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ABSTRACT. In this paper, we establish the following: Let, as, ..., a,, be non negative real
numbers, then for at > 0, we have

n

1 Z atai2 ... gl > a1 +az+---+am

(n+m71) 1 %2 m = m .
m—1 J ii+ist+-+im=n

The casen = 2 gives the Haber inequality. We apply the result to find lower bounds for the
sum of reciprocals of multinomial coefficients and for symmetric functions.
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1. INTRODUCTION

In 1978, S. Haber [3] proved the following inequality: Letandb be non negative real
numbers, then for eveny > 0, we have

(1.1)

+b\"
n n—1 n—1 ) > a )
n+1(a +a" b+ +ab +b)_( 5 )

Another formulation of(1.1)) is
f(z,y) > f (3, 3) forall non negative numbers y satisfyingz + y = 1,
where

i+j=n

In 1983 [5], A. Mc.D. Mercer, using an analogous technique, gave an extension of Haber’s
inequality for convex sequences.

Special thanks to A. Chabour, S. Y. Raffed, and R. Souam for useful discussions. The proof given in the remark is due to A. Chabour.
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Let (ux)o<,<, D€ @ cOnvex sequence, then the following inequality holds

(1.2) n+12uk_2() U

k=0

In 1994 [1], using also the same tools, H. Alzer and &aPié obtained a more general result
than the relatior1.2).

In 2004 [6], A. Mc.D. Mercer extended the result using an equivalent inequalifi. Df as a
polynomial inz = 3, and deduced relations satisfyiig2), seel[1].

Let P (z) = S.1_, ara® satisfy P (z) = (z — 1) Q () , where the coefficients ap (=) are
real and non negative. Then(if;),.,,, iS @ convex sequence, we have

n

k=0
Our proposal is to establish an extension of the relafiolj to » real numbers.
2. MAIN RESULT

In this section, we give an extension of the inequality given by the relgtidi for several
variables.

Theorem 2.1(Generalized Haber inequalityl eta,, a-, . . ., a,, be non negative real numbers,
then for alln > 0, one has
(21) le) | Z a11a22..-(ln71n Z < o )

m—1 11+t +im=n

For another formulation of2.1)), let us consider the following homogeneous polynomial of
degreen
fm (1,29, .. ) = Z gl i,
t1ti2t+Fim=n
wherexy, x,, . . ., x,, are non negative real numbers satisfying the constraints+- - -+, =
1.Bysettingforalli = 1,...,m; z; = the inequality given byi2.1)) becomes

(22) fm<$1,l‘2,.. xm)>fm (m’;ﬂ’"’%)
Proof. Let (y1,v2, - .., yn) be the values for whiclf,, is minimal. It is well known that the
gradient off,, at (yi, v, - . . , ) is parallel to that of the constraint which(, 1,...,1), one
then deduces
fm fm
(X1, ..y Tm) = == (1, .., ) ,
8% Ta=Yo 8xﬁ Ta=ys

forall o, 3,1 < a # B < m, which is equivalent to

m
> vy = > s | T 27 | vy

i1+ Him=n e i1+ Fim=n
X,

::]3

ta—1

-1 ,. .
Yo ygﬁ (ia¥p — 18Ya) = 0,

2

i1 tim=n

HES
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which one can write as

n m

Do D vty o — iava) > II=7 || =0

r=0 |iq+ig=r i+ Fim=n—r Jj=1
6= ipFia &ipFig j#o,B

This last expression is a polynomial of several variables. ., z;, ..., z,, (j # «, 3) which
is null if all coefficients are zero. Then fgr, = a andyz = b, one obtains forevery =0,...,n

> @' (ib - ja) = 0.
i+j=r
By developing the sum and gathering the terms of the same power, one obtains
r—1

Z (2i4+1—7)a'b" 7" =0,

1=0
By gathering successively the extreme terms of the sum, we have
L]
Z (7, 9 1) (aerifl B br72171) a2b? —
=0
which is equivalent to
|75t r—2i2
(a=0) > > (r=2i—1)a"y 2 =0
=0 k=0

The double summation is positive, then one deduces that
a=0b<+= y, = ys.

The symmetric grougs,, acts naturally by permutations ov&t[z, x, . .., z,,] and leaves
invariantf,, (z1,xs, ..., x,) andx; + xs + - - - + x,, = 1. Finally, one concludes that
1
m
O

Remark 1. We can prove the above inequality using:
(1) induction ovenn exploiting Haber’s inequality and the well known relation

2.172'27"'77/-771 Z-17Z-27"'7Z'Tnfl Zm

(2) the sectional method for the function

fm (X1, 29, ) = lellxézx%n

li|=n
with the constrainty + 2o + -+ - + z,, = 1;
Letas, as, ..., an andby, bs, . .., by, be real numbers such that, a; = 0and)_, b, =

1, b; > 0, and consider the curve
O () =Y (art+b1)" (agt +by)? -+ (@t + by)™
lil=n
We prove that = (by, s, ..., b,,) is alocal minima forf,, if and only if b; = by =

c=bn (= 1)
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Indeed, one has

i1 ; 11a1 | 1202 U Qm,
O(t)—d0)= > bibE-.-bir (28 o
0-00)= s (B

>~ (n+m_1) (bl...bm)(nmf) (ilﬂ+...+imam>t+..._

m—1 bl bm

If by =by="---=by,(=L)then®(t) —®(0) =ct>+---, c>0,...
If not, we can choose,, as, . . . , a,, such thaty , g— #0,...
N.B. The possible nullity of som&’s is not a problem.

(3) the Popoviciu's Theorem given inl[7].

3. APPLICATIONS

In this section we apply the previous result to find lower bounds for the sum of reciprocals of
multinomial coefficient and for two symmetric functions.

(1) Sum of reciprocals of multinomial coefficient.

Theorem 3.1. The following inequality holds
n+m—1
Z 1 > ( m—1 )
t1+iz+-Fim=n (il,.iim) m!-mn

Proof. It suffices to integrate each side of the inequality given by the relg#ich :

fm(xla:EQ)"'vmm—lvl_xl_"'_xm—1>me(%»%w"v%)

over the simplex

m—1
D:{xi,izl,...,m—l:xizo, ingl}.

i=1

The left hand side gives under the sum the Dirichlet function (or the generalized beta
function) and is equal to the reciprocal of a multinomial coefficient. For the right hand
side we are led to compute the volume of the simglewhich is equal t%. O

(2) An identity due to Sylvester in the 19th century, s€e [2, Thm 5], states that

Theorem 3.2. Letxy, o, ..., x,, be independent variables. Then, one haRjn;, z,,

s T
n+m 1

E xlflx;”... 7”—5 H

As corollary of this theorem and Theorém|2.1, one obtains the following lower bound.

];ﬁz )

Corollary 3.3. Using the hypothesis of the above theorem, one has

i gt >(x1+x2+-~-+a:m)n(n+m—l)
— [z (wi—x5) — m m—1 )

(3) The third application is about the symmetric polynomials. We need the following result:
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Theorem 3.4([2, Cor. 5] and[[4, Th. 1])Letzy, o, ..., z,, be elements of unitary
commutative ring4d with

S, = Z Tiy iy Ty, TOrl1 <k <m.
1< <t <<t <m
Then, for each positive integer one has

ki+--+k ke
k o 1 m n—k km ok m
E xll...xfn—g ( Koo ko )(—1) ! sit.. . g,

where the summations are taken over all m-tuglask., . .., k,,,) of integersk; > 0
satisfying the relationg; + k3 + - - - + k,, = n for the left hand side anél; + 2k, +
-+ mbk,, = n for the right hand side.

This theorem and Theorem 2.1, give:

Corollary 3.5. Using the hypothesis of the last theorem, one has

; kl +o Tt km _q\n—k1——km k1 Em (i>n
(n+m_1)z( k1>"'7km >( 1) 51~~3m Z m '

m—1
where the summation is being taken over all m-tuptesks,, . . ., k,,) of integersk; > 0
satisfying the relatiork, + 2ky + - - - + mk,, = n.
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