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1. Introduction and Main Result

Equations of the form
A+ g(x)|ul2u = f(z,u) inQ
u =0, on o<}

have attracted much attention. Many papers deal with the prokiléinr{ the case of
t =2, Q=R", s=2 glarge atinfinity andf superlinear, subcritical and bounded
inz, see e.g.q], [2] and [4]. The problem {.1) witht =2, Q = B(0,1), g(z) =0
and f(x,u) = |z|>«'~* was studied ing]; in particular, it was proved that under
some conditions the ground states are not radial symmetric. The case 2 =
B(0,1) or onRY | g(z) = 1 and f(z,u) = |z|°|u|'""?u was studied inT]. The
problem (L.) witht = s, Q =R, g(x) = V(|z|) andf(z,u) = Q(|z|)|ul""?uwas
studied by J. Su., Z.-Q. Wang and M. Willemi{], [12]). They proved embedding
results for functions in the weightéti 1*(R") space of radial symmetry. The results
were then used to obtain ground state and bound state solutions of equations with
unbounded or decaying radial potentials.

In this paper, we consider the nonlinear elliptic problem

—Apu+ |z ulP?u = |z)P|u|t%u inQ
(1.2) u>0, ueWh?(Q),
u =20, onof2

and prove the existence of the radial and the nonradial solutions of the prabigm (
Here, Ayu = div(|Vul|P~2Vu) is thep-Laplacian operator, antl < p < N, a >
0, b>0.

We denote by !»(RY) the space of radially symmetric functions in

WHP(RY) = {u e LP(RY) : Vu e LP(RY)} .

(1.1)
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W,{f(RN) is denoted by the space of radially symmetric functions in

m@%ww:{uemﬂmwwz/ ummp<m}.
]RN

We also denote byl ?(RY) the space of radially symmetric functions in

Dl’p(RN> = {u c LNL—% (RN) -VueLP (RN)} . Radial Solution and
Nonradial Solutions
Our main results are: Hui-mei He and Jian-ging Chen
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Theorem 1.2. Suppose that >0, b >0, 1 <p < N and

p<q<

N —p’

pb—a(p+ W) <(¢—p)(N—=1), aqg<pb,

then for everyR, problem (..2) with 2 = B(0, R), R large enough has a radial and
a nonradial solution.

This paper is organized as follows: In Sectipnwe study (.2) in the case of
) = RY. We prove the existence of a radial least energy solution Gf (vhen

s BB

l<p< N, p<q<q, pb—a(p—l—
In Section3, we consider the existence of nonradial solutionslof)(with Q =
B(0,R), R large enough. Finally, in Secticfi we consider necessary conditions
for the existence of solutions ofl ().
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2. Radial Solution

In this paper, unless stated otherwise, all integrals are understood to be taken over
all of RV, Also, throughout the paper, we will often denote various constants by the

same letter.

Lemma 2.1. Suppose that < p < N. There existAy > 0, such that, for every

ue WLPRY), u e C(RV\{0}), fora > -2-(1 — N), we have that

ol < av ([ |x|a|u|p)p"_21 (/ |Vuwp)12
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<y ([lartar) " ([ 1)
It follows that
e o < (flariar) ” (frour)”

and we have

1

N-1_ a(p-1) a pp;; v
lz| 7 T u(z)| < Ay /le Jul” /IWV’ -

Lemma22.lfl<p< N, p<r< ﬁ—fp then for anyu € Wir(RY), we have
that

O

N(Tz—p) Np+r(p—N)

/]u|7"dx <c (/|w|p> ' (/yu|p)”2.

Proof. The proof can be adapted directly from the Gagliardo-Nirenberg inequality.

]

The following inequality extends the results & fo the general equation with
thep—Laplacian operator.

Lemma 2.3. For

1<p< N, p<qg< +
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there existBy ,, . such that for every. € D}?(R"), we have

ep2
AT a1t 37 <‘1_p_ PND) Fap=T) )
[iattudvas < B ([ 1900) .

Proof. Using Lemma2.1and Lemma2.2, we have

[ lalcfupras

Noia@e-1)\ (N—1)/pta(p—1)p~2 (N=1)/pta(p—1)p~2 TN /ptatr-1p2
= [ |zt > |ul |ul dz

Pp—2 (N-1)/pta(p—1)p—2 1)/P+a(p 1)p~ p2 (N— 1)/p+a(p 1)p~
|| |ul? [Vul?

2 P D rrar 17 A
| IVl Jul?

p—N

2

(q’ <N—1>/p+i<p—1)p*2>

2
S BratD EARE (q VD) Falr 1))
— ([ el fups [ 1
(/\V ‘p) s+ 2 (v v )
. u

cp
—1)+a(p—1)

c N
PN -D+aG-D T p7 (q‘p‘ ey
< Brpe [Vul?

2

) .
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Next, to prove Theorem.1, we consider the following minimization problem

m = m(a,b,p,q) = inf / <|Vu|p + |x|“|u|p>dx.
ueW; ¥ (RN)
J 1zl lultda=1

Theorem2.4.1fa>0,b6>0, 1 <p < N and

N b
p_, _bp |
N—-p N-p

(o EEAIEE) <y - ),

thenm(a, b, p, q) is achieved.

p<q<q=

Proof. Let (u,) C W,;*(R") be a minimizing sequence fat = m(a,b,p, q) :
/|x|b|un’qd$ =1,
/(\VUnV’ + 2] up ') dz — m.

By going (if necessary) to a subsequence, we can assume,thatu in WT{f(RN).
Hence, by weak lower semicontinuity, we have

[ (vt + ol fup) de < m

/\x|b|u|qu <1
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If cis defined byy = pN + 5, thenc < b and it follows from Lemm&.3that

/ |2|® |1y, | d < eb_c/ ||| | da < CeP°.
|z[<e

Since(u,) is bounded if¥!?(RY). We deduce from Lemma 1 that

[

[un

ot = [ Jef ol P
|1’|2g

G(Pfl))
P2
( ) C’/|x|a|u|pdx

_ gy _pya=p(N=D
<C€ 2) e D

B

So we get that, for every< 1, there exists > 0, such that for every,

/ |2|° |y, |2da > t.
e<|z[<1

By the Rellich theorem and Lemnzal,

1> /\x|b|un|qu > / |2|® e, | d > 2.
5§|x\§%

Finally [ |z|°|u|?dz = 1 andm = m(a, b, p, q) is achieved at. O
Now we will prove Theoreni. 1.

Proof. By Theorem2.4, m is achieved. Then by the Lagrange multiplier rule, the
symmetric criticality principle (see e.glJ]) and the maximum principle, we obtain
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a solution of
—Apu + |z]*vP?0 = Nz’ lu]1 2,

v>0, veWw(RY)

Henceu = A7 is a radial solution of 1.2), with A = §m. O
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3. Nonradial Solutions

In this section, we will prove Theorefn2. We use the preceding results to construct
nonradial solutions of problem (2) in the cas&) = B(0, R).

Consider
M = M(CL, b,p, q) = llllf / <|VU’p + ‘x|a’u|p) dzx. Radial Solution and
u€Wy P (RN) Nonradial Solutions
f |x‘b|u|de:1 Hui-mei He and Jian-qi
ging Chen
It is clear thathM < m, and using our previous results, we prove thais achieved vel A s, 2 sk 52, 2002
under some conditions.
Theorem3.1.1fa >0,b6>0, 1 <p < N and Title Page
< q# _ pN B pr Contents
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Proof. Let (u,) C W1P(RY) be a minimizing sequence fad = M (a,b,p, q) : Page 12 of 19
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Hence, by weak lower semicontinuity, we have

/ <|Vu|p + |x|“|u|p) de < M,

/|x|b|u|qu <1

If cis defined by = 22~ — _£*, thenc > b and

a(N—
aNp
a N—
r=-, S = —r
C aq — pc

are conjugate. It follows from the Holder and Sobolev inequalities that

1 b—c
[ lePlufra < (—) [ el s
el > 2 <
1\ . .
N (_) /|xlc|“n|z|un|q_idx
g
c—b ap, |p ’ S
<e 2| u, [Pz |t | N7 da

< et

1
s

As in Theoren? 4, for everyt < 1, there exists > 0 such that, for every,

/|<1 |2[°|w,, | %da > t.
TI>¢

By the compactness of the Sobolev theorem in the bounded domaih,<op <
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N, p<q< w5,
1> /|x|b|u|qd:p > / |2[° |y, | Pda > t.
=<2

Hence[ |z|°|u|?dz = 1 andM = M (a, b, p, q) is achieved at. O
Now we will prove Theorem..2.

Proof. By Theorem?2.4, m(a, b, p, q) is positive. Sinceb > aq, it is easy to verify
that M (a, b, p, q) = 0. Let us define

M(a,bpqR)=  inf / (IVul? + [z[]ul) da,
ueWa?(B(O,R)) JB(0,R)
fB(O,R) |z|b|u|?dz=1

m(a,b,p,q, R) = inf / (IVul’ + |z|*[uf?) dz.
B(0,R)

ueW,=?(B(0,R))
I0.R) 12I°|ul?dz=1

It is clear that, for evenykR > 0, M(a, b, p,q, R) andm(a,b,p, q, R) are achieved
and

lim M(a,b,p,q, R) = M(a,b,p,q) =0,

R—o00

lim m(a,b,p,q, R) = m(a,b,p,q) > 0.

R—o00

Then from Theoremnl.1, we know that problemi(2) with B(0, R) has a radial
solution.

Radial Solution and
Nonradial Solutions

Hui-mei He and Jian-ging Chen

vol. 10, iss. 2, art. 59, 2009

Title Page
Contents
44 44
< >
Page 14 of 19
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

On the other hand, by the Lagrange multiplier rule, the symmetric criticality prin-
ciple (see e.gl3]) and the maximum principle, we obtain a solution of

—A,v + |z|*oP~2v = Mz[lv]7?v  in B(0, R)
v>0, ue W (B(0,R)),

v =0, ondB(0, R).

Henceu = \#uv is a solution of (.2), with A = §M(a, b,p,q, R). Thus, Prob-
lem (1.2) has a nonradial solution. O
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4. Necessary Conditions

In this section we obtain a nonexistence result for the solution of probleinusing
a Pohozaev-type identity. The Pohozaev identity has been derived for very general

problems by H. Egnelld].

Lemma4.1. Letu € W“’(RN) be a solution of {.2), thenu satisfies

N—p/
p

Theorem 4.2. Suppose that

N b
j=—1+—<g
N—-—p N-p

or

N +a < N + b.
p q
Then there is no solution for problerm.p).

Proof. Multiplying (1.2) by u and integrating, we see that

/|a:|b|u|qu = / (|Vu|p—|— |:13|“|u|p)dx

On the other hand, using Lemmial, we obtain

N — N N N
( p_oF b) /|Vu|l’d:p + ( re T b) /|x|“|u|19d:13 =0.
p q p q

N+b
i /\xybyu\qu 0.
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So, ifu is a solution of probleml(.2), we must have

N—-—p N+b N+a N+b
< ) > .
p q p q
[
Remark2. The second assumption of Theor&m, Radial Solution and
( )( ) Nonradial Solutions
q—p)\p— 1 Hui-mei He and Jian-gqing Chen
b—alp+—"—"|<(qg—p)(N -1 ding
P <p p ) (q p)( ) vol. 10, iss. 2, art. 59, 2009
implies that
N+b < N+ta Title Page
9 p Contents
44 44
< >

Page 17 of 19
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

References

[1] T. BARTSCHAND Z.-Q. WANG, Existence and multiplicity results for some
superlinear elliptic problem oR”™, Comm. Partial Diff. Eq.20 (1995), 1725—
1741.

[2] W. OMANA AND M. WILLEM, Homoclinic orbits for a class of Hamiltonian
systemspDiff. Int. Eq., 5(1992), 115-1120.

[3] H. EGNELL, Semilinear elliptic equations involving critical Sobolev expo-
nents,Arch. Rat. Mech. Anal104(1988), 27-56.

[4] P.H. RABINOWITZ, On a class of nonlinear Schrédinger equatidng&ngew.
Math. Phys.43(1992), 270-291.

[5] W . ROTHER, Some existence results for the equatiahu + k(z)u? = 0,
Comm. Partial Differential Eq.15(1990), 1461-1473.

[6] P. SINTZOFFAND M. WILLEM, A semilinear elliptic equation o™ with
unbounded coefficients, Mariational and Topological Methods in the Study of
Nonlinear Phenomena/. Benci et al. eds., PNLDE Vol. Birkhduser, Boston,
49(2002), 105-113.

[7] P. SINTZOFF, Symmetry of solutions of a semilinear elliptic equation with
unbound coefficientdiff. Int. Eq., 7 (2003), 769-786.

[8] B. SIRAKQV, Existence and multiplicity of solutions of semi-linear elliptic
equations iR”Y, Calc. Var. Partial Differential Equationsl1(2002), 119-142.

[9] D. SMETS, J. SUaND M. WILLEM, Non radial ground states for the Hénon
equationCommun. Contemp. Mattt (2002), 467—-480.

[10] W.A. STRAUSS, Existence of solitary waves in higher dimensidsmm.
Math. Phys.55(1977), 149-162.

Radial Solution and
Nonradial Solutions

Hui-mei He and Jian-ging Chen

vol. 10, iss. 2, art. 59, 2009

Title Page
Contents
44 44
< >
Page 18 of 19
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

[11] J. SU, Z.-Q. WANGAND M. WILLEM, Weighted Sobolev embedding with

unbounded decaying radial potentials,Differential Equations238 (2007),
201-2109.

[12] J. SU, Z.-Q. WANGAND M. WILLEM, Nonlinear Schrédinger equations with

unbounded and decaying radial potentid@Bgymmun. Contemp. Math9(4)
(2007), 571-583.

[13] M. WILLEM, Minimax TheoremsBirkhauser, Boston, 1996.

Radial Solution and
Nonradial Solutions

Hui-mei He and Jian-ging Chen

vol. 10, iss. 2, art. 59, 2009

Title Page
Contents
44 4 4
< >
Page 19 of 19
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

	Introduction and Main Result
	Radial Solution
	Nonradial Solutions
	Necessary Conditions

