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Positive semidefinite ternary quadratic form, arithmetic-mean geometric-mean
inequality, Cauchy inequality, triangle.

In this short note, we give a proof of a conjecture about ternary quadratic forms
involving two triangles and several interesting applications.
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1. Introduction

In [3], Liu proved the following theorem.

Theorem 1.1. For any AABC and real numberg:, y, z, the following inequality
holds.

o B

A C
(1.1) 22 cos? 3 + 4% cos Bl + 2% cos? 2 > yzsin? A + zasin? B + zysin® C.

In [6], Tao proved the following theorem.

Theorem 1.2. For any A A, B;C1, AA;B>C5, the following inequality holds.

A A B B C C.
(1.2) cos 21 cos 22 4 cos =+ €08 —2 + cOS — cos —=
2 2 2 2 2 2

> sin A; sin Ay + sin By sin By + sin (' sin (.
Then, in B, Liu proposed the following conjecture.

Conjecture 1.3. For any A A, B;C;, ANA3B>Cs and real numbers:, y, z, the fol-
lowing inequality holds.
Coy

A A B B C
(2.3) x? cos 71 cos 72 + y2 cos 71 CoS 72 + 2% cos 71 coS 5

> yzsin Aq sin Ay + zx sin By sin By + xy sin C sin Cs.

In this paper, we give a proof of this conjecture and some interesting applications.
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2. Preliminaries

For AABC, let a,b, ¢ denote the side-lengthsi, B, C' the angles,s the semi-
perimeterS the areaR the circumradius andthe inradius, respectively. In addition
we will customarily use the symbols (cyclic sum) and | (cyclic product):

> fla) = fla) + fO) + f(c), ] f(a) = Ffla)f(b)f(c).

To prove the inequality1( 1), we need the following well-known proposition
about positive semidefinite quadratic forms.

Proposition 2.1 (see?]). Letp;,q; (i = 1,2, 3) be real numbers such that > 0
(i =1,2,3), 4paps > g7, 4psp1 > g3, 4p1p2 > ¢35 and

(2.1) Ap1paps > P1GE + P2ds + P35 + Q14243

Then the following inequality holds for any real numbergy, z,

(2.2) 1’ + poy® + psz® 2 qyz + ez + gsy.

Lemma 2.2. For AABC, the following inequalities hold.

B
(2.3) 2 cos - Cos % > ST\/g sin? A > sin® A,
A
(2.4) 2 cos % cos o > 37\4/5 sin? B > sin’ B,
A B
(2.5) 2 cos 5 s > %ﬁ sin? C' > sin? C.

Proof. We will only prove @.3) becauseZ.4) and ¢.5) can be done similarly. Since

S = %bcsinA = /s(s —a)(s —b)(s — ¢)
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and

B [s(s—=1b) ¢ [s(s=¢
0052—\/—% : 0082_”—ab :

then it follows that

C _ 3V3
2 CoS — cos — > —\/_SiIlQA
2 2 Ternary Quadratic Forms in
_ _ 2 Triangles
< 2\/8(8 b) \/S(S C) > 3\/55 Nu-Chun Hu
ca ab b2c? | 10, iss. 1
vol. 10, iss. 1, art. 15, 2009
— 45%(s — b)(s — ¢ - 27s%*(s — a)*(s — b)*(s — ¢)?
a?be - bict
4 _ 27(s—a)*(s—Db)(s—c Title Page
N N (0 Chd Ot
a b’c Contents
(2.6) &= 4b°c* > 27a*(s — a)*(s — b)(s — ¢).
44 »»
On the other hand, by the arithmetic-mean geometric-mean inequality, we have the p N
following inequality.
9 9 Page 5 of 13
27a*(s —a)*(s — b)(s — ¢)
1 1 Go Back
=108 - Za(s—a)-=als—a)-(s—b)(s —
2a(s a) 2a(8 a) <S )(8 C) Full Screen
3
<108 [%a(s —a) + a(s —Sa) +(s—=b)(s—c) Close
b+c—a)?l? journal of inequalities
=4 {bc — %} < 43¢, in pure and applied
mathematics
Therefore the inequality?(6) holds, and hence(3) holds. O Solie LRNESETL
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Lemma 2.3. For AABC, the following equality holds.

2.7) Z sin® A

cos? % cos? %
(2R +57)s* = 2(R+ r)(16R + 5r)rs® + (4R + r)3r?
2R3s2 '

Proof. By the familiar identity:a + b + ¢ = 2s, ab + bc + ca = s*> + 4Rr + r?,

abc = 4Rrs (see p]) and the following identity

D d(b+c—a)=—(a+b+c)+7(ab+be+ ca)(a+b+c)
—13(a + b+ c)?*(ab + b + ca)® — Tabe(a + b + ¢)?
+ 4(ab + be + ca)® + 19abc(ab + be + ca)(a + b+ ¢) — 6a*b>c?,

it follows that

Z a’(b+c—a) =4(2R + 5r)rs* — 8(R +r)(16R + 5r)r*s> + 4(4R + r)*r?,

and hence
4 B a\i{(b+c)?-a?
Zsm A(l+cosA) = Z (2R> o
(a+b4+0)>a’(b+c—a)
B 32R*abc
(2R + 5r)st — 2(R+1r)(16 R + 5r)rs® + (4R + r)3r?

16 R?
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Thus, together with the familiar identifiyf cos 4 = -2, it follows that

==,
Z sinf A Yo sin® Acos® 4
cos? % cos? % [] cos? é
~ > sin® A(1 4 cos A)
2 H 0082 é Ternary Quadratic Forms in
(2R + 5r)s* —2(R+r)(16R + 5r)rs® + (4R + r)3r? Triangles
= 2R382 ' Nu-Chun Hu
i i vol. 10, iss. 1, art. 15, 2009
Therefore the equality?(7) is proved. O
Lemma 2.4. For AABC, the following inequality holds. Title Page
(2.8) —(2R+5r)s* +22R+5r)2R+71)(R+71)s* — (4R +7)*r* > 0. Contents
Proof. First it is easy to verify that the inequalit @) is just the following inequal- <« >
ity. v S
(2.9) (2R +5r)[—s*+ (4R* + 20Rr — 2r%)s®> — r(4R + 1)) Page 7 of 13
+ 2r(14R? + 31Rr — 10r*)(4R? + 4Rr + 3r* — %) ———
+4(R — 2r)(4R* + 6 R*r + 3Rr? — 8r°) > 0.
Full Screen
Thus, together with the fundamental inequality Close

—s* 4+ (4R* + 20Rr — 2r*)s* —r(4R+71)* > 0

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

(see b, page 2]), Euler's inequality > 2r and Gerretsen’s inequalitf < 4R? +
4Rr + 3r? (see [, page 45]), it follows that the inequality ©) holds, and hence
(2.9) holds. ]

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:nuchun@zjnu.cn
http://jipam.vu.edu.au

Lemma 2.5. For AABC, the following inequality holds.

sin® A .o A
(2.10) 2—2%4—641_[8111 5 <4

cos? g cos

Proof. By Lemma2.3and the familiar identity ] sin 4 = -, it follows that

T 4R
4
sin® A .o A
E —SQ%+64||SIH §§4

cos? £ co
(2R+50)s' ~2(R4r)(16R+5r)rs® + (4Rr)?  4r®
2R3s2 Rz =
(2.11) QR4 5r)s* +2(2R +5r) (2R ) (Rir)s* =~ (4R +r)'r?
2R3s2
Thus, by Lemma?.4, it follows that the inequality4.11) holds, and hence?(10)
holds. J
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3. Proof of the Main Theorem

Now we give the proof of inequalityl(1).

Proof. First, it is easy to verify that

A A
(3.1) cos 71 coS 72 >0,
B B
(3.2) CoS 71 cos 72 >0,
C C
(3.3) cos 71 cos 72 >0.
Next, by Lemma?.2, we have the following inequalities:
B B C C
(3.4) 4cos = cos == - cos — cos — > sin® A; sin® Ay,
2 2 2 2
C A A
(3.5) 4 cos 71 cos 72 - COS 71 cos 72 > sin? B; sin® B,
A A B B
(3.6) 4 cos 71 cos 72 - COS 71 cos 72 > sin? C} sin® Cs.

Thus, in order that Propositioh.1 is applicable, we have to show the following
inequality.

(3.7) 4 H cOS % H oS %

A A B B
> cos 71 sin? A; cos 72 sin? Ay + cos 71 sin® Bj cos 72 sin? By

C C
+ cos 71 sin? C} cos 72 sin? Cy + H sin A, H sin As.
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However, in order to prove the inequality.(), we only need the following inequal-
ity.

(3.8) sin? 4, ' sin? A, sin? B, . sin? By
' coS % cos % cos % cos % cos @ cos ﬂ cos @ cos %
) )
sin“ C' sin“ C'
v 1B v 2 +8Hsm— 8H51n—<4
cos St cos 5+ cos 2 cos 22
In fact, by the Cauchy inequality and Lemm&, we have that
sin2 Al SiIl2 A2 SiIl2 Bl SiIl2 BQ

C1

By [
COS 5 COS 5

B2 Ay
COS 5 COS 5

(e A
COS 5 COSs 5

" cos &2
COS 3 COS 5

)
sin” C' sin? C.
m 1B pEw. 2 +8Hsm— 8Hsm

COS - COS 5= COS ==

2 2 2
Sin4 Al . 9 Al
< 5 5 o 64 H sin® —
cos? =+ cos? 5t 2

< |3 sin’ A, _+64Hsin2%

cos? % cos? 62'2
<16
Therefore the inequality3(8) holds, and hence3(7) holds. Thus, together with

inequality 3.4)—(3.7), Proposition2.1is applicable to complete the proof of.().
O
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4. Applications

Let P be a point in theAABC'. Recall thatA, B, C' denote the angles, b, c the
lengths of sidesy,,, wy, w. the lengths of interior angular bisectors,, my,, m. the
lengths of mediangy,, hy, h. the lengths of altitudesR,, R., R5 the distances oP
to verticesA, B, C, r1, o, r3 the distances oP to the sideline3C, CA, AB.

Corollary 4.1. For any AABC, AA,B,C;, ANA;B>Cy, the following inequality
holds.

2 Al A2 1 B C C(2
a cos—cos——H) COS — COS — +c COS — COS —
2 2 2 2 2 2

> besin Aq sin Ay + casin By sin By + absin C| sin Cs.

Corollary 4.2. For any AABC, ANA,B.Cy, ANA;B>C,, the following inequality
holds.
Ay Asy N By B, N Cq Cy
’LU COS 5 COS 5 U)b COS 5 COS 5 w COS B COS 5
> wpw, sin A; sin Ay + w.w, sin By sin By + wawy sin C sin Cy.

Corollary 4.3. For any AABC, ANA1B,Cy, ANA;ByC,, the following inequality
holds.

A B B C C.
mQCOS—1COS—2+mgCOS—1(BOS—2—I—m cos—lcos—2
2 2 2 2 2 2

> mym, sin Ay sin Ay + m.my, sin By sin By + mg,my, sin C sin Cs.

Corollary 4.4. For any AABC, ANA,B,C;, ANA;B>Cy, the following inequality
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holds.

A
hZ cos 71 CcOS 72 + hj cos

B B C C
écosf—i—h?cos?lcos?z

> hyhesin A; sin Ay + h.h, sin By sin By + hghy sin C sin Cs.

Corollary 4.5. For any AABC, ANA1B,Cy, ANA3;ByC,, the following inequality
holds.

A B B C C
R%COS%COS{+R§COS71COS72+R§COS§COS§

2 R2R3 sin Al sin A2 -+ R3R1 sin Bl sin B2 + R1R2 sin Cl sin Cg.

Corollary 4.6. For any AABC, AA,B,C;, ANA;ByCy, the following inequality
holds.

A A B B C C
r%cosécosf+7’500871c0572+r§c087160872

> rorgsin Ay sin Ay + r3ry sin By sin By + 1115 sin C] sin Cy.
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