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ABSTRACT. Classical inequalities like Jensen and its reverse are used to obtain some elemen-
tary numerical inequalities for convex functions. Furthermore, imposing restrictions on the data
points several new constrained inequalities are given.
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1. INTRODUCTION

It is well known ([1], [2]) that a continous functiory, convex in a real interval C R has
the property

(1.1) f (%ﬂ ;m%) < %n ;pkf(ak),

wherea;, € I,1 < k < n are given data points and, p», . . ., p, is a set of nonnegative real
numbers constrained By, _, p,, = P;. If f is concave the preceding inequality is reversed.

A broad consideration of inequalities for convex functions can be found, among others, in
([3], [4]). Furthermore, inl[5] a reverse of Jensen’s inequality is presented. It states that if
P1, P2, - .., Py a@re real numbers such that> 0,p, <0for2 < k <nandP, > 0, then

(12) f (Pi Zpkak> > 2> nefla)
" k=1 " k=1

holds, wheref : I — R is a convex function i/ anda, € I,1 < k < n are such that
Pin Yor_ipxk € LIf fis concav2) is reversed. Our aim in this paper is to use the preceding
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results to get new inequalities for convex functions. In addition, when tlseare constrained
some inequalities are obtained.

2. UNCONSTRAINED INEQUALITIES

In the sequel, applying the preceding results and some numerical identities, some elementary
inequalities are obtained. We begin with:

Theorem 2.1.Letag, aq, . . ., a, be nonnegative real numbers. Then, the following inequality
n n n 2
n\ ag 1 n ek n
P [Z (k> 27] =% [Z (k:) (1+ ar)? [Z (k:) (1+a)
k=0 k=0 k=0

holds.

Proof. Sincef(t) = (1+t)2 is convex in[0, +o0), then settingy, = (7) /2", 0 < k < n, into
) and taking into account the well known idenf}ty,_, (’,;”) = 2", we have

(S0 0] <2t

After rearranging terms, the inequality claimed immediately follows and the proof is complete.

]
Theorem 2.2.Letpq, po, . . ., p, be a set of nonnegative real numbers constraineﬁ]@;g1 Dr =
P;. If ay,as,. .., a, are positive real numbers, then
n Pk Pn 1 n 2

[H (%‘F \/1‘1‘%) ] ZPW}HF 1+ (Fn ZPk%)

k=1 k=1
holds.
Proof. Let f : (0,400) — R be the function defined by(¢) = In(t++/1 + ¢2). Then, we have
f'(t) = == > 0and f"(t) = —m < 0. Therefore,f is concave and applyln.l)
yields

Pi Zpkak + ( ZPk%)
" k=1

1
n n

1 Pk | Pn
ZFnklpkln(ak—l—\/l—i—ai)zln[H(ak—l—\/l—i—ai) ] )

k=1
Taking into account thaf(¢) = log(t) is injective, the statement immediately follows and this
completes the proof. O

: 1 . :
Settingp, = —, 1 < k < n into the preceding result we get
n

Corollary 2.3. Letay, ao, ..., a, be a set of positive real numbers. Then

n

1/n n n 2
H(ak—i-\/l—i—ai) g% > ap+ n2—|—<2ak)
k=1

k=1 k=1
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holds.

Let T, be then" triangular number defined B, = " Then, settingy, = Tj,, 1 < k <
n into the preceding result, we get

Corollary 2.4. Foralln > 1,

n

1
o
11 <Tk+\/1+Tg> <3 (Tn+1+,/9+T,3H)

k=1

holds.

An interesting result involving Fibonacci numbers that can be proved using convex functions
is the following

Theorem 2.5. Letn be a positive integer anélbe a whole number. Then,

+ ot

—4 —4 —4
Fl F2 Fn

holds, whereF, is then!" Fibonacci number defined b, = 0, F;, = 1 and for alln > 2,
F,=F, 1+ F, .

(F5+F§+...+F,§)[ }z F2F2

Proof. Taking into account that? + F3 + --- + F? = F,F,,, as is well known, and the
fact that the functiorf : (0,00) — R, defined byf(t) = 1/t is convex, we get after setting

' {<i<nanda, = F,F‘21<i<n:
Fool<i<nanda =F.F; 7 1<i<n:

pi:Fn

1 < 1 1 1 1
Fy Fy +...+F_7€_F7%Fn+1 Ff_4+F2£_4+‘”+FZ_4 '

Frni Froi1 Frni1 "
From the preceding expression immediately follows

1 1 1
(Ff+F§+---+Ff){—+—+"'+ ]EFSFE 1
Ff4 F224 Fl—4 +

and this completes the proof. O
Finally, using the reverse Jensen’s inequality, we state and prove:

Theorem 2.6.Letay, a4, . .., a, be positive real numbers such that> a; > --- > a,, and let
po=n(n+1)andp, = —k,k=1,2,...,n. Then

o (a0

Proof. Setting /() = 1, that is convex in(0, +oc), and taking into account that,_, & =
(1) from (1.4) we have

2 - 2 -
f (m kzz()pkak> > mkz:opkf(ak)

or

-1

2 2 D

- > rk
(n(n +1) ;pkak> ~n(n+1) kzg a

from which, after rearranging term§, (2.1) immediately follows and the proof is compléie.
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3. CONSTRAINED INEQUALITIES

In the sequel, imposing restrictions og, z-, . . ., x,,, SOome inequalities with constraints are
given. We begin with the following.

Theorem 3.1.Letpy, ps, ..., p, € [0, 1) be a set of real numbers constrained@iz1 pe = Pj.
If 21,25, ..., x, are positive real numbers such that+ L 4 ...+ L = 1, then

n n 1
(3om) () =

Proof. Taking into account the weighted AM-HM inequality, we have

23 pz
RE o (%)

Since0 < p;, < 1for1 <k <n, thenl: < - From which, we get

k

holds.

P, P,
Zkl( ) Zklpk.

Then,

MRS

ey k k: fal
Zk 1 pk
and the statement immediately foIIows. O
Corollary 3.2. If zy, 25, ..., z, are positive real numbers such thdt+ L + ... + L = 1,
then
n = xl/mk‘

Proof. Settingp, = 1/x;, 1 < k < n into Theorenj 3]1 yields

(£ B4 ()= (£2)

completing the proof. O

Finally, we give two inequalities similar to the ones obtained in [6] for the triangle.
Theorem 3.3. Let a,b and ¢ be positive real numbers such that+ b + ¢ = 1. Then, the
following inequality

aa(a+2b) . bb(b+2c) . cc(c+2zz) >

W

holds.

Proof. Sincea + b + ¢ = 1, thena? + b* + ¢* 4+ 2(ab + bec + ca) = 1. Therefore, choosing
p1 = a?, py = b%, p3 = 2, py = 2ab, ps = 2bc, ps = 2ca andx; = 1/a, o = 1/b, x5 = 1/c,
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x4y =1/a, x5 = 1/b, ¢ = 1/c, and applying Jensen’s inequality to the functj{n) = In ¢ that
is concave for alt > 0, we obtain

1 1 1 1 1 1
In( a®>= + b*= + = + 2ab= + 2bc~ + 2ca—
a b c a b c

1

1 1 1 1 1
>a’ln—+b’In—+cAln-+ 2abln - + 2bcln — + 2caln —,
a b c a b

C
from which, we get

1
In3 > In (aa(a+2b) . hb(b+2¢) . Cc(c+2a))
and this completes the proof. O

Theorem 3.4.Leta, b, c be positive numbers such thdt + bc + ca = abe. Then,
Vavbi/c(a+b+c) > abe
holds.

Proof. Sinceab + bc + ca = abe, thent + 1 + 1 = 1. So, choosing; = 2, p, = 1, p3 =1

C

andz; = ab, x5 = be, x3 = ca, and applying Jensen'’s inequality f6¢) = Int again, we get

1 1 1
In(a+b+c)> —1nab+61nbc+—lnca
a c

or
1 1 1 1 1 1
a+b+c>aate - brta.cety,

Now, taking into account tha{ + % + 1 = 1, we obtain:a + b+ ¢ > a'~7 - b« - ¢!~«, from
which the statement immediately follows and the proof is complete. O
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