOI = Relf (@), e] <k(1),

fora.e.t € [a,b], then
b b
/f(t)dtHS/ k(t)dt,

where equality holds inl(1.8) if and only if both

/abfa) dtH

and

b
118  (0<) / I (0)]] dt —

(11.9) { / " r)t e] _
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and

(11.10) [/abf(t)dt,e] _ /abf(t)dt‘—/abk(t)dt.

The proofis obvious by Theorefiri.1lapplied for the continuous linear func-
tional of unitnormf, : X — K, F, (z) = [z,€].
The following corollary may be stated.

Corollary 11.3. Let (X, ||-||) be a strictly convex Banach space, gnd| , e, f,
k asin Corollary11.2 Then the case of equality holds (8 if and only if

b b
(11.11) /Hf(t)“dtz/ k(t) dt

and

(11.12) /abf(t)dt: (/:Hf(t)Hdt—/abk(t)dt) ‘.

Proof. Suppose thatl(l.11) and (L1.12 are valid. Taking the norm ori{.129

we have
b b b b
/||f(t)||dt—/ k() dt ||e||=/ ||f(t)||dt—/ k(1) dt,

/abf(t)dt

and the case of equality holds true i (8).
Now, if the equality case holds in{.9, then obviously {1.17) is valid, and

by Corollary11.2,
b b
[/ f(t)dt,e]:‘/f(t)dt‘

lell
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Utilising Theoren4.2, we get
b
(11.13) / f(t)dt = Xe with A > 0.

Replacingf; f (t) dt with \e in the second equation of{.9 we deduce

b b
(11.14) )\:/ ||f(t)||dt—/ k() dt,

and by (1.13 and (L1.14 we deduceX1.19. ]

Remark 11. If X = H, (H;(-,-)) is a Hilbert space, then from Corollary1.3
we deduce the additive reverse inequality obtained/in For further similar
results in Hilbert spaces, se€][and [9].

The following result may be stated][

Theorem 11.4 (Dragomir, 2004).Let (X, ||-||) be a Banach space over the real
or complex number fiel and F}, : X — K, k € {1,...,m} continuous linear
functionals onX. If f : [a,b] — X is a Bochner integrable function dn, b]

and My, : [a,b] — [0,00), k € {1,...,m} are Lebesgue integrable functions
such that
(11.15) If @I = Re Fi [f (£)] < M, (t)
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foreachk € {1,...,m} and a.et € [a, b] , then

(11.16) / 1f @) dt < ||— dt” Z Mk (t) dt.
k 1va
The case of equality holds in1.19 if and only if both
(11.17) —ZFk (/ It dt) H dtH
and
(11.18) F ( f(t dt) Ilf ()] dt — —
o n ([ roa) = [roa-23 o

Proof. If we integrate orja, b] and sum ovek from 1 to m, we deduce

a9 [ 7o)
gl ([ )25 e

kla

Utilising the continuity property of the functionals, and the properties of the
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modulus, we have:

m b m b
(11.20) > ReF, (/ f(t) dt) <) Re {Fk < f(t) dt)} '
k=1 @ k=1 @
m b
<D F (/ f(t)dt>‘
k=1 a
m b
= Z Fk / f (t) dtH ’ Reverses of the Triangle
k=1 a Inequality in Banach Spaces

Now, by (11.19 and (L1.20 we deduceX1.169.

S.S.D i
Obviously, if (11.17 and (L1.18 hold true, then the case of equality is valid o
in (11.19. _
Conversely, if the case of equality holds inl(16, then it must hold in all Title Page
the inequalities used to prov&l.16. Therefore, we have Contents
b 1 m b 1 m b
[s@ia= LS re|n( [ roa)|+ 13 [an “« | »
a L a mi=Ja < 4
m b b m K
S Re [Fk (/ f(t)dt)} :‘/ f(t)dtH SR Go Bac
k=1 a a k=1 Close
and Quit

m b
Zlm {Fk (/ f@) dt)] = 0. Page 83 of 99
k=1 a

These imply thatX1.17 and (L1.19 hold true, and the theorem is completely | T oo aomr vam 66 At 126, 2005
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Remark 12. If F;, k € {1,...,m} are of unit norm, then, from1(.1§ we
deduce the inequality

m b

/abf(t) dtH +%Z M, (1) dt,

k=1v¢

b
way  [lrenas

which is obviously coarser thari{.19 but, perhaps more useful for applica-
tions.

The following new result may be stated as well:

Theorem 11.5.Let (X, ||-||) be a Banach space over the real or complex num-
ber fieldK and I, : X — K, k£ € {1,...,m} continuous linear functionals on
X. Assume also thaf : [a,b] — X is a Bochner integrable function dn, b]

and My, : [a,b] — [0,00), k € {1,...,m} are Lebesgue integrable functions
such that

(11.22) 17 N = Re Fy [f (#)] < M, (t)

foreachk € {1,...,m} and a.eit € [a,}].
() If ¢ is defined byd(..), then we have the inequality

/abf(t)dtH +%§mj My (1) d.

k=1"7¢a

b
(11.23) / 1 () dt < exe

(i) If ¢,,p > 1, is defined byq,) , then we have the inequality

c b b
S H/ £ dtH + 5 [y

k=179

[ s ola<
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The proof is similar to the ones from Theorémi and11.4and we omit the
details.

The case of Hilbert spaces for Theorédm4 in which one may provide a
simpler condition for equality, is of interest in application§ [

Theorem 11.6 (Dragomir, 2004).Let (H, (-,-)) be a Hilbert space over the
real or complex number fiel ande, € H, k € {1,...,m}.If f:]a,b] = H
is a Bochner integrable function d,b], f (t) # 0 for a.e. ¢t € [a,b] and

My : a,b] — [0,00), k € {1,...,m} is a Lebesgue integrable function such _
Reverses of the Triangle
that Inequality in Banach Spaces
(11.24) If @) = Re(f (t), ex) < M (1) s iEgely
foreachk € {1,...,m} and for a.eit € [a,b], then _
Title Page
b 1 m 1 m b
(11.25) / If Ollde < |[=S e ) dtH + = Z/ M, (t) dt. Contents
m m
a k=1 k=1v¢ 44 44
The case of equality holds in1.29 if and only if < >
Go Back
11.2 > = M
(11.26) [ s wiae Z st () one
Quit

and
Page 85 of 99
m (2 1F @l de = 2, [0 M (8) de)

b
(1127) / f (t) dt Z €k- J. Ineq. Pure and Appl. Math. 6(5) Art. 129, 2005
a HZk:l ekH k=1 http://jipam.vu.edu.au



http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

Proof. As in the proof of Theorem 1.4, we have

b m b m b
(11.28)/ ||f(t)Hdt§Re<%Zek,/ f(t)dt>+%z M, (t) dt
a k=1 a

and) ;" ep # 0.
On utilising Schwarz’s inequality in Hilbert spacé/, (-, -)) for f f(t

and) )" | e;, we have
b m
> </ f(t)dt,Zek>‘

o{frome)

(11.29) ‘

0

v

1

k=
_Re</bf dt,i€k>

k=1

By (11.29 and (L1.29, we deduceX1.25.
Taking the norm on1(1.27 and using {1.26, we have

m (217 Ot =L S, [0 My () di)
H IS, el 7

showing that the equality holds in1.295.
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Conversely, if the equality case holds ihl(25, then it must hold in all the
inequalities used to provéa {.29. Therefore we have

(11.30) LF (I = Re (f (2), ex) + M (¢)
foreachk € {1,...,m} and fora.et € [a, ],
(11.31) dtH ‘</ f(t >
and
(11.32) Im </ f(t)dt iek> = 0.

k=1

From (L1.30 on integrating orja, b] and summing ovek, we get

(11.33) Re</f tydt,>» €k>: /||f ||dt—z

k=179

On the other hand, by the use of the ident&y?2@), the relation {1.31) holds if
and only if

b - <f;f () dt,> 0", ek> m
IRCLS DT

giving, from (11.32 and (L1.33, that (L1.27) holds true.
If the equality holds in11.25, then obviously {1.2§ is valid and the theo-
rem is proved. O]
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Remark 13. If in the above theorem, the vectdis, }, .,
be orthogonal, thenl(1.25 becomes

m) are assumed to

.....

b
av3a) [ )

1 [ )
< - (Z el >
k=1

Moreover, if{ex}, .

dtH Z

kla

Mk (t) dt.

m) is an orthonormal family, theril(L.39 becomes

dtH Z Mk () dt

kla

.....

b
/ IF )< —=

which has been obtained ir]

(11.35)

The following corollaries are of interest.

Corollary 11.7. Let (H;(-,-)), ex, k € {1,...,m} and f be as in Theorem

11.6 If ry : [a,b] — [0,00), k € {1,...,m} are such that, € L?[a,b],
ke{l,...,m}and
(11.36) 1S (&) —exll < 7e (2),

foreachk € {1,...,m} and a.et € [a, b], then

(1137)/Hf )l dt < || —

dtH Z/ 12 (t) dt.
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The case of equality holds in1.37) if and only if

[rsona= 3 [

and

b SN @l dt— S [Pez () dt) m
/Gf(t)dt ( ||Zk:1€k||2 >Z€k-

Reverses of the Triangle
k=1 Inequality in Banach Spaces

Finally, the following corollary may be stated.

S.S. Dragomir
Corollary 11.8. Let (H;(-,-)), ex, k € {1,...,m} and f be as in Theorem _
11.6 If My, py, : [a,b] — R are such thatM, > p, > 0 a.e. onfa,b| Title Page
% € Lla,b) and Contents
Re (Mg (t) ex — [ (£) . f () — e (1) ex) > 0 AL 44
4 >
foreachk € {1,...,m} and for a.eit € [a,b], then
Go Back
b 1™ b Close
| dt < ||— t)dt
[rronas| TS| [rwal -
1 & Mk t)] Page 89 of 99
s 2ol /
Am = —|— i (t)
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We now give some examples of inequalities for complex-valued functions that

are Lebesgue integrable on using the general result obtained in Si@tion
Consider the Banach spag, |-|,) over the real fieldR andF' : C — C,

F (2) = ezwith e = a4 i and|e|* = a® + 3% = 1, thenF is linear onC. For

z # 0, we have

|F(2)‘ | HZ| \/‘Rez| + ’Imz, Reverses of the Triangle
’Z|1 |Z|1 |Re Z| + |Im Z| - Inequality in Banach Spaces
Since, forz, = 1, we havel F (z)| = 1 and|z|, = 1, hence S-S- Dragomir
F
|F, := sup ——= |7 (2)] =1, Title Page
2#0 | ’1
Contents

showing thatf" is a bounded linear functional 4, |-|,).

Therefore we can apply Theoreifi. 1to state the following result for complex- « dd
valued functions. < >
Proposition 12.1.Leta, 8 € Rwitha?+ 3% =1, f : [a,b] — C be a Lebesgue Go Back
integrable function orja, b] andr > 0 such that

Close
(12.1) r{[Re f ()] + Im f ()] < aRef(t) = GIm f(t) Quit
fora.e.t € [a,b]. Then Page 90 of 99

@22 o[ [reswia [ im0l e e
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b
< /Ref(t)dt‘Jr

b
/ Im f (t) dt‘ :
The equality holds in1(2.2) if and only if both

a/abRef(t)dt—ﬁ/abImf(t)dt:rUab|Ref(t)|dt+/ab|1mf(t)|dt]

/Ref dt—ﬁ/ Im f (¢ /Ref dt‘

Now, consider the Banach spa@, |-| ). If F'(z) = dzwithd = v + @6
and|d| = ¥2,i.e.,~?+ %> = L thenF is linear onC. For > # 0 we have

Imf (1) dt’ :

Pz V2 yRes +mef
0l _

Pl " Tl 2 max{[Rez[,[Imzf} =
Since, forzy = 1 + i, we have|F (z)| = 1, |2]|,, = 1, hence
\F( )|
1 =1,

showing thatt" is a bounded linear functional of unit norm ¢, |-| ).

Therefore, we can apply Theoreh®.l, to state the following result for

complex-valued functions.
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Proposition 12.2. Let,d € Rwith~? + 62 =1, f : [a,b] — C be a Lebesgue
integrable function ona, b] andr > 0 such that

rmax {[Re f (£)[, [Tm f ()|} <~y Re f(¢) —dTm f(¢)
fora.e.t € [a,b]. Then

b
(12.3) r/ max {|Re f (¢)|, |Im f (¢)|} dt

b
Smax{ / Ref(t)dt‘,

The equality holds in12.3 if and only if both

y/abRef(t)dt— /ablmf

/max{|Ref<>| T f (£)[} dt
and

y/abRef(t)dt—é/abImf(t)dt:max{ /abRef(t)dt', /ablmf(t)dt‘}.

Now, consider the Banach spaé@, \-]2p> withp > 1. Let F : C — C,

/ablmf(t)dt‘}.

F (z) = cz with |c| = 2% (p > 1). Obviously, F' is linear and by Holder’s
inequality

11
IF(2)] 22p 2\/|Rez] +\Imzy

2], (]Rez\ Pt

+ |Tm z|? )
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Since, forzg = 1 + i we havelF' (z)| = 2%, |20l5, = 2% (p>1), hence

|F(2)]

||F||2p - Sup
| ’2p

=1,

showing thatF' is a bounded linear functional of unit norm éﬁi, |~]2p) ,(p>1).

Therefore on using Theoref®.1, we may state the following result.

Proposition 12.3.Letp, ¢ € R with p? + ¢? = 2% 2 (p>1), f:]a,b] = C
be a Lebesgue integrable function anb] andr > 0 such that

r[IRe £ (O + [Im £ (£)*]% < pRe f (t) — Tm £ (¢)
fora.e.t € [a,b], then
b 1
(12.4) 7“/ [[Re f (£)|* + [Im £ (¢)|*] > dt
b 2p b 2p7 2p
/Ref(t)dt +/Imf(t)dt ] , (p=1)

where equality holds in12.4) if and only if both

b b b 1
w/ Ref(t)dt—(b/ Irnf(t)dt:r/ [[Re f (£)]7 + [Im f (¢)[*] * dt
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and

go/abRef(t)dt—qb/abImf(t)dt
/abRef(t)dt

b
/ I f (t) dt
Remark 14. If p = 1 above, and

rlf)] <eRef(t)—¢vImf(t) fora.e.te€ [a,b],

2p

+

1
2p] 2p

Reverses of the Triangle
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S.S. Dragomir
providedy, v € R and ¢? + ¢? = 1,7 > 0, then we have a reverse of the
classical continuous triangle inequality for modulus: _
Title Page
b
[ | [roa), Sartrs
“ 44 44
with equality iff < >
/Ref dt—@b/lmf /|f )| dt Go Back
Close
and Quit
/ Re f (t dt—¢/ Im f (¢ / f(t dt‘ Page 94 of 99
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Proposition 12.4.Leta, 3 € Rwitha? + 32 = 1, f,k : [a,b] — C Lebesgue
integrable functions such that

[Re f (O)| + [Im f (£)] < aRe f(t) = S1m f (t) + k (1)

fora.e.t € [a,b]. Then

©2) [ IRef(O]dt+ [ s (0]

_[ “ /ablmf(t)dtug/abk(t)dt.

Applying Theoreml 1., for (C, |-| ) we may state:

/bRef(t)dt‘ +

Proposition 12.5. Let~,6 € R with~? + 6% = 3, f,k : [a,b] — C Lebesgue
integrable functions offu, b] such that

max {|Re f (t)], [Im f ()|} <~y Re f(t) = dIm f(¢) + k (1)

fora.e.t € [a,b]. Then

b
0<) / max {[Re f (£)], [Tm f (&)} dt

—max{

Y

/abImf(t)dt’}g/abk(t)dt.

/:Ref(t)dt

Finally, utilising Theorem. 1.1, for (C, ]-\2p> with p > 1, we may state that:
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Proposition 12.6. Letp, ¢ € R with ©? + ¢* = 2% 2 (p>1), f,k:[ab] —
C be Lebesgue integrable functions such that

[IRe f () + |Im f (t)!(”ﬁ <@Ref () —olm f(t)+k(t)

fora.e.t € [a,b]. Then

b 1
2 2p7 2p
(0 S)/ URef (t)| Y + |Imf (t)| p} v di Reverses of the Triangle
a L Inequality in Banach Spaces
b 2p b 2p7 2p b .
- / Re f(t)dt| + / Im f (t)dt ] < / k (t) dt. S LI
Remark 15. If p = 1 in the above proposition, then, from Title Page
Contents
lf ()| <eRef(t)—vImf(t)+k(t) fora.e.te€[a,b], « o
providedy, ¢ € R andy?+1? = 1, we have the additive reverse of the classical < >
continuous triangle inequality
Go Back
b b b
0 [reia-|[ row < [toa Close
@ “ @ Quit
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