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ABSTRACT. In this paper a main theorem N, p,, |, summability factors, which generalizes a
result of Bor [2] on| NV, p,,| summability factors, has been proved.
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1. INTRODUCTION

A positive sequencé,,) is said to be almost increasing if there exist a positive increasing
sequencec,) and two positive constantd and B such thatAc, < b, < Bec, (see [1]).
A positive sequencéy,,) is said to be a quasi-power increasing sequence if there exists a
constantk’ = K(f3,~) > 1 such that

(1.1) KnPy, > mPry,

holds for alln > m > 1. It should be noted that every almost increasing sequence is a quasi
[-power increasing sequence for any nonnegatiMaut the converse need not be true as can be
seen by taking the example, say = n=" for 3 > 0. We denote by3V,, the BY N Cp, where
Co andBYV are the null sequences and sequences with bounded variation, respectively.

Let ) a, be a given infinite series with the sequence of partial s(gpnsandw,, = na,. By
u2 andt? we denote the-th Cesaro means of order with o > —1, of the sequences,,) and
(wy,), respectively.

The series | a,, is said to be summabl€’, o, £ > 1, if (see [4])

(1.2) STk g —ug [ =Y % 12" < 0.
n=1 n=1
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Let (p,) be a sequence of constants, real or complex, and let us write
(1.3) Pyo=po+pi+ps+-+p, #0, (n>0).

The sequence-to-sequence transformation

1 n
(14) On = Fn ;pnvsv

defines the sequenc¢e,, ) of the Norlund mean of the sequence ), generated by the sequence
of coefficients(p,,). The serie$  a,, is said to be summableV, p, |, £ > 1, if (see [3])

(1.5) an_l lon — an_1|k < 00.
n=1
In the special case when
I'(n+ )

the N6rlund mean reduces to tf€, o) mean and, p, |, summability becomeg’, «|, summa-
bility. For p,, = 1 and P, = n, we get thg/C, 1) mean and thenV, p, |, summability becomes
|C, 1|, summability. For any sequen¢g, ), we write A\, = A, — \4q.

The known results. Concerning theC, 1|, and|N, p,,|, summabilities Varméa_|6] has proved
the following theorem.

Theorem A. Letpy > 0, p, > 0 and(p,,) be a non-increasing sequence[fa, is summable
|C, 1], then the serie§” a,, P,(n + 1)~ is summabléN, p,,|,, k > 1.

Quite recently Bor![2] has proved the following theorem.

Theorem B. Let(p,,) be as in Theore|A, and IgX,,) be a quasj3-power increasing sequence
with some) < 6 < 1. If

(1.7) Z% 1] = O(X,) asn — oo,

v=1

and the sequencés,,) and (5, satisfy the following conditions

(1.8) XA, = O(1),
(1.9) |AN| < B,
(1.10) B — 0,
(1.11) > nX, |AB,] < oo,

then the seried" a,, P\, (n + 1)~1 is summablenN, p,,|.
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2. MAIN RESULT

The aim of this paper is to generalize Theoren BIf§t p, |, summability. Now we shall
prove the following theorem.

Theorem 2.1. Let (p,) be as in Theorer]A, and 1éX,,) be a quasis-power increasing se-
guence with some < 3 < 1. If

"1
(2.1) > - t,|" = O(X,) asn — oo,

v=1

and the sequencés,,) and(3,) satisfy the conditions frorh (1.8) {o (1]11) of Theofem B; further
suppose that

(2.2) (An) € BVo,
then the seriey” a,, P, \,(n + 1)~ is summabléN, p,,|,, k > 1.

Remark 2.2. It should be noted that if we takie = 1, then we get Theoreim|B. In this case
condition [2.2) is not needed.

We need the following lemma for the proof of our theorem.

Lemma 2.3([5]). Except for the conditiorj (2.2), under the conditions(éf,), (A,) and (5,,)
as taken in the statement of the theorem, the following conditions hold vhep (1.11) is satisfied:

(2.3) nfnXn = O(1) as n — oo,
(2.4) > BuX, < 0.
n=1

3. PROOF OF THEOREM 2.1

In order to prove the theorem, we need consider only the special case in (igh) is
(C,1), that is, we shall prove that a, ), is summabléC, 1|,. Our theorem will then follow
by means of Theorefn|A. L&, be then—th (C, 1) mean of the sequencea,\,,), that is,

1 n
3.1 Tn - ’L})\’U'
(3.1) n+1;va

Using Abel’s transformation, we have

n

n—1
1 1
T, = - AN, Dit, + A\otn
TH_IZUCL n+1; (v+1)t, +

v=1

= 1In1 + Tn,Qa say.

To complete the proof of the theorem, it is sufficient to show that

o

(3.2) S L1, < 0o forr=1,2, by (@2).
n

n=1
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Now, we have that

m—+1 m+1 n—1 k
Zlm,lvfgz—l . RPN
“~n — n(n+1) —~ v
m+1 1 n—1 k
=0(1) nk+1 vIAA| |t”|}
n=2 v=1
m+1 1 n—1 1 n—1 k=1
k
m+1 1 n—1
=0(1) ), — D vIAN[[k[ (by 22)
n=2 v=1
m—+1 1 n—1
k
= 0(1) ; . {Ul vy |ty } (by (1.9)
m m—+1 1 m |tv|k
=0y b Iul" Y — :0(1)21@ .
v=1 n=v+1 v=1
" AwA) Z Z
v=1 =
m—1

= 0(1) Y |A@WS)| Xy + O()mBn X, (by @3))
=O0() > (v + DAB, = Bu] Xy + O(1)mBn X,

=0(1) Y v|ABI X, +0(1 Zlle +O(1)m B X,

v=1
=0(1) asm — oo,

in view of (1.11), [(2.B) and (2]4).

Again
Z% n2| _ k|t
:ZMnVHMt Zm“ (by @2)
=1
m k
- ZMMZ' 0(1) A S
n=1 n=1

(1)) 1AN] X+ O(1) M| X (bY @)

n=1

m—1
=0(1) Y BuXa +0(1) [Au| X = O(1)  @SM — 00,

n=1
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by virtue of [1.8) and (2]4). This completes the proof of the theorem. O
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