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Some new Hilbert-Pachpatte discrete inequalities and their integral analogues are
established in this paper. Other inequalities are also given in remarks.
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1. Introduction

Letp > 1, ¢ > 1 and{a,,} and{b,} be two nonnegative sequences of real numbers
defined form = 1,2,.... kandn = 1,2,...,r, wherek andr are natural numbers
and define4,, = >_""  as;andB, =Y, b.. Then

k 3
C(p,q,k, T){Z(l{? m+ 1)(A2” am)2}
X {i@ —n+ 1)(32‘1bn>2}2 :

n=1

mlnl

-

unless{a,,} or {b,} is null, whereC(p, ¢, k, ) = ipgVkr.
An integral analogue ofl( 1) is given in the following result.
Letp > 1,¢ > 1andf(c) >0, g(1) > Ofora € (0,z), 7 G (0, y) wherez, y
are positive real numbers and defifés) = [ f(o)do andG(t) = [ g(7)dr, for
€ (0,x),t € (0,y). Then

a2 [ [ EEEON < b { [ sseras)

>< { INE zf><c:q-1<t>g<t>>2dt}é |

unlessf(c) = 0 org(r) = 0, whereD(p, ¢, z,y) = 3pq,/Ty.
Inequalities {.1) and (L.2) are the well known Hilbert-Pachpatte inequalitigéf [
which gave new estimates on Hilbert type inequalit@s [t is well known that the

Hilbert-Pachpatte inequalities play a dominant role in analysis, so the literature on

such inequalities and their applications is véat{ [8].

II\',
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Young-Ho Kim [9] gave new inequalities similar to the Hilbert-Pachpatte inequal-
ities as follows.

Letp > 1,¢ > 1, « > 0, and{a,,} and{b,} be two nonnegative sequences of
real numbers defined fon = 1,2,...,kandn = 1,2,...,r, wherek andr are
natural numbers and defing, = Y"" , a;andB, = >, | b.. Then

T k

1
AP BY ’ _ , )
(1 3) Z Z C(p, q, k r; O{) {Z(k —m4+ 1)(14%1&7”)2} Hilbert-Pachpatte’s Inequalities

m=1n=1 ma + na m=1 Wengui Yang

vol. 10, iss. 1, art. 26, 2009

X {i(r —n+ 1)(32‘1bn)2}2 ,

n=1 Title Page
1
unless{a,,} or {b,} is null, whereC(p, ¢, k,r; o) = (3) ® pgVkr. Contents
An integral analogue ofl(3) is given in the following result. « RS

Letp>1,q>1,a>0andf(o) >0,g(r) > Oforo € (0,x),7 E (0, y) Where
x,y are positive real numbers and defiiés) = [ f(o)do andG(t) = [, g( < 4

fors € (0,z),t € (0,y). Then Page 4 of 28

(1 4) / /y Fp det Go Back
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The purpose of the present paper is to derive some new generalized inequalities
(1.9 and (L.2) that are similar toX.3) and (L.4). By applying an elementary inequal-
ity, we also obtain some new inequalities similar to some result, 9] [
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2. Main Results

Now we give our results as follows in this paper.

Theorem 2.1.Letp > 1,¢ > 1, > 1,y > 1 and{a,,} and{b,} be two non-
negative sequences of real numbers defined#fer 1,2,... kandn=1,2,...,r,
wherek andr are natural numbers and defing,, = > a; andB,, = > 1, b;.
Then

k r
Al B}
(2'1) Z Z (a=1D)(a+7) (=D (a+v) < C(p, q, k,m;a, 'Y)

m=1n=1"YmMm &7 +an >

X {Z(k —m+ 1)(Ag1am)a}

m=1

Q=

{ZO” —n+ 1)(lebn)’*}w :

n=1
. a—-1 2a=1
unless{a,,} or {b,} is null, whereC(p, ¢, k,r; a,7y) = ap—ka aroa.
Proof. The idea for the proof Theoref1 comes from Theorem 1 ofi] and The-
orem 2.1 of P]. From the hypotheses of Theoreinl and using the following in-

equality (seel0, 11)),

n B n m p—1
22 {zm} gﬁzzm{zzk} |

m=1 k=1
where > lisaconstantand,, >0, (m =1,2,...,n), itis easy to observe that
(2.3) An <pY Arla,  m=12...k
s=1

BZSQZBf_Ibt, n=12,...,r
t=1
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From (2.3) and Holder’s inequality, we have

1
24) > Arle < ms {Z(Af;—las)a} , m=12...k,
s=1

s=1
and
n n l
(2.5) > Bi'h < n’5 {Z(Bflbt)V} o on=1,2,....m
t=1 t=1

Using the inequality of mean4?]

(2.6) {ﬁ Sfi}ﬂn < {Qi iwis;}
i=1 "oi=1

forr >0,w; >0,>"  w; =Q,, we observe that

1

w1 + wo

1
p

(2.7) (s57s52)7/rtes) < (w1} +wash)

Lets; =m® ! sy =n""1 w = é, Wy = % andr = w; + wsq, from (2.3) — (2.5

and .7), we have

1 1
3 m a n ¥
(28)  ALBI<pgm°c {Z(Ai’las)“} {Z(Bflbt)”}

s=1 t=1
(a—1)(a+ty) (v=1)(a+7)
qoy {m ay n o }

SP
o+

+
o Y
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Q=

x{Z}@%m}{ijw*mqﬁ

s=1 t=1
form=1,2,...,k,n=1,2,...,r. From (2.8), we observe that

P R4

AmBn
(a=1)(a+7) G=D(at+)

ym v +an o

<3 {Zmz-law}

s=1

(2.9)

Q=

{Z(Bf—lw}” ,

t=1

form =1,2,...,k,n = 1,2,...,r. Taking the sum on both sides of.Q) first
overn from 1 to r and then overn from 1 to & of the resulting inequality and using
Hdélder’s inequality with indicesy, a/(« — 1) and~, v/(~v — 1) and interchanging
the order of summations, we observe that

k r
p q
> 2 B
(a=1)(a+7) (y=1)(a+7)

m=1n=17YM 7 4an o

1

<at7 Z{Z(A@?las)a}” {Z(Bﬁ‘lw}w

m=1

Pq jam

(AN
o
+
2
ol
d
——
M?r
NE
N
Vit
s

n=1 t=1

_ as)a} TA/T_l {Z Z(Bg—lbt)y}v
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pq a-1 -1
a o
o+ ot
X {Z(r—n
n=1

2=

+ 1)(Bglbn)7}

{Z(k: —m+ 1)(Ag;1am)a}

]

Remarkl. In Theorem2.1, settingae = v = 2, we have (.1). In Theorem?2.1,
setting; + - = 1, we have

k r

2.2

m=1 n=1

. a—1 =1
unless{a,, } or {b,} is null, whereC(p, ¢, k, r; o, v) = Lk o r 5.

AL By

yme~l + any-

X {Z(k‘—m—l—l)

- < C(p,q. k,m0,7)

n=1

(A%‘lam)“} {Z(r —n+1)(BIb,)"

Remark2. In Theorem?2.1, settingp = ¢ = 1, we have

k r
2100 Y >

AmBn
(a=1D)(aty) (y=1)(at7)
m=1n=1 7YM td + an el
k
< C(1,1,k 7 0,7) {Z(k —m+1)aj,
m=1

unless{a,,} or {b,} is null, whereC(1, 1, k, r; a, y) =

}1

y—1

d (r—n+1)
n=1
ka;lru

1
}w
)
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In the following theorem we give a further generalization of the inequatity(
obtained in Remark. Before we give our result, we point out thigt,,} and{q,}
should be two positive sequencesifor=1,2,..., kandn = 1,2,...,rin Theorem
2.3 of [9].

Theorem 2.2.Leta > 1,y > 1 and{a,,} and{b, } be two nonnegative sequences of

real numbers andp,,} and{q,} be positive sequences definedifor= 1,2,... k

andn = 1,2,...,r, wherek andr are natural numbers and defing,, = >"" | as,

B,=>7 b, Pp=>% " p;andQ, => ;" , ¢. Letd and ¥ be two real-valued,

nonnegative, convex, and submultiplicative functions defindtl,oa [0, o). Then
P(Amn)V(By)

k T
(2-11) Z Z (a—1)(at7) (v=1)(a+7)

m=1n=1"7YM &7 +an o

< M(k,r;a,v){zk:(’f—m“Ll) { m® <Z_m)r}

m=1 m

. {z<> o (g_m”}i
where _

e (£} ()

m=1 n=1

Q=

Proof. From the hypotheses éfand¥ and by using Jensen’s inequality and Holder’s
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inequality, it is easy to observe that

(212)  @(4,) = (Pm Z;”lpsas/ps)

> ey Ds
< O(P,,)® (Z%ﬁjjs/ps) < ¢§m) Zm:pscb (“—>

O(P,) o [& as\1%] °
< a s
=B, " {;{Sq)(ps)} } ’
and similarly,

(2.13) W(B,) < ‘I’gi")n {tz: [qt\IJ (ﬁ)r}i |

qt

Lets; =m® ! sy =n""1 w = i, Wy = % andr = w; + wy, from (2.7), (2.12)
and .13, we have

ne {5 oo ()]}

(a=1)(a+v) r=D(a+v)

ary m v n oo

< +
o+ e} ¥
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b ) ][ b0

t=1
form=1,2,...,k,n=1,2,...,r. From (2.14), we observe that
P(An)V(Bn)

(e=1)(a+v) (=D (a+)
ym +an o

(2.15)

Hilbert-Pachpatte’s Inequalities
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\:[J(Qn) i o E Y Title Page
Qn — de Qs Contents

form = 1,2,...,k,n = 1,2,...,r. Taking the sum on both sides df.( 9 first “ i
overn from 1 to r and then overn from 1 to k of the resulting inequality and using

< >
Hdélder’s inequality with indicesy, a/(«« — 1) and~y, v/(~v — 1) and interchanging
the order of summations, we observe that FRge An e
Xk: Zr: (P(Am)\I/(Bn) Go Back
m=1n=1 YM (ailg(ﬁaﬂ) + an (77132a+7) Full Screen
k m . T n - Close
O(P,) as\ 1" U(Q, b\1" |~
b s P G G | e
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Remark3. From the inequality4.7), we obtain

(2.16) sytss? < (wlsj"lwz + w28§”1+w2)

forw; > 0, wy > 0. If we apply the elementary inequality.(L6) on the right-hand
sides of £.1) in Theorem2.1and @¢.11) in Theorem?2.2, then we get the following
inequalities

k r
P q
3 ol
(a—1)(at+~) (v=1)(a+7)

m=1n=1"7YMm &7 +an

aty

. k @y
S avC(p, q, k> ra, ’7) l (k’ —m+ 1)(145;1(17”)&
o4y a | =

+% {i(r —n+ 1)(35—119”)7} - ,

n=1
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whereC(p, q, k,r;a,y) = 2L k; Sy AISO

L ®(A,,)¥(B,)
Z Z (a=1)(at+y) (v=1)(a+7v)

m=1n=17YM o7 +an

cetiro [t 0w o )]}

m=1

where

M(k, 75 a,y) = %ﬂ{mzk:l {%{?)}&}aal {NZI {%]1}1

The following theorems deal with slight variants of the inequality. () given in
Theorem2.2.

Theorem 2.3.Leta > 1, v > 1 and{a,,} and{b,} be two nonnegative sequences
of real numbers defined fon = 1,2,..., kandn = 1,2,...,r, wherek andr are

natural numbers and defing,, = = >  a,andB, = £ 3>"1' | b,. Let® and ¥ be
two real-valued, nonnegative, convex functions defineld oe= [0, c0). Then

k r
mn®(A,,)V(B,)
Z Z @Dty ooy = C(L Lk ma,7)

m=ln=17Ym o 4an o
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whereC(1,1,k,r;a,y) = =—k"s r~ .

Proof. From the hypotheses and by using Jensen’s inequality and Holder’s inequal-
ity, it is easy to observe that

a—1

(I)(Am) =0 (%Zas) < %Zq)(as) < %m(yal {Z(Da(as)} a )

~y—1

Y

S|

U(B,) =0 (% ibt> < %i\ﬂ(bt) < -5 {i \If”(bt)}

The rest of the proof can be completed by following the same steps as in the
proofs of Theorem&.1and2.2with suitable changes and hence we omit the details.
O

Theorem 2.4.Leta > 1,v > 1 and{a,,} and{b,} be two nonnegative sequences of
real numbers andp,,} and{q,} be positive sequences definedfor=1,2,... k
andn = 1,2,...,r, wherek andr are natural numbers and defirfe, = """, p,,
Qn=>11q An = % S pmas and B, = é S qnbi. Let® and ¥ be two
real-valued, nonnegative, convex functions define® pr= [0, c0). Then

= PuQu®(An)¥(B,)
Z Z (a—1)(a+7v) (=D (a4~)
m=1n=1YmMm +an o

Hilbert-Pachpatte’s Inequalities
Wengui Yang
vol. 10, iss. 1, art. 26, 2009

Title Page
Contents
44 44
< 14
Page 15 of 28
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:yangwg8088@163.com
http://jipam.vu.edu.au

<C(L, Lk ra,7) {Z (k—m+1

=
e
=
g
o
——
o

y—1

whereC(1,1,k,r;a,y) = —k*s iy

Proof. From the hypotheses and by using Jensen’s inequality and Holder’s inequal-
ity, it is easy to observe that

< éth\I/(bt) < é”tl {Z[th’(bt)]v} 7 ~

The rest of the proof can be completed by following the same steps as in the
proofs of Theorem&.1and2.2with suitable changes and hence we omit the details.

]
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3. Integral Analogues

Now we give the integral analogues of the inequalities in Theorems 2.4.
An integral analogue of Theoreilis given in the following theorem.

Theorem 3.1.Letp > 0,¢ > 0,a > 1,7 > land f(o) > 0, g(1) > 0foro €
(0 :1:) T € (O y), Wherez, y are positive real numbers, defidg(s) = [ f(o)do

fO dT fors € (07 l‘), t e (O, y) Then Hilbert-Pachpatte’s Inequalities
Gq( ) Wengui Yang
(3.1) / =T e dsdt vol. 10, iss. 1, art. 26, 2009
0 vs o +at v
1
’ * Title P
< D(p,q,z,y;,7) {/ (x — s)(Fpl(s)f(s))adS} itle Page
’ 1 Contents
Y g
x {/ (y —t)(Gq_l(t)g(t))”dt} : « »p
0
< >

y—1
unlessf(o) = 0 or g(7) = 0, whereD(p, ¢, z, y; o, ) = 2Lz R
f(0) 9(7) (0,2, y50,7) = Zea™y page 17 of 28

Proof. From the hypotheses @f(s) andG(t), it is easy to observe that o Back
0 bac

(3.2) Fo(s) = p / Fr o) f(o)do, s € (0,2), Ful Screen

1) = q /0 Gl (r)g(r)dr,  te (0,y). Close

journal of inequalities
in pure and applied
mathematics
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and

(3.4) /Gq W)g(t)dt < ¢ {/Ot@ql(f)g(f))vdr}i, te (0,0).

Lets, =51 sy =1 w =L w =121 r=w +w, from (3.2 - (3.4 and
(2.7), we observe that

(3.5)  FP(s)G(t)

e {/OS(Fp_l(WJ))ada}i {/ot@“<T>g<r>>vd7}i

(a=1D)(aty) (y=D(a+v)
(0% m oy n @y
o )

o+ « y

" {/US(F“@J"(U))%F {/o%qu(T)g(T))'*dT}i

fors € (0,z),t € (0,y). From (3.5), we observe that

ce PG

(a=1)(a+y) =D (a+7)
vs o +at o

) Oé]fv {/OS<FPI(U>f(U))adU}i {/Ot(GqI(T)Q(T)ydr}i

for s € (0,z),t € (0,y). Taking the integral on both sides &f.¢) first overt from
0 to y and then over from 0 to = of the resulting inequality and using Hdolder’s
inequality with indicesy, a/(a — 1) and~, v/(y — 1) and interchanging the order
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of integrals, we observe that

(5)GI(t)
/ / @—D(at) Gy dsdt
0 vs @ t

+ o oy

<

a—l—’y

IN

2 [}

Remark4. In Theorem3.1, settinga = v = 2, we have (.2)

setting; + = = 1, we have

———~ dsdt
/ /0 o 1+at7 1

< Do [ o= 9 o))

<A [ - o0ty |

unlessf(o) = 0org(r) =0, whereD(p, q,z,y; ,) =

— _pbq_
a+y

Q=

xayW.

~y—1

“Ydet} !

5

9

/{/(p (0)f(o >>ada}‘l*ds] [/O”{/Qcm( o(r ))%}idt]
L fe

— w2 e gesora) { [o-neoura)

]

. In Theorem3.],
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Remark5. In Theorems. 1, settingp =q =1, we have
)G(t)
(3.7) / / [C=ReE) 1)(a+“/ Gy 4sdt
0 ~vs o +at o

SDaAwwxww{A7x—eﬁem%?{A?y—w Uﬁ}i

P = Hilbert-Pachpatte’s Inequalities
unlessf(c) = 0 org(r) = 0, whereD(1,1,z,y; o, y) = O%ﬂleyTl W:nguwan:
In the following theorem we give a further generalization of the inequatity) ( vol. 10, iss. 1, art. 26, 2009
obtained in Remark.
Theorem 3.2. Leta >1,7>1andf(o) > 0,g(r) > 0,p(c) > 0andg(r) >0 Title Page
foroc € (0,2), 7 (0 y) wherez, y are positive real numbers. Defirié( ) = J
fo o)do andG(t) = [} g(r)dr, P(s) = [ p(o)do andQ(t) = [ q(7)dr for Contents
(0 x), t (0 y) Letd and\I/ be two real- valued nonnegative, convex, and % W
submultiplicative functions defined & = [0, c0). Then
< >
JY(G(D))
(3 8) / /0 78 (a— 1(1(Wa+'y) at (7—1{))(7a+'v) det Page 20 of 28
1
x f(s))}a }a Go Back
< L(z,y; a, r—Ss 5)® ds
o ( Y ’Y) {/0 ( ) [p( ) (p(5> Full Screen
1
Y Y 5
g9(t) K Close
A [qtqf(_)] dt} |
{/0 =9 q(t) , , N
where journal of inequalities
a1 g1 in pure and applied
1 " [@(P(s))] 7 : YIO(QE))] 7T g mathematics
L S = d dt . issn: =
(z,y;0,7) at {/0 [ P(s) S /0 o) 1443-575k
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Proof. From the hypotheses éfand¥ and by using Jensen’s inequality and Holder’s
inequality, it is easy to see that

. <P<s> Jy vto) (52) do—)

(3.9) O(F(s)))

fosp(a)da

and similarly,

o 4G ([ fon ()] o}

Lets; = s s =771 wy = é, wy = %, r = wy + wy, from (3.9), (3.10 and
(2.7), we observe that

"L [ tors (L] )|
YOO (o (22)] o |

(3.10)

(3.11) ®(F(s))U(G(1) < s°5 5
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K

4

. w {m(aliﬁa”) )ety)
a+ 7 o
[ U e (;—Zi
L L e ()] ) |
for s € (0,x),t € (0,y). From (3.11), we observe that
@12) e
<otz [ U en (B3)] )|

fors € (0,z),t € (0,y). Taking the integral on both sides df.(2) first overt from
0 to y and then over from 0 to = of the resulting inequality and using Hdolder’s
inequality with indicesy, a/(a — 1) and~, /(v — 1) and interchanging the order

of integrals, we observe that

)Y(G(1))

L=

(a— 1)<a+v

(v=1)(a+v)

ay

+ ot

ay

dsdt

Y(Q())

Q(t)

) Lo

9(7)

q(7)

o]
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(3.13) s7tss? < (w13f1+w2 + w23§”1+w2)

forw; > 0, wy > 0. If we apply the elementary inequalit$.(L9 on the right-hand
sides of 8.1) in Theorem3.1 and (.9 in Theorem3.2, then we get the following
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inequalities

(s)G*(t)
(3 14) / / (a— 1)(a+’y) (=D (a+v) dsdt
0 s

oy +at @
aty
D : 1 x B
< PB4 1 yie) [— { / (x—S)(Fpl(S)f(S))ads} '
a4y o 0
iy Hilbert-Pachpatte’s Inequalities
1 Yy Tav Wengui Yang
- _ q—1 v
+ ry {/0 <y t)<G (t)g(t>> dt} ] ’ vol. 10, iss. 1, art. 26, 2009
. R
whereD(p, q, z, y; o, y) = aﬂx =y . Also, Title Page
(G(t)) Contents
/ / = 1)(a+v) iy 4sdt
0 ys v t+at <« 33
L ([ «
. P
< ol y;0.9) _{/ (- 5) {p(s)q) (ﬂS)ﬂ ds} < >
-+ a /o p(s)

Page 24 of 28

+% {/Oy(y —t) [Q(t)\lf (%)Tdt}aﬁ] : Go Back

Full Screen
where
N a—1 o1 Close
1 ®(P(s))] 7 AR R
L(z,y;0,7y) = / [#} ds {/ [(Q—i))] dt} . journal of inequalities
o+ ] (s) o L QW) in pure and applied
The following theorems deal with slight variants 6f §) given in Theorens.2. ?:gth?mfgfi
Before we state our next theorem, we point out tHats) = [ f(o)do andG(t) =
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[ g(r)dr" are replaced by F(s) = 1 [ f(c)do andG(t) = L [} g()dr” in The-
orem 3 4in D).

Theorem 3.3.Leta > 1,y > 1 and f(o) > 0, g(7) > 0foro € (0,z), 7 €
(0,y), wherez, y are positive real numbers. Defm’é =1 fo o)do, G(t) =

1 fo T)dr for s € (0,z),t € (0,y). Let® and ¥ be two real valued, nonnegative,

convex functlons defined @, = [0, 00). Then

st (F(s))V(G(1))
/ / (a— 1)(o¢+'y) (v—1)(a+7) det
0 vs

ay + at ay

< D(1,1,,y; a,7) {/O(x - s)cpa(f(s))ds}i {/Oy(y - t)qn(g(t))dt}i :

y—1
a:ayV.

whereD(1, 1, z,y; 0, %) = ;1=

Theorem 3.4.Leta > 1,7 > 1 and f(o) > 0, g(7) > 0, p(c) > 0 and
q(t) > 0 foro € (0,z), 7 (0 y) Wherex Y are positive real numbers. De-
flneP fo o)do, Q(t) = [} q(r)dr, F(s 7 Jo P0)f(o)do andG(t) =

t) fo T)dr for s € (0,z),t € (O,y). Let & and \IJ be two real-valued,
nonnegatlve convex functions definedian= [0, c0). Then

[ [ Asanreman,.,

+at v

@

< DL Lo { [ o= s) e (o) ds |

A [ w-vuow el

2=
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whereD(1, 1.k, 1 a,7) = ;a5 y 5.
The proofs of Theorem3.3and3.4 are similar to the proof of Theoref2 and

similar to the proofs of Theorenis3and2.4. Hence, we leave out the detalils.
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