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ABSTRACT. In the present paper we establish new multivariate Ostrowski type inequalities by
using fairly elementary analysis.
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1. INTRODUCTION

The following inequality is well known in the literature as Ostrowski’s integral inequality
(seell5, p. 469]).

Let f : [a,b] — R be continuous orna,b] and differentiable or{a,b) whose derivative
f": (a,b) — Ris bounded onta, b) , i.e., || f'|| ., = sup |f' (t)| < oc. Then

te(a,b)
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(b——a)2] (b—a) |l fll
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forall z € [a,].

Many generalisations, extensions and variants of this inequality have appeared in the litera-
ture, seel[1] -{]I7] and the references given therein.

The main aim of this paper is to establish new inequalities similar to that of Ostrowski’'s
inequality involving functions of many independent variables and their first order partial deriva-
tives. The analysis used in the proof is elementary and our results provide new estimates on
these types of inequalities.
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2. STATEMENT OF RESULTS

Inwhat follows,R denotes the set of real nummbeRs, then—dimensional Euclidean space.
LetD = {(xy,...,2,) 1a; <z; <b; (1=1,...,n)} andD be the closure oD. For a func-
tion u (z) : R® — R, we denote the first order partial derivatives%'?—) (t=1,...,n) and

[ u(z) dz then—fold mtegralf > -fb” u(zy, ..., Tp)dey ... de,.
Our maln results are established in the foIIowmg theorems.

Theorem 2.1.Let f, g : R® — R be continuous functions ai and differentiable orD whose
derivatives?, ¢ are bounded, i.e.,

or || _ of ()
‘ Ox; 0o B asclelg Ox; =0
g | . |9g(=)
o] = % <
Let the functionv (=) be defined, nonnegative, integrable for every D and [, w (y) dy > 0.

)
Then for every: € D,

@) |1@a) - g0 [ - 577 /D o) dy'

1 dg
<o) vl |52]_+vr i3] ] e
)d y)d
R
D
@S [l @I 3] +1r @[3 ] 1o - dy
- 2 [pw(y)dy ’
whereM = mes D =[]}, (b; — a;), dy = dy: ... dy, and E; (z) = [, |z; — yi| dy.

Remark 2.2. If we takeg (z) = 1 and hencea— =0in Theore , then the inequalities
(2.7) and[(Z2.R) reduces to the inequalities established by Mllovarnn B Theorems 2 and 3]
which in turn are the further generalisations of the well known Ostrowski’s inequality.

Theorem 2.3.Let f, g, Bx 2 be asin Theore@ 1. Then for everg D,

’(9:):

@) |t~ @) (57 [ o))

2 (57 [ wan) 55 [ rwamay
%/DKZ; 0f Oo|$z'—yz'|> (ZZ;: % oo’xi_w)] dy,
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o (5 [rwan) 45 ([roaw) ([ awa)

1 " || of " || 9¢g
< — E. E.
= M2 (; 8.1'1 . 7 (-77)> <; 8$Z . ) ($)> s
where)M, dy and E;(z) are as defined in Theordm 2.1.
Remark 2.4. We note that in[[1] Anastassiou has used a slightly different technique to establish
multivariate Ostrowski type inequalities. However, the inequalities established]in (2.8) gnd (2.4)
are different from those given inl[1] and our proofs are extremely simple. Feraiimensional
version of Ostrowski’s inequality for mappings of Hélder type, sée [2].

3. PROOF OF THEOREM [2.1

Letz = (z1,...,2,) andy = (y1,...,y,) (z € D, y € D). From then—dimensional
version of the mean value theorem, we have (see [8, p. 174] or [4, p. 121])

@) F@) - s =30y,
(3.2) g(x)—g(y) = Zag—f) (i —yi) s

i=1

wherec = (y1 + @ (z1 = 1), Yo + (20 — ) (0 < a < 1).
Multiplying both sides of[(3]1) andl (3.2) by(x) and f (x) respectively and adding, we get

(3.3) 2f(z)g(x) —g(x) f(y) — f(x)g(y)
VI ) Sk AT ) gk LGP

i=1 i i=1 Oz;

Integrating both sides of (3.3) with respectimver D, using the fact thatnes D > 0 and
rewriting, we have

(3.4) f(x)g /f dy—ifm/Dg(y)dy

From (3.4) and using the propertles of modulus we have

‘f(fc)g(x) Ry <:c>/ f () dy - ﬁf @ [ 9) dy'

[ o= uldy + 1 @) [ 3|5 |xi—yirdy]
SWZ [|g<x> f<x>r\ 2| e,

The proof of the inequality (2}1) is complete.
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Multiplying both sides of{(3]3) by (y) and integrating the resulting identity with respect to
y on D and following the proof of inequality (2.1), we get the desired inequality irj (2.2).

4. PROOF OF THEOREM [2.3

From the hypotheses, as in the proof of Theofem 2.1, the idenfitigs (3.1) anhd (3.2) hold.
Multiplying the left and right sides of (3.1) and (8.2) we get

@1) () g) ()9 () ~9(@) £ ) + 1 () ()
Zai;;)(xz—y»] [Zag—g)(xi—y»].

=1 i=1

Integrating both sides of (4.1) with respectton D and rewriting, we have

(4.2) f(z)g(z)— f(z) (%/Dg(y) dy)
1) (%/ﬂy)czy) /f
(B Hz 50 ]

From (4.2) and using the properties of the modulus, we have

ra 1@ (57 [ata)

o (57 [ 1)+ 5 [ fwawal

1 [ n af (C) n 8g (c)
< M/D ; o, ’xz yz’] [; oz, ]xl yl‘ dy
- M D 8362 - |x’t yl|] [ZZI axl . |x’b y’b|] dy7

which is the required inequality in (2.3).
Integrating both sides of (3.1) ar{d (B.2) with respeqj tiver D and rewriting, we get

(43) f@-g [rwa=5 [ Z 19 =y,

and

(4. o) =37 [ swar=7 [ Z

— ;) dy,
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respectively. Multiplying the left and right sides of (4.3) ahd|4.4) we get

(4.5) f(x)g(x)— f (2) (i [ st dy)

3 Jy
~0) (55 [ 1)+ 35 ([ swa) ([ swa)

:% (/Dzag—;zc)(xl—yz)dy> (/Dzag—x(j)(ﬂ?z—%)dy>

From [4.%) and using the properties of the modulus we have

ra 1@ (57 [ o)

o (5 [rwan)+ 5 ([rwaw) ([ awar)
s (S i) (f P52 i)

0
ol ki 99 E; (x)) )

1 n

=1

This is the desired inequality i (2.4) and the proof is complete.
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