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Abstract: Let P(z) be a polynomial of degree andM (P, t) = Max |P(z)|. In this paper
z|=t
. / . . Full Screen
we shall estimaté// (P , p) in terms of M (P, r) where P(z) does not vanish .
in the disk|z|] < K, K > 1, 0 < r < p < K and obtain an interesting Close
refinement of some result of Dewan and Malik. We shall also obtain an interest-
ing generalization as well as a refinement of well-known result of P. Turan for ; : -
polynomials not vanishing outside the unit disk. journal of inequalities
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1. Introduction and Statement of Results

Let P(z) be a polynomial of degree and letA/(P,r) = Max, -, |P(2)| and
m(P,t) = minp,—; |P(z)| concerning the estimate afax|P'(z)| in terms of the
max | P(z)| on the unit circldz| = 1, we have

(11) 1‘\2[&)1( |PI(Z)’ S nl\\z/[ﬁ)l( ‘P(Z)‘ Inequalities for the
N - Maximum Modulus
Inequality (L.1) is a famous result known as Bernstein’s Inequality (for reference see (A (AP IR (22 20D
[4], [5], [10], [11]). Equality in (1.1) holds if and only ifP(z) has all its zeros at the vl B i 2, BN 3, 20007
origin. So it is natural to seek improvements under appropriate assumptions on the
zeros ofP(z). o _ _ Title Page
If P(z) does not vanish ifz| < 1,then the inequalityl(. 1) can be replaced by
n Contents
/ < _
(1.2) Max | P'(2)] < 5 Max|P() —T
Inequality (L.2) was conjectured by Erdos and later proved by L&x Qn the other < 4
hand, it was shown by Turai?] that if all the zeros ofP(z) lie in |z| < 1, then b
age 3 of 15
(1.3) 1‘\/[&)1( |PI(Z)] > gl\/[laol( |P(2)]. Go Back
. . . . . Full Screen
As an extension of1(2), Malik [9] showed that ifP(z) does not vanish ihz| <
K, K > 1, then Close
’ n . . iy
1.4 Max |P (2)] < —=—— Max |P(z journal of inequalities
(14) |2|=1 P2l =< 1+ K Jz=1 P) in pure and applied
mathematics

Recently Dewan and Abdullal6]] have obtained the following generalization of
inequality (L.4).
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Theorem A. If P(z) = Z?:o a;z’ is a polynomial of degree having no zeros in
2| < K, K >1,thenfor0 <r < p<K,

<o+ K" { ~ K(K — p)(nfao| — Klay|)n

- (K (K2 — p?)nlao| + 2K plas |

n—1
p—r K+r
X Max |P
(K+p) (K+p) }|Z|i§| )

Inequality (L.3) was generalized by Aziz and Sha?j py proving the following
interesting result.

(15) Max|P'(z)

Theorem B. If P(z) = > 7 a;2’ is a polynomial of degree having all its zeros
in the disk|z| < K < 1 with s—fold zeros at origin, then fofz| = 1,

’ n -+ KS
. > .
(L6) Max | P'(2)] > 5= Max |P(2)|
The result is sharp and the extremal polynomial is
P(z)=2°(z+ K)"°, 0<s<n.

Here in this paper,we shall first obtain the following interesting improvement of
TheoremA which is also a generalization of inequalitiy.4).

Theorem 1.1.1f P(z) = Z;;O a;z’ is a polynomial of degree > 1, having no
zerosin|z| < K, K > 1ithenfor0 <r <p<K,
n(p+ K)"!

(K +r)m

K(K — p)(nfao| — K|ay|)n (p—r) (K+T)”_1
(p* + K?)nlao| + 2K%plar| \K+p) \K+p

(1.7) M(P,p) <

X [1—

M(P,r)
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. (T + K) {( (nlaolp + K?|as)

p+K) [(p*+ K?)n|ag| + 2K7p|ai |

(R

The result is best possible and equality holds for the polynomial

P(z)=(z+ K)".
Next we prove the following result which is a refinement of Theofm

Theorem 1.2.1f P(z) = > a2’ is a polynomial of degree having all its zeros
in the disk|z| < K, K < 1 witht¢—fold zeros at the origin, then,

n+ Kt n—t
M(P,1 —_
1+ K (P, )+(1+K)Kt

The result is sharp and equality holds for the polynomial

(1.8) M(P',1) > m(P, K).

P(z)=2'(z+K)"" 0<t<n.
The following result immediately follows by taking = 1 in TheoremL.2.

Corollary 1.3. If P(2) = 3_7_, a;2’ is a polynomial of degree having all its zeros
in |z| <1, with ¢—fold zeros at the origin, then fde| = 1,

n+t n—t

(1.9) M(P' 1) > M(P,1) 4+ ——=m(P,1).

The result is best possible and equality holds for the polynomia) = (= + K)".

Remarkl. Fort = 0, Corollaryl1.3reduces to a result due to Aziz and DawodaH [
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2. Lemmas

For the proofs of these theorems, we require the following lemmas. The first result

is due to Govil, Rahman and Schmeissar [

Lemma 2.1. If P(z) = Z;‘:O a;z’ is a polynomial of degree n having all its zeros
in|z| > K >1,then

/ (nfao| + K?|as|)
2.1 Max |P'(2)] < Max | P(z)].
(2.1) Izlg§<| (2)] < K nlao] - 2K 2] |Z|g>1<| (2)]

Lemma2.2.1f P(z) = Y7 a; 2’ is a polynomial of degree which does not vanish
in|z| < K whereK > 0,then for0 < rR < K? andr < R, we have

(2.2) Max|P(2)|

=
r+ K\" r+ K\" .
> — — .
> (55) Maxlp+ 1= () | MingoslPta)

Here the result is best possible and equalitydr} holds for the polynomiaP(z) =
(z 4+ K)"™.

Lemma2.2is due to Aziz and Zarga#].

Lemma 2.3.1f P(2) = > 7 a;z’ is a polynomial of degree having no zeros in
2| < K, K >1,thenfor0 <r <p<K,

(2.3) M(P,p)

c (Eee [o- KO = ekl i (pr (14
“\K+r (K2 + p?)nlag| + 2K2pla] \K +p) \ K +p

M(P,r)
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[ (n]aolp + K?|ai|)(r + K) pHEN"
(p? + K?)n|ag| + 2K2?pla,| r+ K L n(p=7) | m(P,K).
The result is best possible with equality for the polynomiéd) = (= + K)™.

Proof of Lemm&.3. Since P(z) has no zeros ifz| < K, K > 1, therefore the
polynomial 7'(z) = P(tz) has no zeros ifz| < &, where0 < ¢ < K. Using

Lemma2.1for the polynomiall’(z), with K replaced by§ > 1, we get

, + B¢
BMMT@NSH{ ol + 7 o1 }M%H@»

|2=1 (1 + BYnjag| + 252 [tay)

which implies

, (n]ag|t + K3|ay])
2.4 Max | P <
(2.4) \z|i§’ (Z)| >n { (t2 n K2)n‘a0| + 2K2t|a1\

Now for0 < r < p < K and0 < 6 < 27, by (2.4) we have

(2.5) |P(pe”) — P(re”)| < / p\P’(tei")\dt

(n|ag|t + K?|ay])
< Max |P(z)].
—/7, n{(t2+K2)n\ao\—|—2K2t|a1\ ax|P(2)]

Using Lemma.2with R = t and notingthat < r <t < p < K and0 < rt < K2,
it follows that

|mm%—PWWMs[%{ (nlaolt + KZla ) }

(t2 4+ K?)n|ag| + 2K%t|a, |

Max | P(z)].

|2|=t
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() e -(-(Fg) ) mn e

{ (nlaolp + K?|ay|) }
(p* + K?)nlao| + 2K2p|ay|

I/\

[ (wj{() {M(PT) (1—(:I§)n)m(P,K)}dt.

This gives for0 < r < p < K,

M (P, p)
n(K + p) (nlaolp + K?|a1|) P ne1 .
< [” (5 ) {(P2+K2)”|a0| +2sz|a1|}[ (K49 dt] M(P.r)

{ il (Y
< {1 _ {(<K + p)(nlaolp + K2Jaa)) }

22 + K2)n|ao| + 2K2p|ay]|
N {((12<+p)(nlao|p+K2|a1|) } <K+p>"] M(P.7)

7+ K2)mlao] + 2K2plar] f \ K +r

paLE el UM (s R G
et
2+ p?)nfag| + 2K2%p|ay

1 R (522
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ol K (1KY
— —1|dt Pk
”{<p2+K2>n|ao|+2K2p|a1\ A\UFR e

“(irr) [ G i raenar 1 (ieey) p| e

_n{ (nlaolp + K?ai)) } 1
(0% + K2)nlao| + 2K%pa] f (r + K™
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_ (M) {1  K(K — p)(n]ag| — Klai])

K+r (K2 + p?)nlag| + 2K3play | Title Page
_ K n
" (p—r) {1 B (K + 7“) } M(P,) Contents
(K+p){1—[f§j;} TP «“ 3
B { (nlaolp + K?|asl) < >
2 2 2
(p + K )n|a0’ + 2Knp|a1| Page 9 of 15
X (r+ K) p i —1y—nlp—r)p| m(Pk) K
r+ K ) Go Bac
K " K(K — - K — K n—l Full Screen
(B} o Sl Ko 5y (00
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3. Proof of the Theorems

Proof of Theoreni. 1. Since the polynomialP(z) = 377 _;a;2’ has no zeros in
|z| < K, whereK > 1, therefore it follows that'(z) = P(pz) has no zero in

2] < %, % > 1. Applying inequality (..4) to the polynomialF'(z), we get

Max |F'(2)] < —¢ (2)l;
|z]=1 n
which gives
3.1 Max | P’ < Max | P(z)|.
(3.1) Max | P'(2)] < o Max | P(2)

Now if 0 < r < p < K, then from (3.1) it follows with the help of Lemma&.3that

K n—l KK — K
MaX|P( )| < ( +p) |: ( )(n\ao\ ‘al‘)
|z|=p (K-}-’/ﬂn (K2+p)n\a0|+2K2 ’CL1|

() (55
n(r+K) [ (nlao|p + K3|a;)

p+ K 2+ K2)n|ag| + 2K2p|a |

A(E R

which completes the proof of Theoreml. O

M(P,r)

Proof of Theoren..2. If m = Minp—x |P(2)|, thenm < |[P(z)| for |2| = K,
which givesm|Z£|* < |P(z)| for |z| = K. Since all the zeros aP(z) lie in |z| <
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K < 1, with t—fold zeros at the origin,therefore for every complex numbsuch
that || < 1, it follows (by Rouches’ Theorem fom > 0) that the polynomial
G(z) = P(z) + 9&2" has all its zeros ifiz| < K, K < 1 with t—fold zeros at the
origin,so that we can write

(3.2) G(z) = 2'H(2),

Inequalities for the
Maximum Modulus

whereH (z) is a polynomial of degree — ¢ having all its zeros inz| < K, K < 1.
From (3.2), we get

A. Aziz and B.A. Zargar
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(3.3) G ), 2 ()
G(z) H(z)
Title Page
If 21, 29,..., 2, are the zeros aoff (z), then|z;| < K < 1 and from (3.3), we have
Contents
ewG’ (619) eieH’ (ei(a)
3.4 Red ———% 7 =t+ Re ——— 44 44
54 A e =+ R T )
:t+Rezl e — 2, Page 11 of 15
]:
n—t 1 Go Back
=i+ Z Re (Tje_m) Full Screen
7j=1
. i0 . Close
for pointse’’, 0 < 6 < 27 which are not the zeros df (z).
Now,if |w| < K < 1, then it can be easily verified that journal of inequalities
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Using this fact in £.4), we see that

10,0 0 Y (0
Gl S pe(£26(€T)
G(e") G(e)
n—t
1 n—t
=t Re| ——— | >t+—+—
+Z e(l—zje—w) =t 1+ K’
Jj=1 Inequalities for the
i i Maximum Modulus
which glveS, A. Aziz and B.A. Zargar
;o n+tkK . vol. 8, iss. 2, art. 37, 2007
3.5 G 0 > G 60
(3.5) ()] = T |G ()
for pointse®, 0 < 6 < 27 which are not the zeros @f(z). Since inequality{.5) is Title Page
. . 0 . )
trivially true for pointse’”, 0 < 6 < 27 which are the zeros dP(z), it follows that Contents
/ n+tK
3.6 G > G for =1. 4« »»
(3.6) G'(:)| 2 T |G| for
4 >

ReplacingG(z) by P(z) 4+ $#2" in (3.6), then we get
Page 12 of 15

/ atm ,_ n+tK am
(3.7) P (z)+ Wzt > T K P(z) + th for |z|=1 Go Back
. . I
and for every with || < 1. Choosing the argument afsuch that Full Screen
Close
am m
)P(z) + 2| = IPE) + el for o] =1, | _ -
journal of inequalities
it follows from (3.7) that in pure and applied
tal K mathematics
/ am _n m - )
P+ " 2 T PG +lal ) for [o] =1,
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Letting|«| — 1, we obtain

/ n+tK n+tK m
P(2)| 2 P i~
7)) e (Z>|+[1+K t} K
n—+tK n—t m
= P — r =1
Tk PEI TR 12
This implies
Max |P'(2)] > Max | P T Min |P
Max [P (2)] 2 -7 Max PG+ g M IP)

which is the desired result.
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