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Abstract

The notion of a probabilistic metric space was introduced by Menger in 1942.
The notion of a probabilistic normed space was introduced in 1993. The aim of
this paper is to give a necessary condition to get bounded linear operators in

probabilistic normed space.
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The purpose of this paper is to present a definition of bounded linear operators
which is based on the new definition of a probabilistic normed space. This
definition is sufficiently general to encompass the most important contraction

function in probabilistic normed space. The concepts used are thosk pi][
and PJ].

A distribution function(briefly, a d.f.) is a function¥' from the extended
real lineR = [—oco, +o0] into the unit intervall = [0, 1] that is nondecreasing
and satisfied” (—o0) = 0, F (+o00) = 1. We normalize all d.f.'s to be left-
continuous on the unextended real liRe= (—oo, +00). For anya > 0, ¢, is
the d.f. defined by

0, if x<a
(1.1) gq (x) =
1, if z>a,

The set of all the d.f.s will be denoted ky and the subset of those d.f.s
called positive d.f.s. such that(0) = 0, by A™.

By setting /" < G wheneverF (z) < G (z) for all z in R, the maximal
element forA™ in this order is the d.f. given by

0, if <0,
& (z) =
1, if z>0.

A triangle functionis a binary operation oA™*, namely a function : A* x
At — AT that is associative, commutative, nondecreasing and whicky s
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unit, that is, for allF’, G, H € A", we have

(1 (F,G),H)=1(F,7(G,H)),
T(F,G)=1(G,F),
T(FH)<7(G,H), if F<QG,
7(F,e9) = F.

Continuity of a triangle function means continuity with respect to the topology

of weak convergence in ™.
Typical continuous triangle functions are convolution and the operatipns
andrr«, which are, respectively, given by

(1.2) T (F,G) (x) = Signg(F (s),G (1),
and
(1.3) - (F,G) (x) = inf T"(F(s),G (1)),

for all F,G in A" and allz in R [9, Sections 7.2 and 7.3], heféis a con-
tinuoust-norm, i.e. a continuous binary operation [0n1] that is associative,
commutative , nondecreasing and has identity;7™ is a continuousg-conorm,
namely a continuous binary operation [n1] that is related to continuous
norm through

(1.4) T (z,y)=1-T(1—-z,1—y).
It follows without difficulty from (1.1)—(1.4) that

T (Emf:“b) = Eq+b = TT* (€a, Tb) )
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for any continuous t-norri’, any continuoug-conorm7™ and anya, b > 0.
The most important-norms are the functiond’, Prod, and M which are

defined, respectively, by
W (a,b) = max(a+b—1,0),
prod(a,b) =a-b,
M (a,b) = min (a,b) .
Their corresponding-norms are given, respectively, by
W* (a,b) = min (a +b,1),
prod® (a,b) =a+b—a-b,
M* (a,b) = max (a,b) .
Definition 1.1. A probabilistic metric (briefly PM) space is a triples, f, 7),

where S is a nonempty set; is a triangle function, and is a mapping from
S x S into AT such that, ifF},, denoted the value of at the pair(p, ¢), the

following hold for allp, ¢, r in S
(PM1) F,, = ¢oifand only ifp = q.
(PM2) F,, = Fy,.

(PM3) F,. > 7 (Fpy, Fiyr) -

Definition 1.2. A probabilistic normed space is a quadruglé v, 7, 7*), where
V' is a real vector space; and 7™ are continuous triangle functions, ands a
mapping fromV” into A* such that, for allp, ¢ in V, the following conditions

hold:
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(PN1) v, = ¢ if and only ifp = 6, 6 being the null vector iV;
(PN2) v_p, = 1;

(PNS) Vptq >T (Vpa Vq)

(PN4) v, < 7* (Vap, V(1-a)p) for all acin [0, 1].

If, instead of PN1), we only havey, = ¢y, then we shall speak ofRroba-
bilistic Pseudo Normed Spagceriefly a PPN space. If the inequaliti?il4) is
replaced by the equality, = 7 (Vap, Y(1-a)p), then the PN space is called a
Serstnev spacd he pair is said to be a ProbabilisBeminorme&pace (briefly
PSN space) it : V — AT satisfies PN1) and PN2).

Definition 1.3. A PSN(V, v) space is said to be equilateral if there is a d.f.

F e AT different frome, and frome,,, such that, for every # 6, v, = F.
Therefore, every equilateral PSN spdéér) is a PN space under = M and
7* = M where is the triangle function defined fét H € A* by

M (G, H) (z) = min{G (z), H (x)} (2 €[0,00]).
An equilateral PN space will be denoted @y, F, M) .

Definition 1.4. Let (V,||-||) be a normed space and l&t € A™ be different
frome, ande; definev : V. — AT by, = ¢4 and

t
Vp@)_a(W) (#0615 0),

wherea > 0. Then the paifV, v) will be called then—simple space generated
by (V. ||-][) and byG.
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Thea—simple space generated by, ||-||) and byG is immediately seen to
be a PSN space; it will be denoted @, ||-|| , G; ).
Definition 1.5. There is a natural topology in PN spac¥, v, 7, 7*), called the
strong topology; it is defined by the neighborhoods,

Nyt ={q€V v y(t)>1—t} = {qg€ds (vy_peo) <t}

wheret > 0. Hered,, is the modified Levy metric {]).
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In 1999, B. Guillen, J. Lallena and C. Semf] pave the following definition
of bounded set in PN space.
Definition 2.1. Let A be a nonempty set in PN spa@é v, 7, 7*). Then

(@) Alis certainly bounded if, and only ik 4 (x¢) = 1 for somez, € (0, +00);

(b) Ais perhaps bounded if, and only {4 (xy) < 1 for everyz, € (0, +00)
andl~ @4 (+o00) = 1;
(c) A is perhaps unbounded if, and onlyiifp 4 (+00) € (0,1);

(d) Ais certainly unbounded if, and only if; p 4 (+00) = 0; i.e.,p4 () = 0;

wherep, (z) = inf{v, (z): P € A} andl~p4 (z) = tlimﬁ ©wa ().
Moreover,A will be said to beD-bounded if either (a) or (b) holds.
Definition 2.2. Let (V,v,7,7*) and (V’, u, o, 0*) be PN spaces. A linear map
T:V — V'is said to be
(a) Certainly bounded if every certainly bounded daif the spacéV, v, 7, 7*)
has, as image by’ a certainly bounded sét A of the spacgV’, u, o, c*),

i.e., if there exists; € (0, +o00) such that, (zo) = 1 for all p € A, then
there exists; € (0, +o00) such thatuz, (z,) = 1 forall p € A.
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(b) Bounded if it maps everi-bounded set df” into a D-bounded set of”,
i.e., if, and only if, it satisfies the implication,

lim ga(z)=1= lm grs(z)=1,

T— 00

for every nonempty subsdtof V.

(c) StronglyB-bounded if there exists a constant> 0 such that, for every

p € V and for everyz > 0, pur, (z) > v, (%), or equivalently if there
exists a constartt > 0 such that, for every € V and for everyr > 0,

prp (hx) > vy () .
(d) Strongly C-bounded if there exists a constamte (0,1) such that, for
everyp € V and for everyr > 0,
vy () >1—2= pr, (hx) > 1— ha.

Remark 2.1. The identity map between PN spac@/, v, 7, 7*) into itself is
strongly C-bounded. Also, all linear contraction mappings, according to the

definition of [/, Section 1], are stronglZ-bounded, i.e for every € V and for
everyz > ( if the conditionv, (z) > 1 — x is satisfied then

vip (hz) = v, (hz) > 1 — hz.

But we note that whek = 1 then the identity mag between PN space
(V,v,r,7*) into itself is a stronglyB-bounded operator. Also, all linear con-
traction mappings, according to the definition 8f $ection 12.6], are strongly

B-bounded.
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In [3] B. Guillen, J. Lallena and C. Sempi present the following, every

strongly B-bounded operator is also certainly bounded and every strdagly
bounded operator is also bounded. But the converses need not to be true.
Now we are going to prove that in the Definiti@r?, the notions of strongly
C-bounded operator, certainly bounded, bounded and stra@wjgunded do
not imply each other.
In the following example we will introduce a strongGrbounded operator,
which is not stronglyB-bounded, not bounded nor certainly bounded.

Example 2.1.LetV be a vector space and lej = uy = g, While, ifp, ¢ # 0
then, for every,q € V andz € R, if

and if
TV (2) v () = 7" (1 (7)1 (y)) = min (v, (2) , vy (2))
o (pp () s 11q (y) = 0™ (11p (), p1q (y)) = min (1, () , g (),

then(V,v,r,7*) and (V’, u, o, c*) are equilateral PN spaces by Definitidn3.
Now letl : (V,v,7,7*) — (V,u,7,7*) be the identity operator, then is

strongly C-bounded but/ is not stronglyB-bounded, bounded and certainly

bounded, it is clear that is not certainly bounded and is not boundéds not
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stronglyB-bounded, because for evelry> 0 and forz = max {2, 1 },

9
/up(k:x):ﬁ<1zyp(x).

But I is stronglyC-bounded, because for every> 0 and for everyr > 0, this
conditionv, (z) > 1 — x is satisfied only if: > 1 now if h = (-2 then

7 7 1 3 7 7 Integral Means Inequalities for
Hip (hl’) = KIp m—xl’ = Hp E = g > E =1— 1—0 =1- 10_ZL' x. Fractional Derivatives of Some

General Subclasses of Analytic
Functions

Remark 2.2. We have noted in the above example that there is an operator, e 4T ] e

which is stronglyC-bounded, but it is not stronglB-bounded. Moreover we M. Ali
are going to give an operator, which is strond@dybounded, but it is not strongly
C-bounded. Ty
Definition 2.3. Let(V, v, 7,7*) be PN space then we defined .
B(p)=inf{heR:u, (k") >1—h}. «“ >
Lemma 2.1. LetT : (V,v,7,7") — (V',u,0,0%) be a stronglyB-bounded ¢ d
linear operator, for every in V and letur, be strictly increasing of0, 1], then Go Back
B(T,) < B(p),VpeV. Close
Proof. Letn € (O, 1_773(]7)), wherey € (0,1). ThenB (p) > v [B (p) + 1] Quit
and so Page 11 of 18

prp (B (p)) > prp (v [B (p) + 1)),
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and whereur, is strictly increasing o0, 1], then
prp (7 [B () + 1)) > v (B (p) +1) > v, (B(p)") > 1 B(p),
we conclude that
B(T,) = inf {B(p) : urp (B(p)") >1-B(p)},

soB(1,) < B(p), Vpe V. O

Theorem 2.2.LetT : (V,v,7,7%) — (V', u,0,0") be a stronglyB-bounded
linear operator, and lef.r, be strictly increasing orf0, 1], thenT" is a strongly
C-bounded linear operator.

Proof. LetT" be a strictlyB-bounded operator. Since, by Lemihd, B (7},) <
B (p), Vp € V there existy, € (0, 1) such thatB (T7,,) < v,B (p).
It means that

inf{h € R: pr, (k") >1—h} <yinf{heR:p, (h") >1—h}
=inf {yh € R: v, (h*) >1—h}

+
:inf{hER:yp<h—>>1—ﬁ}.
v v

We conclude that, (%) > 1- (%) = prp(h) > 1 —h. Nowif z = 2
theny, () > 1 — o+ = g, (xh) > 1 — xh, sS0T is a stronglyC-bounded
operator. [
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Remark 2.3. From Theoren2.2we have noted that under some additional con-
dition every a stronglyB-bounded operator is a strongl$-bounded operator.

But in general, it is not true.
Example 2.2.LetV = V' = R andvy = ug = &9, While, if p £ 0, then, for
x> 0,lety, (x) =G (ﬁ) pp () =U (ﬁ) where

0<x<2, 3, 0<z<

N

1, 2<x <400, 1, %<ZL‘§+OO

Consider now the identity map: (R, |-|, G, n) — (R, ||, G, ). Now

(a) I is a stronglyB-bounded operator, such that for every= R and every
x > 0then

%, 0<xz<2]pl, ((B
p|

)=o)

2|p| < x < 400,

(b) I is not a stronglyC-bounded operator, such that for everye (0, 1), let

v =2, p =1 Ifz > 2[p| then the condition, (z) > 1 — z will be
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satisfied, but we note that

pp (h) = pp (hir)

p|
3 1 5 3
U<2> sl h(Sh) he

Now we introduce the relation between the stroriglpounded and strongly
C-bounded operators with boundedness in normed space.

Theorem 2.3. Let G be strictly increasing o0, 1], thenT : (V. ||-||, G, a) —

V', ||l , G, ) is & stronglyB-bounded operator if, and only if; is a bounded
linear operator in normed space.

Proof. Letk > 0 andz > 0. Then for everyp € V

G (Hﬁ—xn) — iy (k) > vy () = G (ﬁ) |

if and only if
1T, < ke Il -
O

Theorem 2.4.LetT : (V, |||, G,a) — (V', |||l , G, «) be stronglyC-bounded,
and letG be strictly increasing off0, 1] thenT' is a bounded linear operator in

normed space.
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Proof. If v, is strictly increasing for every € V, then the quasi-inversg} is
continuous and3 (p) is the unique solution of the equation= v} (1 — ) i.e.

(2.1) B(p) =v, (z)(1—-B(p)).

If v, () = G (Hpﬂa), thenv? () = [[p]|* G* (x) and from @.1) it follows that

(2.2) B(p)=|p|*G* (1~ B (p)).
Suppose thdt' is stronglyC-bounded, i.e. that
2.3) B(T,) <kB(p), VpeV,

wherek € (0,1).
Then @¢.2) and @.3) imply

o B (T,) kB (p) kB (p) o
T,||* < d = .
170" < GM1-B(T,) ~ GM1—-kB(p)) — G (1 —B(p)) klpl
Which means thdt’ is a bounded in normed space. O

The converse of the above theorem is not true, see Exatriple
We recall the following theorems fronz]

Theorem 2.5. Let (V,v, 7,7") and (V', u, 0, c*) be PN spaces. A linear map
T :V — V' is either continuous at every point Bfor at no point ofl/.

Corollary 2.6. If T : (V,v,7,7*) — (V', u,0,0*) is linear, thenT is continu-
ous if, and only if, it is continuous &t
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Theorem 2.7. Every stronglyB-bounded linear operatadf” is continuous with
respect to the strong topologies (i, v, 7, 7*) and (V' u, o, c*), respectively.

In the following theorem we show that every stron@ybounded linear op-
erator? is continuous.

Theorem 2.8. Every stronglyC-bounded linear operatdf’ is continuous.

Proof. Due to Corollary 3.1 ], it suffices to verify thatl’ is continuous a#.
Let Ny (t), with ¢ > 0, be an arbitrary neighbourhood &f If T is strongly
C-bounded linear operator then there eXist (0, 1) such that for every > 0
andp € Ny (s) we note that

prp (t) > vy (ht) >1—ht >1—1,

soT, € Ny (t); in other wordsI" is continuous. O
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